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Abstract—The FOCal Underdetermined System Solver (FO-
CUSS) algorithm has already found many applications in signal
processing and data analysis, whereas the regularized M-FOCUSS
algorithm has been recently proposed by Cotter et al. for finding
sparse solutions to an underdetermined system of linear equations
with multiple measurement vectors. In this paper, we propose
three modifications to the M-FOCUSS algorithm to make it more
efficient for sparse and locally smooth solutions. First, motivated
by the simultaneously autoregressive (SAR) model, we incorporate
an additional weighting (smoothing) matrix into the Tikhonov
regularization term. Next, the entire set of measurement vectors is
divided into blocks, and the solution is updated sequentially, based
on the overlapping of data blocks. The last modification is based
on an alternating minimization technique to provide data-driven
(simultaneous) estimation of the regularization parameter with
the generalized cross-validation (GCV) approach. Finally, the
simulation results demonstrating the benefits of the proposed
modifications support the analysis.

Index Terms—FOCal Underdetermined System Solver (FO-
CUSS), generalized cross-validation (GCV), smooth signals,
sparse solutions, underdetermined systems.

. INTRODUCTION

HE need for finding sparse solutions to systems of linear
equations has been motivated by many applications such

as those in signal and image processing [1]-[7], blind source
separation [8]-[16], brain activity imaging [17]-[25], sparse
component analysis [26], subband decomposition [27], [28],
dictionary learning [29]-[32], sparse Bayesian learning [33],
[34], sparse coding [35], sparse audio signal representation
[28], [36], sparse regression [37]-[40], inverse synthetic aper-
ture radar (ISAR) imaging [41], low-bit-rate compression [42],
decision feedback equalization [43], or echo cancellation [44].
In all cases, the underlying inverse problem can be expressed

in terms of finding the [y-based sparsest solution, i.e., to find
a minimal number of basis vectors that represent the solution
(signal) of interest. Despite the problem being generally re-
garded as NP-hard [43], a number of computational strategies
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have been developed to find solutions with low computational
complexity. Examples include the basis pursuit [45], greedy al-
gorithms [43], [46]-[53], iterative-thresholding algorithms [8],
[10], [11], [54], [55], FOCal Underdetermined System Solver
(FOCUSS) algorithm [17], [18], and its extensions such as
M-FOCUSS [56], [57], FOCUSS-CNDL [58], LORETA-FO-
CUSS [22], together with other improvements [59]-[61].
Obviously, the solutions provided by these algorithms are not
always equivalent to the [ sparsest solution, and this has been
extensively analyzed in the literature [62]-[64].

The iterative scheme used by the FOCUSS algorithm is based
on the iteratively reweighted least square (IRLS) algorithm
that was analyzed by Karlovitz [65]. The FOCUSS algorithm
was proposed to minimize the /, diversity measure, which
enforces a certain degree of sparsity (with parameter p), subject
to the equality constraints that are given by the system of linear
equations whose sparse solution is sought. The M-FOCUSS
algorithm proposed by Cotter et al. [57] extends the standard
FOCUSS algorithm to the case of simultaneous processing of
multiple measurement vectors (MMV) with a common sparsity
profile. Examples of applications include magnetoencephalog-
raphy/electroencephalography (MEG/EEG) [20], [21], [23],
[24], sparse Bayesian learning [34], nonparametric spectrum
analysis, and blind signal separation [66].

Unfortunately, in many real applications, the sparsity profile
is time-varying, and noisy disturbances may lead to the nonzero
entries being spuriously recovered. To increase robustness of the
M-FOCUSS with respect to spiky disturbances, we can exploit
the locally smooth nature of signals, e.g., in MEG/EEG, where
the locality is restricted to only few samples. By incorporating
such information to the prior that models the sparsity constraints
in the M-FOCUSS algorithm, the effects of high-frequency dis-
turbances, such as noise and other interferences, can be consid-
erably reduced. Smoothness constraints can be imposed to the
solution in various ways, for instance, in image restoration or
tomographic image reconstruction, smoothness is enforced with
Markov random field (MRF) [67]-[70], simultaneously autore-
gressive (SAR) or conditionally autoregressive (CAR) models
[71]-[74]. All these models exploit spatial pairwise interactions
among the pixels that belong to a given neighborhood.

We propose to model local smoothness within signals (time
series) by exploiting pairwise interactions between the samples
in a short window, and our approach is motivated by the SAR
model that can be easily combined with the Gaussian prior in
the M-FOCUSS algorithm.

MRF models with nonquadratic (or even concave) potential
functions are generally more robust in image processing but
intrinsically involve much more computational effort, mostly
due to the need of estimating the associated hyperparameters.
In this respect, the SAR or CAR models are computationally
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more tractable, but their efficiency critically depends on the re-
lated hyperparameter estimation scheme. In [74] and [75], the
maximum a posteriori (MAP) problem associated with the SAR
and CAR models is solved with a hierarchical Bayesian para-
digm. The hyperparameters are associated with the Gamma hy-
perpriors, which simplifies the marginalization procedure that
is performed simultaneously with iterative updates for the solu-
tion.

Neglecting the parameter p (which only affects the degree
of sparsity) in the [, diversity measure, we need to estimate
only one parameter that is the regularization parameter. Lim-
iting the number of hyperparameters to be estimated consider-
ably simplifies the related hyperparameter estimation scheme.
Rao et al. [76] proposed to combine the discrepancy principle
with the L-curve technique to estimate the regularization param-
eter in the FOCUSS. Because our modified M-FOCUSS algo-
rithm involves the singular value decomposition (SVD) in each
iterative step, the generalized cross-validation (GCV) technique
[771, [78], which provides an estimate for the regularization pa-
rameter when the variance of disturbances is unknown, seems
to be more suitable for our task. Moreover, the GCV is superior
to the L-curve method, at least in the sense of overcoming the
problems of finding the L-curve corner.

We assume the sparsity profile may be different in each vector
from the set of MMV, but due to the smoothness constraints,
the changes in a sparsity profile between the successive vec-
tors are quasi-constant. Thus, we divide the whole set of MMV
into blocks of a few samples, for which the sparsity profile is as-
sumed to have nearly the same structure. Moreover, our solution
is updated sequentially using overlapping data blocks, which is
motivated by frame overlapping [79], [80].

The organization of this paper is as follows. In Section II,
we formulate the problem, and then we describe the basic
M-FOCUSS algorithm. Section Il contains our new algo-
rithmic results: starting from the overlapping technique in the
M-FOCUSS algorithm, and ending at the SOB-M-FOCUSS
algorithm, which includes smoothness constraints. The numer-
ical tests are presented in Section 1V. Finally, some conclusions
are drawn in Section V.

Il. M-Focuss ALGORITHM

A. Problem Formulation

The problem is to find a possible good approximation of the
true solution to an undetermined system of linear equations sub-
ject to sparsity and smoothness constraints. The system in the
matrix form is given by

AX+N=B 1)

where A € RM*N js a system matrix with M < N,
rank{A} = M, X = [z1,...,z7] € RV*T (possibly T > N)
is the true solution, N € RM*T represents additive noise
or errors, and B = [by,...,br] € RM*T is an observation
matrix. Each column b; or z; (1 < ¢ < T) contains the tth
sample from the observations (the ¢th vector from MMV) or the
solution, respectively, where 7' is a total number of samples.
The rows of X and B are considered as corresponding signal

representations.
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If M < N, the nullspace of A is nontrivial, and the inverse
problem has many solutions. Therefore, additional constraints
are needed to select the true solution. We assume that the spar-
sity profile in the solution varies slowly with the vectors z;,
t = 1,...,T. Moreover, we also assume that the signal rep-
resentations expressed by the rows in X are locally smooth.

Remark 1: It was proved in [57] that the sparse solution to the
consistent system (1) with N = 0 is unique, if rank{B} = T
with " < M, any M columns of A are linearly independent
(unique representation property (URP) condition [18]),and V' ¢ :
x; has at most [(M + T')/2] — 1 nonzero entries, where [-] is
a ceil function.

B. M-FOCUSS

The M-FOCUSS algorithm iteratively solves the following
equality constrained problem:

m\inJ(p)(X)7 st. AX=B 2)
where
N N T (»/2)
J<P><x>=zu@up:z(z:ua) . pep2
j=1 j=1 \t=1
3)

is the /,, diversity measure that is related to the joint sparsity
[48], [52], [81]. The parameter p indicates the degree of sparsity,
and z; denotes the jth row of X For the inconsistent case (noisy
case), Cotter et al. have developed the regularized M-FOCUSS
algorithm, which in a single iterative step solves the Tikhonov
regularized least squares problem

X% = arg min (X |X*~D) )
where

V(X|XEY) = ||B - AX|[7 + XIWX|F )
W = diag {w]}—(p/z)} with

o (S 6))

t=1

(1/2)

-,

the current iterative step is denoted by %, X is a regularization
parameter, and I,; € RM>M is an identity matrix.

I1l. METHODOLOGY

A. M-FOCUSS With Overlapped Blocks

According to Remark 1, one of the assumptions to get a
unique solution with the M-FOCUSS algorithm is to have
T < M. Because we allow for a very large number of MMV,
ie, T > N, it is efficient to split the measurements into
blocks of MMV. Let B [BY, ..., B®], where B":
r = 1,..., R is the rth block of the MMV (submatrix of B),
and R is a number of the blocks.

A typical strategy is to split B into disjoint blocks of length
L, i.e., the number of samples in one block B") for r < R.
According to Remark 1, we assume L < M. The total number
of blocks is equal to R = [T'/L]. Thus, B™ = [by;(-)], where
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1) s a set of indices of MMV that belong to B, and it is
given by

g = [{dr+ 1.+ L} eNE, forr <R ©)
T\ {ér+1,..., T} eNT=?r forr =R
¢r =[(r—1)L] @)

where |- | denotes the floor function.

Our strategy of overlapping blocks, which is motivated with
the overlapping frame technique in [79] and [80], assumes
the blocks are overlapped with the fixed rate of overlap-
ping & € [0,99] (percentages). This gives the number of
overlapping samples » = |6L/100], and consequently,

R = [(T =mn)/(L—mn)]and
¢r = [(r =1L —n)].

The set of the vectors in B(™ is given by (6).

Note that each data block B updates only the corre-
sponding solution block X = [z, 1] with TI(") being
defined by (6)-(7). The column vectors from B and X that
belong to the respective blocks B") and X are uniquely
determined by the set of indices (6). The block updating is
sequential, so when the blocks are overlapped, a certain number
of the column vectors from X (") are treated as the initial
samples for updating the successive block X+,

The overlapping blocks are justified intuitively by the fact that
the source signals are expected to be locally smooth during the
observation period. If the blocks are disjoint, smoothness on the
block’s borders might be seriously perturbed. Also, a sparsity
profile changes more smoothly for the overlapping blocks.

®)

B. Smoothness Constraints

The solution to the problem miny W(X|X*~V), with
U(X|X* V) defined by (5), can be regarded as the MAP
estimate, where the likelihood function p(B|X) is expressed in
terms of the joint Gaussian distribution

1
((2m)M det{Sx})"/?

X exp{—%tr{(B—AX)TENl(B—AX)}}. 9)

p(BIX) =

The columns ny,...,ny from N in (1) are assumed to be
independent and identically distributed (i.i.d.) vectors of
random variables from a normal distribution with a constant
variance, i.e., Zx = %Iy, € RM*, The conditional prior
p(X|X *~DY is also modeled with the joint Gaussian distribu-
tion

p(X|X4) = 1

((2)N det{Ex ) T/?
X exp {—% tr {XTE;?X}} (10)

where £y = A"'W? € RV*Y js the covariance matrix with
the scaling factor A introduced to control the degree of sparsity
simultaneously for all the row vectors in X. Note that W is a
diagonal matrix that only depends on X *~). Let #/*) be the
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jth row of X thus w; is proportional to a standard deviation
assigned to the variables in §:§k) and it could be interpreted as a
sparsity measure of 5:5.'“_1). To model local smoothness in each
row vector ; € R'* of the rth block X(™ e RN*L, we
use the SAR model [71]-[73] that belongs to a class of MRF
models. It is widely used in many scientific fields [73], [74] to
represent interaction among spatial data with a Gaussian noise.
The SAR models the distributions of the random variables in
z;= [5;@, . :f:(LJ)] € R™T with the stochastic equations

&, =Sz, +¢ (11)
where § = [s,,;] € REXE is a symmetric matrix of spatial de-
pendencies between the random variables, €; ~ N (0,0%11)
is a vector of a Gaussian noise, and I; € RE*L is an identity
matrix.

There are many possibilities for defining the spatial depen-
dence matrix S in (11) (see, e.g., [72]). Following [74] and [75],
we assumed S = vZ, where v is a constant to ensure the ma-
trix C = I — S being positive definite, and Z = [zyn] iS
a binary symmetric band matrix that indicates the neighboring
column vectors in X (™. Assuming first-order interactions, we
have zp, m—1 = 1l and zpy, m41 = 1 form € {2,...,L}, and
zmn = 0, Otherwise. For P-order interactions, each sample z;
has the following set of neighbors: {z;_,} and {z;y,} with

,..., P, and consequently, Z is a symmetric band ma-
trix with P subdiagonals and P superdiagonals whose entries
are equal to ones, and zeros otherwise. To keep the matrix C
positive definite, it should be v < (2P)~* for P-order interac-
tions [74], [75]. We selected v = (2P)~! — ¢, where ¢ is a small
constant, e.g., ¢ = 10716,

In many applications of the SAR to image reconstruction and
restoration [67], [69], [70], [74], [75], the order of interactions
is fixed and usually P = 2. Obviously, higher order interactions
attenuate high-frequency components stronger, but on the other
hand, a computational complexity increases. In our case, 1 <
P < [(L —1)/2]. Typically, P = 2 is a good tradeoff between
a degree of smoothness and preservation of the desired high-
frequency components.

From (11), the joint probability density function (pdf) for the
variables in z; is proportional to

- 1 . .
p(Z;]8;) o< exp {_EﬂijCTCzJT}

where 3; is a shape hyperparameter. According to (10), each
row vector &; is scaled as A('/?w "z, and in consequence,
B = )\wj_z. Assuming a common row smoothness profile, the
joint conditional prior for X ™) with the smoothness constraints
can be expressed by

N
p (XX = [ vtz1%)
J:

(12)

N
1
X exp { — 5)\ Z wj_z.'i:jCTCi?
j=1

1
= exp {—§A||W—1X<’”>C||%} . (13)
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Applying the Bayesian framework to the prior (13) and the
likelihood function (9) for each block B, the posterior distri-
bution has the form

p(BIX)p(X|X* Y \)

X|B, X"V \) =
. A B

(14)

The superscript r is deliberately dropped for notational sim-
plicity. The MAP estimate in the kth iterative update can be ob-
tained with solving the following regularized least squares min-
imization problem:

x*) — arg n}i(n \I’(X|B,X<k_1)> A) (15)

where

U(X|B, X* D \) = —2Inp(X|B, X*"V ))
=||B - AX||% + A\|W'XC|j% + ¢
(16)

where c¢ is a constant.
The stationary point of (16) expressed in the vectorized form
is as follows:

T, =vec{X,}
=(C7'@W)GT(GGT + M) 'vec{B} (17)

where G = C~' @ AW e RMLXNL T, is an identity ma-
trix, and ® denotes the Kronecker product. The detailed calcu-
lations of the stationary point can be found in Appendix I. The
smoothing matrix C has a band structure, so its inversion can be
performed efficiently by a recursive procedure [82].

If A > 0 and rank(C) = L, the point X, = Matrix{z.} €
RYXE where Matrix{-} means the matricized form of a
vector and z, € R’ is given by (17), is the solution to the
problem (15). Applying the affine transform Q = W™ 'X as
in Appendix I, the first term in (26) is convex by convexity
of the Frobenius norm, and the second term is strictly convex
because C is a positive-definite matrix. Unfortunately, the
inverse transform X = W@ is not always guaranteed to be
injective because W might be a singular matrix by row sparsity,
and hence, the stationary point X, may not be the global
minimum of the functional (16). However, when the iterative
approximations are still far from the exact (sparse) solution,
we may assume small perturbations of the diagonal entries in
W, ie., Vj:w; # 0.Under such a practical assumption, the
affine transform Q = W' X is bijective, the functional (26)
is strictly convex, and the stationary point X, is the global
minimum.

Thus, we have (X *+D|x® \y < w(xX®|x =D ) if
X+ 2 x () which justifies usage of the (17) to perform
the kth iterative step in our algorithm.
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To simplify the inversion in (17), we use the SVD of G, which
is also motivated by the algorithm used for estimation of the
regularization parameter.

Let G = UEV”, where ¥ = diag {0, } contains the singular
values, and U and V are orthogonal matrices. Thus, from (17),
we have

vec{ X )}
= (Ctew)VEUT(WUEETUT + My
x vec{ B}

— . 0
= (C 1®W)V]\,[L dlag {[O’?‘}'A]}
x Ulvec{B}

where Vrp = [vg,..., varr] € RMEXML,

’ ’

(18)

C. Estimation of the Regularization Parameter

We assume that the noisy disturbances described by the ma-
trix NV in (1) are Gaussian with zero-mean and covariance matrix
o2I,,, where the variance o2 is not known. For such a case, the
regularization parameter in (18) can be typically estimated with
the discrepancy principle, L-curve, or GCV methods [77].

Rao et al. [76] proposed to estimate the regularization pa-
rameter in the FOCUSS algorithm with the modified L-curve
method that combines the discrepancy principle and the linear
scale L-curve method. The proposed modification assumes that
the boundary values of the regularization parameter are known
or they can be estimated given a prior value of SNR.

In our approach, we propose to use the GCV because this
technique seems to be more flexible for integration with the
main algorithm, which updates the solution X . Also, it is easier
to automatically search for the minimum of the GCV function
than the corner on the L-curve. Rao et al. [76] use an analytical
expression to calculate the curvature of the L-curve, however, its
maximization involves computation of the solution for several
samples of the parameter resulting in an increase in computa-
tional cost. Using the GCV combined with a suitable minimiza-
tion algorithm, we can numerically estimate the parameter with
better computational efficiency, without resorting to solving the
problem (15) for each sample of the parameter in a given range.
Additionally, the GCV usually gives a more accurate estimate
of the regularization parameter (the distribution of samples is
sharper) than the L-curve method [83].

The GCV assumes that an optimum value of A should be
chosen to minimize the GCV function, which for our model in
(1) takes the following form:

_ |lvee{B} — (I ® A)vec{ XM} |3

V() (19)
ﬁ (tr{I]\/[L — P)\})2
where P, is the influence matrix that can be derived from
(I, ® A)vec{X®} = Pyvec{B} (20)

where vec{X 1 is the estimated solution given by (18) in the
kth iterative step.
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Note that A should be estimated for each iterative step and
each block X ™. Applying the SVD to the matrix G, and after
straightforward calculations, shown in Appendix I, we have

ML | A 2
z’; & <Ui2 + /\>
1 /ML) 2
wz (% 7)
with ¢ = [&] = U vec{B} € RML,
Remark 2: For C = I, we arrive at the standard M-FO-

CusS algorithm: z = WA” (AW?A” + \I,,) "' B, for
which the GCV function becomes

M A 2
L;fu <—U¢2 +)\>

2
s
M o2+ A

=1

V(A = (21)

V(A) =

(22)

where E = [¢;;] = U"BB"U € RM*M and AW = UXV"
with ¥ = diag {o;}.
To minimize V' (), we solve the constrained problem

~

A =arg V(A

min
Amin A< Amax

(23)

with the algorithm based on the golden section (GS) search and
parabolic interpolation [84], which is closely related to the Fi-
bonacci search. We used Matlab’s implementation of the GS
search, which is available in the Optimization toolbox (function
Sfminbna)- Despite the fact that the GS search finds only a local
extremum, the function V() is unimodal, and the GS search al-
ways finds a desired solution, provided that the boundary values
Amin and A, determine a sufficiently wide range of search.
Selection of the boundaries closer to the minimum accelerates
the GS searching. Rough estimation of the boundaries can be
achieved following the method by Rao et al. in [76], which uses
prior knowledge about the SNR. In all our simulations, we used
Amax = 10% and A\, = 10719,

The following alternating minimization technique was used
for the update:

A = arg i (k—1)
A = arg - Iﬁnklgkmax V(/\|X ) (24)
x*®) — &rgn%én\I/(X|X(k*1)_/;\) (25)

which is motivated by the hierarchical Bayesian paradigm [75].

Finally, Algorithm 1, which is based on (24) and (25),
combines all the proposed approaches: the overlapping blocks,
SAR-based smoothing, and simultaneous GCV-based hy-
perparameter estimation. The algorithm is initialized with
x© ATB, where A" is a pseudoinverse to A. The
SOB-M-FOCUSS denotes the M-FOCUSS algorithm with
smooth overlapped blocks (SOB).
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Algorithm 1: (SOB-M-FOCUSS)

Set p € [0,2], Amins Amax, L € [1,T] (window length),
6 € [0,99] (overlapping),

C~* (inverse of the smoothing matrix),

X = A*B,

n = |#L/100], % No. of overlapping samples
R = [(T —n)/(L—mn)], % No. of blocks
For k = 1,2, ..., until convergence do

Forr =1,2,..., R % Block sequences

Use ¢, with (8) and II(") with (6),
(k) w2\
wy = <ZteH(”) (%‘t ) )

, . 1-(p/2)
wk = diag {(wgk)) }

B") = b, y»n] € RM*F
G=C"'® AW e RMPNE
[U,2,V] = svd(G)

Compute GCV function V() with (21),
(V(A), Amins Amax),
Compute z with (18),

[wil.cl)'[(r)} = Matrix{z} € R"**,

;\<—f

End % Block sequences

End % Main M-FOCUSS loop

IV. SIMULATION EXAMPLES

Quantitative and qualitative performance of the proposed al-
gorithms was evaluated on the experiments of several types of
signals.

The small-scale benchmark contains some multichannel elec-
trocardiography (ECG) signals that were generated with the al-
gorithm proposed by Sameni et al. [85]. The signals, which are
shown in Fig. 1(a), have the following parameters: N = 6, T =
712, d = 2, where d is a maximal number of nonzero entries in
each column vector z; of X. We assume four linear noisy mix-
tures, where the mixing matrix A € R**®, with cond(4) = 6.3
and linearly independent columns, is generated randomly from
a uniform statistics.

According to Remark 1, the unique sparse solution can be ob-
tained ford = 2 and M = 4, if 2 < L < 4. Because besides
the sparsity constraints we also introduce the smoothness con-
straints, the assumptions on width of the processing window can
be relaxed. For acommon smoothness profile, L should be equal
at least to a number of the samples that belong to the neighbor-
hood. For second-order interactions, we should set . = 5. The
experiments demonstrated that for our data the performance of
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Fig. 1. Small-scale benchmark ( , , , four noisy mixtures
with SNR 20 dB): (a) six true signals; (b) RMSE of each signal rep-
resentation ( -axis variable) estimated with the following algorithms ( ,
): M-FOCUSS with  -curve, OB-M-FOCUSS (without smoothing:

r and ), SOB-M-FOCUSS with , SOB-M-FOCUSS with

, respectively; (c) signal representations estimated with the OB-M-FO-

CUSS: ; (d) signal representations estimated with the

SOB-M-FOCUSS:

our algorithm increases with L until about . = 20. Hence, for
a majority of the experiments, we set L = 10.

The noisy data was generated by adding to the exact
mixtures a zero-mean homoscedastic Gaussian noise with
o? adjusted to have a desired value of SNR, where SNR
= 2010gy (|| Bexact||r/[|N||r) [dB].

We compare the following algorithms: SOB-M-FOCUSS,
OB-M-FOCUSS, and M-FOCUSS with the L-curve. The
OB-M-FOCUSS algorithm is obtained from the SOB-M-FO-
CUSS by setting C = I, in Algorithm 1. This case removes
the smoothness constraints whereas the regularization param-
eter is still adaptively updated with the GCV technique. In the
M-FOCUSS with the L-curve, the regularization parameter
is estimated adaptively (in each iterative step and processing
window) using the L-curve-based estimation technique that
was discussed in [76]. For the case of MMV, we search the
corner of the L-shaped curve of log||W_1X(’")||fP Versus
log||B™ — AX™)||2,. For our data, we have found that the
L-curve in a log-log scale usually has a distinct corner, and
for this case, we could use the function 1_corner.m from the
Hansen’s Matlab toolbox [86].

For quantitative performance evaluation of the tested
algorithms, the root mean squared error (RMSE), which is cal-
culated as RMSE = || X estim — X exact || 7/ || X exact|| £ 1S Used.
Fig. 1(b)—(d) presents the results of recovering the true signals
illustrated in Fig. 1(a), from the noisy data with SNR = 20 dB.
The RMSEs of the rows of X .., estimated with the tested
algorithms are plotted in Fig. 1(b). The signal representations
obtained with the OB-M-FOCUSS (without smoothing) and
SOB-M-FOCUSS algorithms (with smoothing) are shown in
Fig. 1(c) and (d), respectively. Note that the SOB-M-FOCUSS
algorithm tends to smooth signals, which considerably reduces
the effect of noise and other spiky disturbances. Moreover, the
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Fig. 2. RMSE plots versus and  for the cases: (left) noise-free; (middle)
SNR 30 dB; (right) SNR 20 dB; (top) M-FOCUSS with the -curve;
(bottom) SOB-M-FOCUSS.

—6— S0B-M-FOCUSS: noise-free 05 [ —@— SOB-M-FOCUSS: noise-free v
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v OB-M-FOCUSS: SR = 20 [dB] -7+ OB-M-FOCUSS: SNR = 20 [dB]

RMSE
<
<

1 2 3 4 5 6 7 8 0 02 04 08 08 1 12 14 16

P
(@ ®)

Fig. 3. RMSE plots versus: (a) (iterations) at ; (b)  (sparsi-
fication) at . SOB-M-FOCUSS with , OB-M-FOCUSS

estimations are not oversmoothed, and lower values of RMSE
can be obtained than with the OB-M-FOCUSS. Oversmoothing
usually occurs with the L-curve-based technique [83]. The
GCV gives rather sharper distributions of parameter’s samples,
but with longer tails.

The plots in Figs. 2 and 3 show the dependence of RMSE
on the parameters: 4, L, k, p, and SNR. The overlapping block
technique discussed in Section I11-A can be also applied to the
standard M-FOCUSS algorithm. Hence, we also compare the
SOB-M-FOCUSS with the M-FOCUSS (Fig. 2) in which the
regularization parameter is estimated with the L-curve tech-
nique.

It is easy to notice that the SOB-M-FOCUSS algorithm gives
the estimates that have lower RMSE values than the M-FO-
CUSS algorithm. Tremendous difference occurs for the noise-
free data, when the overlapping block technique is used for
6 > 30. The results demonstrate (Fig. 2) that usage of the over-
lapping always leads to the better performance, even if it is ap-
plied only to the standard M-FOCUSS. However, the improve-
ment is extremely high only if the data has a very low level of
disturbances. As shown in Fig. 2 (middle), for SNR = 30 dB,
6 should be higher than 50 in the SOB-M-FOCUSS. For the
OB-M-FOCUSS, an increase in 6 results in gradual improve-
ment of RMSE for each noisy case. Both algorithms give the
estimations with lower values of RMSE when L is higher.

Fig. 3(a) and (b) gives the information on the behavior of
RMSE versus the number of iterations and the value of the

Authorized licensed use limited to: Andrzej Cichocki. Downloaded on November 30, 2008 at 11:53 from IEEE Xplore. Restrictions apply.



4758

@ ()
mean (RMSE) = 0.017746 x10" mean (RMSE) = 74131e-011

0.03

RMSE
RMSE

20 40 60 80 100
n

(©) ()
RMSE =0.26037 mean( RMSE ) = 0.19071

01

0.05

0
0 20 40

n n
Fig. 4. Middle-scale benchmark ( , , ).
RMSE of each signal for the cases: (a) OB-M-FOCUSS L Wwith
applied to noise-free data; (b) SOB-M-FOCUSS with applied

to noise-free data; (c) OB-M-FOCUSS . with
data with SNR 20 dB; (d) SOB-M-FOCUSS with
data with SNR 20 dB.

applied to noisy
applied to noisy

sparsity parameter p, respectively. The RMSE is lower with
the SOB-M-FOCUSS than with the OB-M-FOCUSS, for each
noisy case. Usually, the stagnation of RMSE occurs after a few
iterations, however, in the experiments shown in Figs. 1, 2, 3(b),
and 4, the iterative process is terminated when the following
stopping criterion is satisfied: || X — X*~Y||z < ¢ The
threshold e is set up experimentally—usually the truncation oc-
curs after six iterative steps. Fig. 3(b) shows that for our data
p = 0 gives the best results with respect to RMSE, which means
that .7®)(X) in (3) measures the number of nonzero entries in
X. For smaller values of p, the solution with the SOB-M-FO-
CUSS usually better approximates the true solution but the risk
of getting stuck in local minima is higher. Fig. 3(b) demonstrates
that the SOB-M-FOCUSS algorithm gives satisfactory results
even for higher values of p (less than 0.5).

In the middle-scale benchmark, we used 100 sparse trape-
zoidal signals, normalized to the unit magnitude, for which 7" =
10000 and d = 10. The signals were mixed with a random
uniformly distributed matrix A € R>°x109 o give 50 observed
mixed signals. The noisy mixtures are generated similarly as in
the previous example. The RMSEs of the estimated signal repre-
sentations with the OB-M-FOCUSS and SOB-M-FOCUSS al-
gorithms are plotted in Fig. 4.

V. CONCLUSION

This paper presents a modified M-FOCUSS algorithm that
outperforms the M-FOCUSS for signals with a smooth tem-
poral structure. The algorithm combines several strategies. If the
observations are slightly corrupted with noise (SNR > 30 dB),
the important strategy is to use the overlapping block technique
that considerably improves the performance of the algorithm.
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For this case, the estimation of the regularization parameter is
not essential, and to speed up the computations, the GCV-based
estimation can be switched off. Another strategy involves the
smoothing technique with the SAR model that reduces spiky
disturbances of the signals of interest. Our experiments demon-
strated that if the true signals have a smooth temporal struc-
ture, such smoothing improves the performance independently
on strength of noisy disturbances. The usage of the prior knowl-
edge such as smoothing additionally stabilizes the solution. The
strategy of simultaneous GCV-based estimation of the regular-
ization parameter, even though it involves high computational
complexity, is very important in case of real data. The experi-
ments demonstrated that quite exact estimation of the parameter
is needed, especially if the data are noisy (real).

The proposed approach is aimed to make the point that in-
corporating additional prior information (such as smoothing) to
the M-FOCUSS algorithm may considerably improve the per-
formance. Obviously, we have presented only one of the ways
how to purse the aim. In general, many other more powerful
smoothness constraints (e.g., MRF smoothing with more ro-
bust potential functions) can be considered. There are also many
other techniques for incorporating the smoothness constraints to
the objective function, e.g., as an additive term. To speed up the
computations substantially, the parameter estimation can be per-
formed, e.g., on a small subset of samples that are good repre-
sentatives of the whole set. These approaches will be considered
in our future research.

APPENDIX |
DERIVATION OF THE STATIONARY POINT TO (16)
Let Q = WX, thus (16) can be expressed as

¥(Q) = [|[AWQ - B|7 + \|QC||%. (26)
The stationary point @, to (26) satisfies the condition
VoP(Q,) = 0, from which we get the Lyapunov equa-
tion

WATAWQ, + \Q,cCT = WATB. (27)
In the vectorized form, from (27), we have (28), shown at the
top of the next page, where G = C 1 @ AW € RML*NL and
C is assumed to be a symmetric matrix. Because vec{Q,} =
vec (W 'X,} = (I ® W ")vec{X.}, and W does not de-
pend on X, (in the current iteration), we have (17), which is the
stationary point to (16).

APPENDIX Il
DERIVATION OF THE GCV FUNCTION IN (21)
The influence matrix P in (20) has the following form?;
Py,=I,®A)C'@W)G"(GG" + \)™"
=GG"(GG" + )7 (29)

Let G = GG”, then G = USU”, where £ = diag {0?} €
RMLXML ‘and P, in (29) takes the form

: o} T
PA:Udlag O'Q——i—/\ Uu-.

lin the literature [82],
T

(30)

the influence matrix usually has the form
T and it refers to the overdetermined systems

A
of linear equations: , Where
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vec{Q,} = [I1 @ WA" AW + A\(CC" @ Iy)] ! vec{wAT B}
= [, @ WAT)(I, @ AW) + \(C & IN)(CT @ Ix)] ' (I ® WAT)vec{B}

c=ct

=
o
(
(

CTIN)[(C aWAT)(C " @ AW) + My.] ™ (C' @ WAT )vec{B}
C TR Iy)CT @ WAT) [(C™" @ AW)(C™ @ WA") + M) vec{B}
2 (T eIy (CT @ AW)T [(CT @ AW)(CT @ AW)T + Ay ] vee{ B}
C '@ IN)GY(GGT + M) tvec{B} (28)

Thus, the trace operation in the denominator in (19) can be sim-
plified to the form

ML

tr{lyr — Py} = Z

i=1

A
— . 1
a? + A (31)
Let ¢ denote the nominator in (19), thus we have
k 2
(= Hvec{B} — (I ® A)vec{X! )}H2

URE
= (vec{B})"U diag [02—“] U"vec{B}. (32)

Assuming £ = U vec{B} = [¢1,...,&u])T € RME then

ML

A 2
=3¢ (555 &2
i=1 g

and finally, we have the GCV function expressed by (21).
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