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ABSTRACT

In this paper we propose a family of new algorithms for non-
negative matrix/tensor factorization (NMF/NTF) and sparse
nonnegative coding and representation that has many po-
tential applications in computational neuroscience, multi-
sensory, multidimensional data analysis and text mining.
We have developed a class of local algorithms which are ex-
tensions of Hierarchical Alternating Least Squares (HALS)
algorithms proposed by us in [1]. For these purposes, we
have performed simultaneous constrained minimization of
a set of robust cost functions called alpha and beta diver-
gences. Our algorithms are locally stable and work well
for the NMF blind source separation (BSS) not only for
the over-determined case but also for an under-determined
(over-complete) case (i.e., for a system which has less sen-
sors than sources) if data are sufficiently sparse. The NMF
learning rules are extended and generalized forN-th order
nonnegative tensor factorization (NTF). Moreover, new al-
gorithms can be potentially accommodated to different noise
statistics by just adjusting a single parameter. Extensive
experimental results confirm the validity and high perfor-
mance of the developed algorithms, especially, with usage
of the multi-layer hierarchical approach [1].

1. INTRODUCTION - PROBLEM FORMULATION

Non-negative Matrix Factorization (NMF) and its extension
Non-negative Tensor Factorization (NTF) - models with non-
negativity and sparsity constraints have been recently pro-
posed as sparse and efficient representations of signals, im-
ages, or general multidimensional data [1, 2, 3, 4]. From
a viewpoint of data analysis, NMF/NTF are very attrac-
tive because they take into account spatial and temporal
correlations between variables and usually provide sparse
common factors or hidden (latent) nonnegative components
with physical or physiological meaning and interpretation
[5, 2, 6].
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In this paper, we consider at first a simple NMF model
described as

Y = AX + R, (1)

whereY = [yik] ∈ RI×K is a known data matrix,A = [a1, a2,

. . . , aJ ] ∈ RI×J
+ is an unknown basis (mixing) matrix with

vectorsa j, X = [xT
1 , x

T
2 , . . . , x

T
J ]T ∈ RJ×K

+ is a matrix rep-
resenting unknown nonnegative componentsx j and R =
[rik] ∈ RI×K represents errors or noise. Our primary objec-
tive is to estimate the vectorsa j of the mixing (basis) matrix
A and the sourcesx j (rows of the matrixX), subject to non-

negativity constraints1. The simple NMF model (1) can be
naturally extended to the NTF (or nonnegative PARAFAC)
as follows: For a givenN-th order tensorY ∈ RI1×I2×···×IN

perform a nonnegative factorization (decomposition) into
a set ofN unknown matrices:U(n) = [u(n)

1 , u
(n)
2 , . . . , u

(n)
J ]

∈ R
In×J
+ , (n = 1, 2, . . . ,N) representing the common (load-

ing) factors, i.e., [3, 7]

Y ≈

J
∑

j=1

u(1)
j ◦ u(2)

j ◦ . . . ◦ u(N)
j (2)

=

J
∑

j=1

~u(1)
j , u

(2)
j , . . . , u

(N)
j � = ~{U}� = Z , (3)

with ‖un, j‖2 = 1 for n = 1, 2, . . . ,N − 1, ∀ j = 1, 2, . . . , J,
where◦ means outer product of vectors andZ is an esti-
mated or approximated (actual) tensor. A residuum tensor
defined asR = Y − Z represents noise or errors depending
on applications. This model can be referred as nonnegative
version of CANDECOMP proposed by Carroll and Chang
and PARAFAC independently by Harshman and Kruskal .

Most of the known algorithms for the NTF/NMF model
are based on alternating least squares (ALS) minimization
of the squared Euclidean distance [2, 3, 7]. Especially, for
the NMF we minimize the following cost function:

DF (Y||AX) =
1
2
‖Y − AX‖2F , (4)

1Usually, a sparsity constraint is naturally and intrinsically provided
due to nonlinear projected approach (e.g., half-wave rectifier or adaptive
nonnegative shrinkage with gradually decreasing threshold).



and for NTF with the model (2)

DF (Y || ~{U}�) =
1
2
‖Y −

J
∑

j=1

(u(1)
j ◦ u(2)

j ◦ . . . ◦ u(N)
j )‖2F , (5)

subject to nonnegativity constraints and often additionalcon-
straints such as sparsity or smoothness. A basic approach to
the above formulated optimization problems is alternating
minimization or alternating projection: The specified cost
function is alternately minimized with respect to sets of pa-
rameters, each time optimizing one set of arguments while
keeping the others fixed.

In fact, the NTF algorithms with global learning rules
perform computation and update based on whole matrices.
For tensor and its factorization problem, we often face large
factors and tensors which have huge number of elements.
Therefore, the global learning rules meet a lot of difficult
problems in tensor factorization and decomposition such as
limitation of memory resources, number of elements in vec-
tors or matrices, etc. Moreover, global learning rules are not
suitable for dynamic tensor factorization in which the num-
ber of components is unknown or changes in time and must
be estimated during optimization process.

In this paper, we use a completely different and more
sophisticated approach. Instead of minimizing one or two
cost functions, we minimize a set of local cost functions
(alpha and beta divergences) with a single parameter (al-
pha or beta). The proposed algorithms are suitable for large
scale dataset due to fast processing speed, simplicity, local
nature of learning rules and easy adaptation to changing the
number of components.

The majority of known algorithms for NMF work only
if the following assumptionK >> I ≥ J is satisfied, where
J is the number of the nonnegative components. The NMF
algorithms here proposed are suitable also for the under-
determined case, i.e., forK > J > I, if sources are sparse
enough. Moreover, proposed algorithms are robust with re-
spect to noise and suitable for large scale problems.

2. FLEXIBLE LOCAL ALGORITHMS USING
ALPHA DIVERGENCE

For the NMF problem (1) we define the alpha-divergence as
follows (as used in [8, 4]):
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where [y( j)
ik ]+ = max{0, y( j)

ik }, y( j)
ik = [Y] ik −

∑

r, j air xrk and
zik = ai jx jk for j = 1, 2, . . . , J.

The choice of the parameterα ∈ R depends on the
statistical distribution of noise and data. As special cases
for α = 2, 0.5,−1, we obtain the Pearson’s chi squared,
Hellinger and Neyman’s chi-square distances, respectively,
while for the casesα = 1 andα = 0 the divergence has to
be defined by the limits of (6c) asα → 1 andα → 0, re-
spectively. When these limits are evaluated one obtains the
generalized Kullback-Leibler divergence defined by equa-
tions (6a) and (6b) [9, 4].

The gradient of the alpha divergence (6), forα , 0, with
respect toai j andx jk can be expressed in a compact form as:
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∂x jk
=

1
α

∑

i

ai j

















1−















[y( j)
ik ]+
zik















α














, (7)

∂D( j)
α

∂ai j
=

1
α

∑

k

x jk

















1−















[y( j)
ik ]+
zik















α














. (8)

However, instead of applying here the standard gradient de-
scent, we use a rather projected (nonlinearly transformed)
gradient approach (which can be considered as a general-
ization of the exponentiated gradient):
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whereΦ(x) is a suitable chosen function. It can be shown
that using such nonlinear scaling or transformation provides
stable solution and the gradients are much better behaved in
Φ space [1, 10]. In our case, forΦ(x) = xα by choosing
the learning rates as followsη jk = (αxαjk

∑

i zαik)/
∑

i ai jzαik and
η̃i j = (αaαi j

∑

k zαik)/
∑

k x jkzαik after some simple mathematical
manipulations we obtain a new multiplicative local alpha
algorithm1:
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where the ”rise to the power” operationsx .α are performed
componentwise. The above algorithm can be generalized to
the following form
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1Forα = 0 instead ofΦ(x) = xα we have usedΦ(x) = ln(x) [8].



Algorithm 1 alpha-HALS NTF
1: Initialize randomly all non-negative factorsU(n)

2: Normalize allu(n)
j for n = 1, 2, ...,N − 1 to unit length

3: Compute residue tensorR = Y − ~{U}� = Y − Z
4: repeat
5: for j = 1 to J do
6: ComputeY( j) = R + ~u(1)

j , u
(2)
j , . . . , u

(N)
j �

7: for n = 1 to N do
8: u(n)

j as in (12)

9: Normalizeu(n)
j to unit length vector ifn , N

10: end for
11: UpdateR = Y( j) − ~u(1)

j , u
(2)
j , . . . , u

(N)
j �

12: end for
13: until convergence criterion is reached

whereΨ(x) is suitable chosen function, for example,Ψ(x) =
x .α, componentwise.1

In a similar way, for theN-order NTF problem (2), we
have derived a novel learning rule referred here as the alpha
HALS NTF learning rule2:
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where all nonlinear operations are performed component-
wise andY( j) = Y −

∑

r, j
u(1)

r ◦ u(2)
r ◦ · · · ◦ u(N)

r . Furthermore,

from [7] we adopt the following shorthand notation for a
multiplication of a tensor by a sequence of vectors in every
mode except one:

Y( j) ×−n {uT
j } = Y( j)×̄1u(1)T

j ×̄2 · · · ×̄n−1u(n−1)T
j

×̄n+1u(n+1)T
j ×̄n+2 · · · ×̄Nu(N)T

j .
(13)

where×̄1 meansn-mode tensor by a vector multiplication.

3. FLEXIBLE HALS ALGORITHMS USING BETA
DIVERGENCE

Beta divergence can be considered as a flexible and com-
plementary cost function to the alpha divergence. In order
to obtain local NMF algorithms we introduce the following
definition of the beta-divergence (as used in [8, 4]):

D( j)
β

([Y( j)]+ || a jx j) =

1In practice, instead of half-wave rectifying we often use different trans-
formations, e.g., real part ofΨ(x) or adaptive nonnegative shrinkage func-
tion with gradually decreasing threshold till the noise threshold which is
proportional to an estimate of the noise standard deviation.

2Due to limit of space we omit detailed derivation of all proposed algo-
rithms.
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where [y( j)
ik ]+ = max{0, y( j)

ik }, y( j)
ik = yik −

∑

r, j air xrk and
zik = ai jx jk for j = 1, 2, . . . , J. The choice of theβ parame-
ter depends on the statistical distribution of data and the beta
divergence corresponds to Tweedie models [4]. For exam-
ple, if we consider the Maximum Likelihood (ML)approach
(with no a priori assumptions) the optimal estimation con-
sists in the minimization of the Beta Divergence measure
when noise is Gaussian withβ = 1, for the Gamma dis-
tribution is β = −1, for the Poisson distribution isβ = 0,
and for the compound Poissonβ ∈ (−1, 0). However, the
ML estimation is not optimal in the sense of a Bayesian ap-
proach where a priori information of sources and mixing
matrix (sparsity, non-negativity) can be imposed.

In order to derive a local learning algorithm, we com-
pute the gradient of (14), with respect to elements tox jk, ai j:
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By equating the gradient to zero, we obtain a new fixed
point learning rule (referred here as the beta HALS NMF
algorithm):
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The above local HALS beta algorithm can be written in a
generalized compact vector form as
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, a j ←
([Y( j)]+) Ψ(xT

j )

x jΨ(xT
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whereΨ(x) is a suitably chosen convex function (e.g.,Ψ(x) =
x .β) and the nonlinear operations are performed element-
wise.



Algorithm 2 beta-HALS NTF
1: Initialize randomly all non-negative factorsU(n)

2: Normalize allu(n)
j for n = 1, 2, ...,N − 1 to unit length

3: Compute residue tensorR = Y − ~{U}� = Y − Z
4: repeat
5: for j = 1 to J do
6: ComputeY( j) = R + ~u(1)

j , u
(2)
j , . . . , u

(N)
j �

7: for n = 1 to N − 1 do
8: u(n)

j ⇐
[

Y( j) ×−n {Ψ(uT
j )}
]

+

9: Normalizeu(n)
j to unit length vector

10: end for

11: u(N)
j ←













Y( j)
×−N {Ψ(uT

j )}
∏

l,N {Ψ(u(l)
j )T u(l)

j }













+

12: UpdateR = Y( j) − ~u(1)
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13: end for
14: until convergence criterion is reached

The above learning rule has been further generalized for
theN-order NTF problem (2) as follows
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Actually, the update rule (20) could be simplified to re-
duce computational cost by performing normalization of vec-
torsu(n)

j , (n = 1, . . . ,N − 1) to unit length vectors after each
iteration step.

u(n)
j ←

[

Y( j) ×−n {Ψ(uT
j )}
]

+
, (21)

u(n)
j ← u(n)

j /‖u
(n)
j ‖2
. (22)

The detailed pseudo-code of the beta HALS NTF algorithm
is given below (Algorithm 2).

In order to avoid local minima we have developed also
a simple heuristic hierarchicalα- β- HALS NTF algorithms
combined with multi-start initializations using the ALS as
follows:

1. Perform factorization of a tensor for any value ofα or β pa-
rameters (preferably, set the value of the parameter to 1 due
to simplicity and high speed of algorithm for this value).

2. If the algorithm converged, but not achieved a desirable
fit value (fit max), in order to overcome local minima we
restart factorization but keep the previously estimated fac-
tors as the initial matrices for the ALS initialization (only
one or two iterations).

3. If the algorithm does not converge change incrementally the
value of theα or β parameter. This step could help to jump
over local minima.

4. Repeat procedure until we achieve a desired fit value or lit-
tle or no change in the fit value or little or no change in the
factor matrices, or a cost function value is at or near zero.
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Fig. 1. Illustration of performance of theβ-HALS NMF algorithm
(a) 10 sparse sources assumed to be unknown, (b) two mixtures,
(c) 10 estimated sources forβ = 0.1. (d) & (e) SIR values for
matrix A and sourcesX (respectively) obtained by theβ-HALS
NMF for β = 0.1, 0.5, 0.8, 1, 1.3 in the MC analysis of 100 trials.

4. SIMULATION RESULTS

All algorithms presented in this paper have been tested for
many difficult benchmarks with various statistical distribu-
tions and temporal structures of signals and images with ad-
ditive noise on a 2.66 GHz Quad-Core Windows 64-bit PC
with 8GB memory. For tensor factorization, results were
compared with the following existing algorithms: the NMWF
[6], the lsNTF [11] and also with two efficient implemen-
tations of PARAFAC ALS algorithm by Kolda and Bader
[7] (denoted as ALSK) and by Andersson and Bro [12]
(denoted as ALSB). To make a fair comparison we apply
the same criteria and conditions: Maximum difference of fit
value and we used three performance indexes: Peak Signal
to Noise Ratio (PSNR) for all frontal slices, Signal to In-
terference Ratio (SIR) for each columns of factors and the
explained variation ratio (i.e., how well the approximated
tensor fit input data tensor) for a whole tensor. Due to space
limitations we present here only four illustrative examples.

The results ofExample 1 presented in Fig.1 have been
performed for the synthetic benchmark with sparse nonneg-
ative 10 source components (Fig.1(a)). The sources have
been mixed by the randomly generated full column rank
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Fig. 2. Illustration of perfect factorization of swimmer data
set with 50 basis components of size 32× 32.

matrix A ∈ R2×10
+ , so only two mixed signals are available

(Fig.1(b)). The performance obtained with the new beta
NMF HALS algorithm (8)-(11) for different values of the
parameterβ are illustrated in Fig.1(d) and 1(e) with aver-
age Signal-to-Interference (SIR) level greater than 30 [dB].
Since the proposed algorithms (alternating techniques) per-
form a non-convex optimization, the estimated components
are initial condition dependent. To estimate the performance
in a statistical sense, we have performed a Monte Carlo
(MC) analysis. Figures 1(d) and 1(e) present the histograms
of 100 mean-S IR samples for estimations ofA andX.

In Example 2, we used a difficult benchmarkswimmer
dataset containing black-and-while stick figures satisfying
the so called separable factorial articulation criteria. Each
figure consists of a ”torso” of 12 pixels in the center and
four ”limbs” of six pixels that can be in any one of four
positions. With limbs in all possible positions, there are a
total of 256 figures of dimension 32× 32 pixels. Objec-
tive is to perform a sparse decomposition of images into
basic parts [3]. Note that almost all standard NMF algo-
rithms failed with this data set due to strong overlapping
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Fig. 3. Illustration of estimated factors by theβ-HALS NTF algo-
rithm (β = 1.2) (a) in comparison to the NMWF algorithm (b) for
three-way amino acid data.

patterns presenting in all slices. However, the HALS NTF
algorithms can successfully decompose such images taking
into account spatial information. The swimmer tensor was
factorized into 50 rank-one tensors and returned the abso-
lutely perfect results with 100% of the explained variation
(Fit) by bothα- andβ- HALS NTF algorithms with initial
valuesα = 1 andβ = 1. The perturbation value ofα and
β was set at 0.98, and the nonnegative ALS initialization
was also used to avoid local minima. Fig.2(d) illustrates
this technique over the 1-fit line. Fig.2(a) illustrates thefirst
8 images for this data set; whereas their residuum slices of
the originals and their estimated slices byβ-HALS NTF are
shown in Fig.2(b), and 50 estimated very sparse basis com-
ponents are shown in Fig.2(c). With the same dataset, the
NMWF and the lsNTF algorithms achieved only 91.46%,
96.88% of Fit values, respectively. This means non-perfect
reconstruction of original components.

In Example 3, we decomposed a real-world data: Amino
acid fluorescence data from five samples containing trypto-
phan, phenylalanine, and tyrosine (claus.mat) [13] which
were corrupted by Gaussian noise with SNR= 0 dB before
reconstruction usingJ = 3 rank-one tensors. Theβ-HALS
NTF was selected withβ = 1.2, where forα-HALS NTF we
selectα = 0.9. All algorithms were set to process data with
the same number of iterations (100 times). In this exam-
ple, we applied smooth constraint forα- andβ- HALS NTF.
Based on fit ratio (1), HALS algorithms returned better re-
sults than the existing algorithms. In comparison, HALS
NTF’s estimated factors (Fig.3(a)) are very smooth and ex-
plain 99.39% of the clean tensor; while the factors of the
NMWF, lsNTF, ALS K, ALS B algorithms are dominated
by noise, illustrated in Fig.3(b).

In Example 4 we used real EEG data:tutorialdata-
set2.zip [14] which was pre-processed by complex Mor-
let wavelet. Tensor is represented by the inter-trial phase
coherence (ITPC) for 14 subjects during a proprioceptive
pull of left and right hand (28 files) with size 64× 4392×
28. Exemplary results are shown in Fig.4 with scalp topo-
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Fig. 4. EEG analysis using theβ-HALS NTF for Example 4 with
factor U(1) for a scalp topographic map (first row), factorU(2) for
spectral (time-frequency) map (second row). Results are consis-
tent with previous analysis [14] but run time is almost 8 times
shorter and fit is slightly better.

Table 1. Comparison of Performance of NTF Algorithms for
Examples 3-5

Fit (%) Time (second)

Example No. 3 4 5 4 5
α-NTF 100 99.44 52.33 4.52 13.02
β-NTF 100 99.39 52.33 1.74 7.08
NMWF 1 91.46 98.76 52.31 3.16 58.19
lsNTF 96.88 98.06 51.33 3.30 4029.84
ALS B 98.53 53.17 2.52 67.24
ALS K 98.53 53.17 1.78 66.39

graphic maps and their corresponding IPTC time-frequency
measurements and performance comparisons are given in
Table 1. The components of the first factorU(1) are rela-
tive to location of electrodes, and they are used to illustrate
the scalp topographic maps (the first row in Fig.4); whereas
the 2-nd factorU(2) represents frequency-time spectral maps
which were vectorized, presented in the second row. Each
component of these factors corresponds to specific stimulus
(left, right and the both hands actions).

Computer simulation for these data confirmed that the
proposed algorithms give similar results to that obtained us-
ing the known ”state of the arts” NTF algorithms, but our
algorithms seems to be slightly faster and more efficient for
this data set (see Table 1).

1In fact, the NMWF failed for very noisy data due to large negative en-
tries. We enforced the estimated components to have non-negative values
by half-wave rectifying.

5. CONCLUSIONS AND DISCUSSION

The main objective and motivations of this paper is to de-
rive local NMF/NTF algorithms which are suitable both for
under-determined (over-complete)and over-determinedcases.
We have applied novel cost (loss) functions that allow us to
derive a family of flexible and efficient NMF and NTF al-
gorithms, where sources may have different temporal struc-
tures and distributions and/or different sparsity profiles.

This is the unique extension of standard NMF/NTF al-
gorithms, and to the authors’ best knowledge, the first time
such algorithms have been applied to multi-way NTF/NMF
models.

We have implemented the discussed algorithms in MAT-
LAB in the toolboxes NMFLAB/NTFLAB and they will be
available soon free for researchers. The performance of the
proposed algorithms are compared with the ordinary NMF
and also FOCUSS+ algorithms. The proposed algorithms
are shown to be superior in terms of the performance, speed
and convergence properties. The approach can be extended
for other applications such as dynamic MRI imaging and
it can be used as an alternative or improved reconstruction
method to: k-t BLAST, k-t SENSE or k-t SPARSE, because
our approach relaxes the problem of getting stuck to in lo-
cal minima and provides usually better performance than
the standard FOCUSS algorithms.
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