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Abstract

Nonnegative Matrix Factorization (NMF) solves the following problem: find such
nonnegative matrices A ∈ RI×J

+ and X ∈ RJ×K
+ that Y ∼= AX, given only

Y ∈ RI×K and the assigned index J (K >> I ≥ J). Basically, the factorization is
achieved by alternating minimization of a given cost function subject to nonnega-
tivity constraints. In the paper, we propose to use Quadratic Programming (QP) to
solve the minimization problems. The Tikhonov regularized squared Euclidean cost
function is extended with a logarithmic barrier function (which satisfies nonnega-
tivity constraints), and then using second-order Taylor expansion, a QP problem is
formulated. This problem is solved with some trust-region subproblem algorithm.
The numerical tests are performed on the blind source separation problems.

Key words: Nonnegative matrix factorization, Blind source separation, Quadratic
programming

1 Introduction

Nonnegative Matrix Factorization (NMF) attempts to recover hidden non-
negative structures or patterns from usually redundant data. This method has
found a variety of real-world applications in the areas such as blind signal pro-
cessing [16,35,43,48], spectra recovering [25,40–42], pattern recognition [45,46],
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dimensionality reduction, segmentation or clustering [1,8,17–19,23,24,27,31–
33,44], or neuro-biology (gene separation) [5,36].

NMF decomposes the data matrix Y = [yik] ∈ RI×K as a product of two
nonnegative matrices A = [aij] ∈ RI×J and X = [xjk] ∈ RJ×K , where ∀i, j, k :
aij ≥ 0, xjk ≥ 0. Although some matrix factorizations provide exact factors
(i.e., Y = AX), here we shall consider a factorization that is approximative
in nature, i.e.,

Y = AX + V , (1)

where V ∈ RI×K represents noise or error matrix.

Depending on an application, the hidden structures may have different inter-
pretation. For example, Lee and Seung in [23] introduced NMF as a method
to decompose an image (face) into parts-based representations (parts remi-
niscent of features such as lips, eyes, nose, etc.). In Blind Source Separation
(BSS) [15], the matrix Y represents the observed mixed (superposed) signals
or images, A is a mixing operator, and X is a matrix of true source signals or
images. Each row of Y or X is a signal or 1D image representation, where I is
a number of observed mixed signals and J is a number of hidden (source) com-
ponents. The index k usually denotes a sample (discrete time instant), where
K is a number of available samples. In BSS, we usually have K >> I ≥ J ,
and J is known or can be relatively easily estimated using SVD or PCA.

Our objective is to estimate the mixing matrix A and sources X subject to
nonnegativity constraints of all the entries, given Y and possibly the knowl-
edge on a statistical distribution of noisy disturbances.

The noise distribution is strongly application-dependent, however, in many
BSS applications, a Gaussian noise is expected. Hence, here our considerations
are restricted to this case, however, the alternative NMF algorithms optimized
to different distributions of the noise can be found, e.g. in [10,15,47].

The basic approach to NMF is the alternating minimization of the specific
function D(Y ||AX) described by the Algorithm 1.

Lee and Seung [23] were the first to apply the Algorithm 1 to two different cost
functions: squared Euclidean distance (Frobenius norm) and Kullback-Leibler
(KL) divergence. Using a gradient descent approach to perform Steps 1 and 2,
they finally obtained multiplicative algorithms that were previously known
in other applications as the EMML or Richardson-Lucy algorithm (RLA)
[6,22,28,37] for minimization of the KL divergence, and the ISRA algorithm
[34] which minimizes the Euclidean distance.

The multiplicative algorithms are known to have slow convergence and easily
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Algorithm 1. NMF
Set Randomly initialize: A(0), X(0),

For s = 1, 2, . . . , until convergence do

Step 1:

X(s+1) = arg minxjk≥0
D(Y ||A(s)X)

Step 2:

A(s+1) = arg minaij≥0
D(Y ||AX(s+1))

End

get stuck in local minima. Many approaches have been proposed in the litera-
ture to relax these problems. One of them is to apply Projected Gradient (PG)
algorithms [9,21,26] or projected Alternating Least-Squares (ALS) algorithms
[2,12] instead of multiplicative ones. Another improvement concerns modifi-
cation of a learning rate (relaxation parameter) to speed up the convergence,
and better recovering zero-values entries (for sparse solutions). C.-J. Lin [26]
suggested applying the Armijo rule to estimate the learning parameters in pro-
jected gradient updates for NMF. Also, the gradient algorithms given in [13]
address the issue with selecting such a learning parameter that is the steepest
decent and also keeps some distance to a boundary of nonnegative orthant.
Another very robust technique concerns exploiting the information from the
second-order Taylor expansion term of a cost function to speed up the con-
vergence. This approach was proposed in [47], where the mixing matrix A is
updated with the projected Newton method, and the sources in X are cal-
culated with the projected least-squares method (the fixed point algorithm).
The projection therein was performed in a very simple way, i.e. all negative
entries are replaced by a small positive constant (eps). It is obvious that such
a projection may introduce significant errors, artifacts, or instabilities, espe-
cially as the factors to be estimated are sparse. This issue for linear systems
with a single right-hand side has been also discussed in [20,29,39].

In this paper, we extend the idea presented in [47] with Quadratic Program-
ming (QP). The motivation for this approach was the Interior-Point Trust-
Region (IPTR) based method which was proposed in [39], and latter, modi-
fied by Calvetti et al [7]. Rojas and Steihaug [39] considered a least-squares
problem with nonnegativity and l2-norm constraints. They showed that such
a problem can be transformed to a QP problem with a logarithmic barrier
function. Then, they used the LSTRS method [38] to solve a trust-region
subproblem in the QP problem. The LSTRS boils down a QP problem to a
parameterized eigenvalue problem that is solved with the implicitly restarted
Arnoldi method. Calvetti et al [7] solved a QP trust-region subproblem with a
hybrid method based on the Lanczos bidiagonalization and QR factorization.

In our approach, we extend the IPTR method to a NMF problem, where
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linear systems with multiple right-hand side must be solved. For a cost func-
tion expressed by the squared Euclidean distance, the Hessian has a regular
small diagonal block structure, and hence, we use a different approach to
solve the trust-region subproblem. Since such a Hessian is also positive defi-
nite, we proposed to apply the Q-less QR factorization, and then the upper
triangular system is solved with the Gaussian elimination. The Q-less QR
factorization is obtained with the Givens rotations, and it is implemented in
LAPACK. Moreover, to reduce a computational cost even more, and to make
the Hessian better conditioned for a sparse system matrix, we combine the
QR factorization with an active-set method that is often used for convex QP.

We applied our new NMF algorithm to Blind Source Separation (BSS) prob-
lems in which mixed signals and images are used. The results demonstrate
high performance of the proposed algorithm.

The paper is organized as follows: Section 2 presents the problem formulation,
starting from a general approach of nonlinear programming, and finishing to
formulation of the trust-region subproblem for NMF. This problem is then
solved with the algorithm proposed in Section 3. The numerical results ob-
tained for some BSS problems are illustrated in Section 4. Finally, Section 5
contains the conclusions and refers to the future works.

We will adopt the following notation throughout the paper: vectors are de-
noted by bold lower case letters, matrices by bold capital letters, and en-
tries of vectors or matrices by corresponding italic lower case letters. The
square brackets stand for a matrix created from all inside entries. For exam-
ple, A = [aij] ∈ RI×J is a real matrix I by J whose the ij-th entry is aij.
Alternatively, [x−1

jk ] means the matrix which is element-wise inverse to the
matrix X. The diagonal matrix created from the vector x will be denoted by
diag(x). The symbols vec(·) and Matrix(·) denote vectorization and matriciza-
tion, respectively. We have a = vec(A) = [a11, a21, . . . , aI1, a12, . . . , aIJ ]T ∈
RIJ , where A ∈ RI×J , and A = Matrix(a). Analogically, a = vec(AT ) =
[a11, a12, . . . , a1J , a21, . . . , aIJ ]T ∈ RIJ , where AT is a transposed matrix to
A. The vector of all ones will be expressed by e = [1, . . . , 1]T . The matrix
II = diag(e) ∈ RI×I is an identity matrix of size I by I. The trace of A is
denoted by tr(A).

2 Problem formulation

The minimization problems in NMF (Step 1 and 2 in Algorithm 1) are non-
linear due to nonnegativity constraints. In this respect, we consider a general
nonlinear problem which is then transformed to a QP problem with nonlinear
constraints [4,11,30].
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2.1 Nonlinear programming

Let F (x) = F (x1, . . . , xn) : Rn → R, where x ∈ Ω ⊆ Rn, be nonlinear
function, and Ω be a feasible set. Nonlinear programming can be expressed by
the following nonlinear problem:

min
x∈Ω

F (x), (2)

subject to the constraints:

ĝi(x)≥ d̂i : i = 1, 2, . . . , m1, (3)

ǧi(x)≤ ďi : i = m1 + 1, . . . , m2, m1 ≤ m2, (4)

ḡi(x) = d̄i : i = m2 + 1, . . . , m, m2 ≤ m, (5)

where ĝi(x) : Rn → R, ǧi(x) : Rn → R, and ḡi(x) : Rn → R are continuously
differentiable functions at some point x∗ ∈ Ω. If x∗ is a local minimum, then
the following first-order Karush-Kuhn-Tucker (KKT) conditions are satisfied:

∇xL(x∗,λ∗,θ∗, ν∗) = 0, λ∗ = [λ∗i ], θ∗ = [θ∗i ], ν∗ = [ν∗i ], (6)

θ∗i (ĝi(x
∗)− d̂i) = 0, λ∗i (ǧi(x

∗)− ďi) = 0, ν∗i (ḡi(x
∗)− d̄i) = 0, (7)

θ∗i ≤ 0, λ∗i ≥ 0, ν∗i is of arbitrary sign, (8)

where λ∗, θ∗, and ν∗ are Lagrange multipliers at point x∗, and

L(x,λ,θ,ν) = F (x) +
m1∑

i=1

θi(ĝi(x)− d̂i)

+
m2∑

i=m1+1

λi(ǧi(x)− ďi) +
m∑

i=m2+1

νi(ḡi(x)− d̄i), (9)

is a Lagrangian functional associated with the problem (2). From (6), we have

∇xF (x∗) + (θ∗)T∇xĝ(x∗) + (λ∗)T∇xǧ(x∗) + (ν∗)T∇xḡ(x∗) = 0. (10)
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2.2 Quadratic programming

The step 1 in Algorithm 1 means to solve the linear multiple system: AX =
Y with respect to X, but the step 2 solves the transposed linear multiple
system: XT AT = Y T with respect to A. Both systems are subjected to the
nonnegativity constraints. Beside of these intrinsic constraints, we also admit
some additional ones.

It is well-know that the least-squares solution XLS = A+Y (without any con-
straints) to the perturbed system of linear equations given by (1), where A+

is the Moore-Penrose pseudo-inverse of A, satisfies inequality: ||XLS||F >>
||Xexact||F , where Xexact is an exact solution, i.e. for V = 0. The stabiliza-
tion of the solution can be achieved by some regularization which enforces
||XLS||F ≤ δX , where δX is assumed to be known from a prior information
about the solution.

Thus we have the following constraints on the factors to be estimated: ||X||F ≤
δX and xjk ≥ 0, and ||A||F ≤ δA and aij ≥ 0. With these constraints, we
formulate the QP problem, separately for each minimization step in Alg. 1.

• Step 1: Let F (x) in (2) be defined by a typical quadratic form that appears
in a standard QP problem [4, p.152], [30, p.441]:

F (X) =
1

2
vec(X)T QXvec(X) + tr(CT

XX), for x ← X. (11)

Note that tr(CT
XX) = vec(CX)T vec(X). We assume that QX ∈ RJK×JK

is symmetric and positive definite matrix, CX ∈ RJ×K , and the constraints
(3)–(5) have the form:

ĝjk(X) = xjk, d̂jk = 0, j = 1, . . . , J, k = 1, . . . , K,

ǧ(X) = ||X||F , ď = δX ,

ḡ(X) = 0, d̄ = 0.

Our objective is to find the right matrices QX and CX for our problems.
The Lagrangian functional can be written as

L(X, λX ,ΘX) = F (X) +
λX

2

(
||X||2F − δ2

X

)
+ tr(ΘT

XX), (12)

with the KKT conditions (6)–(8):

∇XF (X) + λXX + ΘX = 0, λX ≥ 0, θ
(X)
jk ≤ 0, ΘX = [θ

(X)
jk ], (13)
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λX

(
||X||2F − δ2

X

)
= 0, tr(ΘT

XX) = 0. (14)

Inserting (11) into (13), X can be computed from

(QX + λXIJK)vec(X) = −vec(CX + ΘX). (15)

• Step 2: Now we solve the transposed system: XT AT = Y T , and our new
variable of interest is vec(AT ). We assume that F (x) in (2) is also defined
by the similar quadratic form:

F (A) =
1

2
vec(AT )T QAvec(AT ) + tr(CT

AAT ), for x ← A, (16)

where QA ∈ RIJ×IJ is symmetric and positive definite matrix, CA ∈ RJ×I ,
and the constraints (3)–(5) have the form:

ĝij(A) = aij, d̂ij = 0, i = 1, . . . , I, j = 1, . . . , J,

ǧ(A) = ||A||F , ď = δA,

ḡ(A) = 0, d̄ = 0.

The Lagrangian functional has a similar form, i.e.

L(A, λA,ΘA) = F (A) +
λA

2

(
||A||2F − δ2

A

)
+ tr(ΘT

AA), (17)

and the KKT conditions (6)–(8) are as follows:

∇AF (A) + λAA + ΘA = 0, λA ≥ 0, θ
(A)
ij ≤ 0, ΘA = [θ

(A)
ij ], (18)

λA

(
||A||2F − δ2

A

)
= 0, tr(ΘT

AA) = 0. (19)

Thus A can be computed from

(QA + λAIIJ)vec(AT ) = −vec(CA + ΘT
A). (20)

Remark 1 The solutions to both equations (15) and (20) can be regarded as
Tikhonov regularized solutions, where the regularization parameters are given
by λX and λA, respectively. These parameters can be adaptively estimated, e.g.
by the Generalized Cross-Validation (GCV) technique [3]. It is also possible
to apply the estimation technique based on Lanczos bidiagonalization, which is
proposed in [7], assuming δX and δA can be roughly estimated by some prior
information on the solutions.
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2.3 Trust-region subproblem

Following the proposition by Lee and Seung [23], we assume the cost function
D(Y ||AX) in Algorithm 1 is expressed by the squared Euclidean distance:

D(Y ||AX) =
1

2
||Y −AX||2F , (21)

which is optimal for a Gaussian noise. For the function (21), we have

D(Y ||AX) =
1

2
||Y −AX||2F

=
1

2
tr(XT AT AX)− tr (AT Y )T X +

1

2
tr(Y T Y )

=
1

2
vec(X)T (IK ⊗AT A)vec(X)− tr (AT Y )T X + c, (22)

where c = 1
2
tr(Y T Y ), and ⊗ stands for a Kronecker product. Neglecting the

constant c and comparing (22) to (11), we have QX = IK ⊗ AT A, CX =
−AT Y in (11), and alternatively QA = II ⊗XXT , CA = −XY T in (16).

Neglecting the terms ΘX and ΘA, the solutions to (15) and (20) could be
interpreted as usual Tikhonov regularized least-squares solutions. But the non-
positive matrices ΘX and ΘA of Lagrange multipliers enforce the nonnegative
solutions that are no longer the least-squares solutions. Unfortunately, the
terms cannot be readily estimated to satisfy the corresponding equations (14)
and (19). One of the approaches is to iteratively approximate the solutions to
(15) and (20). However, in our case we get rid of the complicated duality gaps
tr(ΘT

XX) and tr(ΘT
AA) with adding some penalty terms to the regularized

cost function, which assures nonnegative solutions. There are several such
penalty functions, e.g. quadratic penalty, logarithmic barrier, or exact penalty,
whose properties have been discussed in [30]. Following the proposition by
Rojas and Steihaug [39], we selected the logarithmic barrier functions:

ΨX(X) = θX

J∑

j=1

K∑

k=1

ln xjk, ΨA(A) = θA

I∑

i=1

J∑

j=1

ln aij, (23)

where θX ≤ 0 and θA ≤ 0. The logarithmic barrier functions tend to relax
ill-conditioning of Hessians. This approach considerably reduces a number of
Lagrange multipliers – instead of matrices ΘX and ΘA, we must estimate only
two parameters θX and θA. Thus the penalized cost function is as follows:
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DR(Y ||AX) =
1

2
||Y −AX||2F +

λX

2

(
||X||2F − δ2

X

)

+
λA

2

(
||A||2F − δ2

A

)
+ ΨX(X) + ΨA(A), (24)

for solving the minimization problems in Step 1 and 2. The penalty terms
introduce strong nonlinearity, and to use QP the function DR(Y ||AX) is
approximated around points X and A with second-order Taylor expansions.
Thus

DR (Y ||A(X + ∆X)) = DR(Y ||AX) + tr(GT
X∆X)

+
1

2
vec(∆X)T HXvec(∆X), (25)

DR (Y ||(A + ∆A)X) = DR(Y ||AX) + tr(GT
A∆A)

+
1

2
vec(∆A)T HAvec(∆A), (26)

where the corresponding gradients GX and GA with respect to X and A are
expressed by:

GX = ∇XDR(Y ||AX) = AT (AX − Y ) + λXX + θX [x−1
jk ] ∈ RJ×K ,

GA = ∇ADR(Y ||AX) = (AX − Y )XT + λAA + θA[a−1
ij ] ∈ RI×J ,

and the corresponding Hessians HX ∈ RJK×JK and HA ∈ RIJ×IJ have the
forms:

HX = ∇2
XDR(Y ||AX) = IK ⊗AT A + λXIJK − θX diag(vec([x−2

jk ])),

HA = ∇2
ADR(Y ||AX) = II ⊗XXT + λAIIJ − θA diag(vec([a−2

ij ])).

Then we formulate the following trust-region subproblems:

min
∆X

DR (Y ||A(X + ∆X)) , s.t. ||X + ∆X||F ≤ δX , (27)

min
∆A

DR (Y ||(A + ∆A)X) , s.t. ||A + ∆A||F ≤ δA. (28)

Following Rojas and Steihaug [39], the trust-region subproblems can be trans-
formed to the following QP problems:

min
ZX

{
1

2
vec(ZX)T (QX) vec(ZX) + tr(CT

XZX)
}

, ZX = X + ∆X, (29)

min
ZA

{
1

2
vec(ZA)T (QA) vec(ZA) + tr(CT

AZA)
}

, ZA = AT + ∆AT , (30)

where
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QX = IK ⊗AT A + λXIJK − θX diag(vec([x−2
jk ])), (31)

CX = 2θX [x−1
jk ]−AT Y , λX ≥ 0, θX ≤ 0, (32)

QA = II ⊗XXT + λAIIJ − θA diag(vec([a−2
ij ]T )), (33)

CA = 2θA[a−1
ij ]T −XY T , λA ≥ 0, θA ≤ 0. (34)

The QP problems given by (29) and (30) are therefore equivalent to the fol-
lowing basic QP problems:

min
X

{
1

2
vec(X)T

(
IK ⊗AT A

)
vec(X)− tr(Y T AX)

}
,

s.t. xjk ≥ 0, ||X||F ≤ δX (35)

min
A

{
1

2
vec(AT )T

(
II ⊗XXT

)
vec(AT )− tr(Y XT AT )

}
,

s.t. aij ≥ 0, ||A||F ≤ δA (36)

Remark 2 Assuming A and X are full rank matrices, both QA and QX are
positive-definite but possibly very ill-conditioned, especially as A and X are
very sparse. This is due to the case that q

(X)
tt → ∞, where t = j + (k − 1)J ,

QX = [q(X)
mn ], m,n ∈ {1, . . . , JK}, if xjt → 0 and |θX | < ∞. Also, if aij →

0 and |θA| < ∞, then q
(A)
tt → ∞, where t = j + (i − 1)J , QA = [q(A)

mn ],
m,n ∈ {1, . . . , IJ}. Assuming, the matrices QA and QX are positive-definite,
the solutions X∗ and A∗ are global in the separate minimization problems in
Algorithms 1. Obviously, the whole NMF alternating minimization does not
provide a global solution.

3 Algorithm

The proposed QP based method can be used in many NMF applications.
However, we restrict our further considerations to BSS problems for which
we presented some results. In BSS applications, K >> I ≥ J , and hence,
the computation of the matrix QX in (31) may be highly time-consuming or
even intractable, even though it is very sparse. Assuming some typical case:
I = 20, J = 10, and K = 1000, the matrix QA in (33) has size 200 by 200 with
IJ2 = 2× 103 non-zero entries. The size of QX is 104 by 104 with KJ2 = 105

non-zero entries. For this reason, we do not apply the QP for updating X. This
can be also justified by the fact that the computation of A needs to solve the
system which is much more over-determined than for X, and hence, this may
be better done with the second order method that exploits the information
about the curvature of the cost function.
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3.1 Updates for X

For updating X, we use a very simple Fixed-Point (FP) algorithm that solves
a least-squares problem

XLS = arg min
X

{
1

2
||Y −AX||2F

}
(37)

with the Moore-Penrose pseudo-inverse of the system matrix, i.e. in our case,
the matrix A, and then, the solution XLS is projected onto the feasible set
Ω(X) = {xjk : xjk ≥ ε}, where ε is a small constant (∼ 10−9) for protecting
the algorithm against some possible numerical instabilities. Thus

X∗ ← max{ε, A+Y }, (38)

where A+ is a Moore-Penrose pseudo-inverse of A.

3.2 Updates for A

The mixing matrix A can be updated with solving only the QP problem (30).
Let us assume the objective function of this problem be denoted by Φ(A),
i.e. Φ(A) = 1

2
vec(ZA)T (QA) vec(ZA) + tr(CT

AZA). The stationary point A∗

of Φ(A) occurs if ∇AΦ(A∗) = 0. Thus, the global solution can be obtained
solving the following system of linear equations:

QAz = −vec(CA), (39)

where z = vec(ZA) ∈ RIJ .

The matrix QA may be very ill-conditioned due to the reasons given in Re-
mark 2. However, sufficiently small entries aij do not need to be updated in
successive inner iterations that must be performed to estimate the parameter
θA in (33) and (34). Removing such entries, a size of the system to be solved
decreases, and the ”reduced” system becomes better conditioned. To perform
this operation, we use the same idea as in well-known active-set methods [30].
Let

I(AT ) =
{
t : at ≥ εA, where at = [vec(AT )]t

}
(40)

be an inactive-set for matrix AT , and εA be some threshold for entries aij.
Now let us define the matrix T = I [∗,I(AT )] ∈ RIJ×N , where I = IIJ , the
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symbol ∗ means all rows, and N is the number of entries in I(AT ). Thus, the
”reduced” system can be expressed by:

(T T QAT )zR = −T T vec(CA), (41)

where zR = T T z ∈ RN . If A is very sparse, we have N << IJ .

The matrix Q
(R)
A = T T QAT is positive definite, and for the cost function

defined by (21), it has a regular block diagonal structure with small blocks. It
means that a number of entries under the main diagonal is very small. Due to
this we propose to factorize the matrix Q

(R)
A using the Q-less QR factorization

which is is implemented in LAPACK. Applying the Givens rotations to the
under-diagonal entries the upper triangular matrix R can be computed in
relatively small number of arithmetic operations. Thus

Q
(R)
A = QR, where w = −QT T T vec(CA). (42)

The orthogonal matrix Q is not computed explicitly in the Q-less QR factor-
ization but only the vector w is returned. The new system: RzR = w with
the upper triangular matrix R can be efficiently solved with the Gaussian
elimination.

The system (39) must be solved iteratively for increasing values of θA in (33)
and (34). The iterative schedule for θA can be derived from (20). Combining
(39), (33) and (34) with (20), we get

vec(ΘT
A) = 2θAvec([a−1

ij ]T )− θA diag(vec([a−2
ij ]T ))z. (43)

When z = vec(AT ), the duality gap: tr(ΘT
AA) in (17) can be approximated by

vec(ΘT
A)T vec(AT ) = θAIJ . Following Rojas and Steihaug [39], and Calvetti

et al.[7], we use the following iterative rule for this parameter:

θ̃
T

l = θl−1

(
2vec([ã−1

ij ]T )− diag(vec([ã−2
ij ]T ))z

)
, where Ã = Al−1,

θl =
ρ

IJ
θ̃

T

l vec(Ã
T
), (44)

where Al−1 is the matrix A estimated in the (l − 1)-th inner iterative step,
and ρ ∈ (0, 1).

It is well-known that the second-order Taylor series as in (25) and (26) ap-
proximates the function of interest only in some small vicinity of a given point.
This means that the solution to the problem (30) is more exact if the vicinity
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∆AT is smaller, i.e. ||∆AT ||F → 0. To satisfy this condition, and addition-
ally, to ensure ∀i, j : [A + ∆A]ij > 0, A is upgraded by the additive rule:
A ← A + β(Z −A), where Z = (Matrix(z))T and z is the solution to (39).
The parameter β is estimated by the line-search rule [7,39] to ensure upgrades
for A be always positive.

Our algorithm for updating A combines the trust-region algorithm [30, p.299]
with the log-barrier algorithm [30, p.505]. It was also motivated by the TRUSTµ

algorithm in [39] and the Constrained Tikhonov Regularization algorithm in
[7]. Algorithm 2 is our final QP-NMF algorithm.

Following Rojas and Steihaug [39], Calvetti et al.[7], and our preliminary
experiments, we set the following parameters in Algorithm 2: ρ = 10−3,
εA = 10−6, ε = 10−9 (eps), L = 4, τ = 0.9995, η = 10−4. Except for λA,
all other parameters can be fixed for all NMF problems.

In all the simulations, we normalized the rows of matrix Y to unitary vari-
ances. This was motivated by practical applications where measured sensor
signals have considerable different amplitudes for spatially distributed sen-
sors.

Despite the assumption λA ≤ δA, the columns in the estimated matrix A may
have different lengths due to intrinsic scale and permutation ambiguities. This
may lead to very badly scaled estimations for sources, which in consequence
reduces the performance. To overcome this problem, we assumed the columns
in A to have a unit l1-norm.

4 Numerical results

The proposed QP-NMF algorithm has been extensively tested for many diffi-
cult benchmarks for signals and images with various statistical distributions.
The simulations results confirmed that the developed algorithm is very robust
for BSS problems. We illustrate here two typical BSS problems. The perfor-
mance of the algorithm is also estimated with a quantity measure: Signal-to-
Interference Ratio (SIR). The four statistically dependent nonnegative signals
shown in Fig. 1(a) have been mixed by very ill-conditioned, Hilbert matrix
(A ∈ R8×4 : aij = (i + j − 1)−1) with condition number κ = 4428. Fig. 1(b)
presents the mixed signals. Fig. 1(c) illustrates the best-SIR estimate that
is obtained with the standard Lee-Seung NMF algorithm that minimizes the
squared Euclidean distance (21). The best-SIR estimate means such estimates
that have the highest mean-SIR value among all the Monte Carlo (MC) sam-
ples. For this test, we perform the MC analysis with 100 trials. The standard
Lee-Seung NMF algorithm fails to give satisfactory estimates of the original
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Algorithm 2. QP-NMF

Set ρ ∈ (0, 1), ε, εA, λA, L, τ , η

Randomly initialize: A,

For s = 1, 2, . . . , until convergence do

Step 1: X ← max{ε, (AT A)−1AT Y },
Step 2: I = IIJ ∈ RIJ×IJ , A = E ∈ RI×J – matrix of all ones

Q̄ = II ⊗XXT + λAIIJ , C̄ = Y XT ,

G0 = ∇AD(Y ||AX) = (Y −AX)XT , θ = − ρ
IJ

tr(G0A
T ),

For l = 1, 2, . . . , L % Inner iterations

QA ← Q̄− θ diag(vec([a−2
ij ]T )),

CA ← 2θ[a−1
ij ]T − C̄

T
,

a ← vec(AT ), a = [an] ∈ RIJ , n = 1, . . . , IJ ,

I = {t : at ≥ εA}, % Inactive set

T = I [∗,I] , ã = T T a , Q̃ = T T QAT , C̃ = −T T vec(CA),

[R,w] ← lqr(Q̃, C̃), % Q-less QR factorization

z̃ = R\w, % Gaussian elimination

h̃ = z̃ − ã, β = min

{
1, τ minn

ãn

h̃n

}
,

ã ← ã + βh̃,

θ̃ ← θ
(
2vec([ã−1

ij ]T )− diag(vec([ã−2
ij ]T ))z̃

)
,

θ ←
(

ρ
IJ

)
θ̃

T
ã,

a = [an], where an =





ãn, if n ∈ I,

0, otherwise

A ← (Matrix(a))T ,

if | ˜θT ã| < η||A||F
Break

End

End % Inner iteration

aij ← aij∑I

q=1
aqj

, % Normalization to unit l1-norm columns

End % Main NMF loop (alternating)
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(a) (b)

(c) (d)

Fig. 1. Example 1: (a) Original 4 source signals; (b) Observed 8 mixed signals with
Hilbert mixing matrix A ∈ R8×4; (c) Estimated source signals (the best Monte
Carlo sample) using the standard Lee-Seung algorithm for the squared Euclidean
distance (SIR = 10.2, -1.9, 2.2, 4.8 [dB], respectively); (d) Estimated source signals
(the worst Monte Carlo sample) using our QP-NMF algorithm for λA = 2000 (SIR
= 36.6, 40.1, 29.1 18.3 [dB], respectively).

sources. The result shown in Fig. 1(d) is obtained with our QP-NMF algo-
rithm (Algorithm 2) for λA = 2000. In this case, we present the worst-SIR
estimate, which means that all other estimates are better than this case.

Fig. 2 presents the histograms from 100 mean-SIR samples obtained for the
data used in Example 1 (Fig. 1) using two different algorithms. The histogram
shown in Fig. 2(a) is generated with the standard Lee-Seung NMF algorithm.
Figs. 2(a)–(d) are obtained with Algorithm 2 for different values of λA. Note
that raising this parameter the mean of the samples slightly decreases, but
together with considerable reduction in a standard deviation of the samples.
For λA = 2000, the worst mean-SIR sample has a value above 30 [dB], which
is fully satisfactory. This suggests that our algorithm in this case is rather
convergent to the global minimum of the cost function 1 . This is justified by

1 Even a quadratic cost function D(Y ||AX) = ||Y −AX||F with respect to both
sets of arguments (A and X) may have many local minima.
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the fact that a higher value of λA ensures the stronger Tikhonov regularization,
and the solution (matrix A) is much smoother.

We have also used six natural images (faces) which are very statistically depen-
dent. The original images shown in Fig. 3 (a) have been mixed with uniformly
distributed random matrix A ∈ R12×6. The mixtures are shown in Fig. 3 (b).
Again, the standard Lee-Seung algorithm fails to give satisfactory results,

(a) (b)

(c) (d)

Fig. 2. Histograms from 100 mean-SIR samples obtained for Hilbert mixed sig-
nals (Fig. 1) using the following algorithms initialized with uniformly distributed
random initial matrices A: (a) the standard Lee-Seung algorithm for the squared
Euclidean distance; (b) QP-NMF algorithm for λA = 200; (c) QP-NMF algorithm
for λA = 1000; (d) QP-NMF algorithm for λA = 2000.

which is demonstrated in Fig. 3 (c). The images separated with Algorithm 2
are illustrated in Fig. 3 (d) for λA = 100.

5 Conclusions

The primary objective of this work has been to demonstrate that the second
order optimization methods combined with the standard first-order techniques
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(a) (b)

(c) (d)

Fig. 3. Example 2: (a) Original 6 source images; (b) Observed 12 mixed images
(uniformly distributed random mixing matrix); (c) Estimated source images using
the standard Lee-Seung algorithm for the squared Euclidean distance (SIR = 12.1,
12.4, 13, 14.9, 12.2, 14.7 [dB], respectively); (d) Estimated source images using
our QP-NMF algorithm for λA = 100 (SIR = 28.5, 35.1, 41.8, 27.2, 21.4, 34 [dB],
respectively).

provides very effective and reliable tools for the nonnegative matrix factoriza-
tion problems.

We have developed a novel second-order NMF algorithm (Algorithm 2) that
is based on Quadratic Programming (QP). This algorithm has been exten-
sively tested for blind signal and image separation problems. Even for very
ill-conditioned problems and statistically dependent sources we have received
very good performance for various difficult benchmarks.

The features of the proposed algorithm include:

• High efficiency and reliability (this has been confirmed by extensive Monte
Carlo simulations)

• Relatively small number of free parameters. Only one parameter notice-
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able affects the results, i.e. the regularization parameter λA. In our future
work, we will consider estimating the parameter by some in-line procedure
(automatically from data). One of the approaches is to use the estimation
technique proposed by [7].

• It is applicable for estimation of the matrix A or X, or both matrices,
depending on dimensions of the problem.

• The proposed algorithm is very fast, and our both implementations of the
QP-NMF and standard Lee-Seung algorithms have comparable computa-
tional costs (comparing elapsed times). The implementation of the QP-NMF
algorithm can be found in the Appendix.

• Further extensions and improvements of the algorithm are possible, espe-
cially for various cost functions and additional constraints such as sparseness
or smoothness.

• Using this algorithm with the multilayer technique [12,13], we obtained even
better results.

We implemented the proposed algorithm in our software NMFLAB for Signal
and Image Processing [14].

6 Appendix

Here we present the MATLAB code for the function that performs Step 2 in
Algorithm 2.

% Nonnegative Matrix Factorization with Quadratic Programming

% The function iptrnr(Y,X,no_iter,lambdaA,rho,eta,epsil_A)

% returns the matrix A for the constrained system of

% linear equations: AX = Y

function A = iptrnr(Y,X,no_iter,lambdaA,rho,eta,epsil_A)

% INPUTS:

% > Y: observation matrix [I by K] of mixed signals

% > X: source component matrix [J by K]

% > no_iter: number of inner iterations

% > lambdaA: Tikhonov regularization parameter

% > rho: auxiliary parameter for defining

% the log barrier parameter

% > eta: parameter in stopping rule for iterations

% > epsil_A: threshold for active-set variables

% OUTPUT:

% > A: mixing matrix [I by J]
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[J,K] = size(X); [I,Ky] = size(Y); M = I*J;

% Initialization

A = ones(I,J);

Q_bar = spalloc(M,M,M*J); Q_tilde = spalloc(M,M,M*J);

B = X*X’; C_bar = X*Y’;

Q_bar = kron(speye(I),B); %Hessian of D(Y||AX) with respect to A

Go = (C_bar - B*A’); % Gradient of D(Y||AX) with respect to A^T

At = A’;

theta = -(rho/(M))*abs(Go(:)’*At(:)); % initialization for

%log barrier parameter

l = 0;

while l < no_iter % inner iterations

l = l + 1;

a = At(:);

active = find(a < epsil_A); % active set

inactive = find(a >= epsil_A); % inactive set

if ~isempty(active)

a_tilde = a; a_tilde(active) = [ ];

N = length(a_tilde);

c_tilde = C_bar(:); c_tilde(active) = [ ];

c_tilde = 2*theta*1./a_tilde - c_tilde;

Q_tilde = Q_bar;

Q_tilde(:,active) = [ ]; Q_tilde(active,:) = [ ];

Q_tilde = Q_tilde - theta*spdiags(1./a_tilde.^2,0,N,N);

else

a_tilde = a;

Q_tilde = Q_bar-theta*spdiags(1./a.^2,0,M,M)+lambdaA*speye(M);

c_tilde = 2*theta*(1./a) - C_bar(:);

end

[Q,R] = qr(Q_tilde,-c_tilde); % Q-less QR factorization

z_tilde = R\Q; % Gaussian elimination

h_tilde = z_tilde - a_tilde;

beta = min(1, 0.9995*min(a_tilde./abs(h_tilde)));

a_tilde = a_tilde + beta*h_tilde;

theta_tilde = theta*(2*(1./a_tilde)-(1./a_tilde.^2).*z_tilde);

theta = ( theta_tilde’*a_tilde);

if ~isempty(active)
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an = zeros(M,1); an(inactive) = a_tilde; a = an;

else

a = a_tilde;

end

if abs(theta) < eta*norm(a) % stopping rule

break

end

theta = (rho/sqrt(M))*theta;

At = reshape(a,J,I);

end A = At’;

A = A*diag(1./(sum(A,1)+eps)); % normalization
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