‘ lecture NOTES

Nonnegative Matrix and Tensor Factorization

here has been a recent surge

of interest in matrix and ten-

sor factorization (decompo-

sition), which provides

meaningful latent (hidden)
components or features with physical or
physiological meaning and interpreta-
tion. Nonnegative matrix factorization
(NMF) and its extension to three-dimen-
sional (3-D) nonnegative tensor factor-
ization (NTF) attempt to recover hidden
nonnegative common structures or pat-
terns from usually redundant data.
These lecture notes present several
alternative methods for solving
NMF/NTF problems.

RELEVANCE

The topics presented here extend the
standard NMF algorithms [1] to the
alternative more robust algorithms that
may find more practical applications
within data analysis (pattern recognition,
segmentation, clustering, dimensionality
reduction, text mining, language model-
ing) [1], [2]; signal and image processing
(blind source separation, spectra recover-
ing, music transcription) [3], [4]; and
neurobiology (gene separation, EEG data
analysis) [5].

PREREQUISITES

The prerequisites for understanding and
using these lecture notes consist of
basic optimization theory (gradient
descent and quasi-Newton methods,
Karush-Kuhn-Tucker (KKT) conditions)
and basic linear algebra. Information
theory could be also useful but not
necessary.

PROBLEM STATEMENT

the following nonnegatively constrained
linear form:

Y=AX+N, 1

where ¥ = [y;] € RI*K is a matrix of
observations, A = [a;] € Rfj is an
unknown nonnegative basis matrix,
X =[xyl e RfK is a matrix of
unknown hidden nonnegative compo-
nents, and NV = [n;] € RI*K s a matrix
of noise or errors. Here and elsewhere,
Ry denotes the nonnegative orthant
(subspace) with appropriate dimensions.
The low rank denoted as J is assumed to
be known, or it can be easily estimated
with singular value decomposition
(SVD). In many applications: K > I > J.

Basically, the factorization is
achieved by alternating minimization of
a suitable cost function, or optionally a
set of cost functions, subject to nonneg-
ativity constraints. Due to intrinsic
indeterminacies of the alternating mini-
mization, other possible natural con-
straints such as sparsity, smoothness,
boundness, or unimodality are often
assumed to recover the true compo-
nents. The cost function to be mini-
mized can be determined on the basis of
a prior knowledge on statistical distri-
bution of noise.

COST FUNCTIONS:

GENERALIZED DIVERGENCES

For normally distributed noisy distur-
bances in (1), the regularized squared
Euclidean distance

1
Dp (Y||AX) = §||Y—AX||%
+ aaJaA) + axJx (X)
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is an optimal cost function, where || - ||z
denotes the Frobenius norm, ay and ax
are nonnegative regularization parame-
ters, and the terms Jx (X), J4(A) are used
to enforce certain application-dependent
characteristics of a desired solution. As
special practical case, we have
JxX) = ij f(xj%) where £(-) is a suit-
ably chosen function that measures
smoothness or sparsity. To achieve sparse
representations we usually choose
f(xj) = xj for xj > 0, or the diversity
measure Jy(X) = Zle (Z}zl xjk)2
= trace {X7EX}, where E € R/ is a
matrix of all ones [6].

For non-Gaussian distributed noise
we may use the Cisiszar, Bregman, a- or
B-divergence (4], [7]. For example, the
a-divergence, which generalizes the
Kullback-Leibler I-divergence can be
expressed as

o 1
DY (V||AX) = s D
> (v 1axTe
ik
—ayx+@—1 [AX]ik),
a#0, 3)

where [AX];; stands for the ik th entry of
AX.

We recall here that as special cases of
the «-divergence for « =2, 0.5, —1, we
obtain the Pearson’s chi-square and
Hellinger’s and Neyman’s chi-square dis-
tances, respectively, while for the cases
a =1 and o = 0 the divergence has to
be defined by the limit points. When
these limits are evaluated one obtains
the generalized Kullback-Leibler diver-

The underlaying model used in NMF has with a;; >0, x>0, Vijk gence (I-divergence) for @ — 1, and the
(2) dual Kullback-Leibler divergence for
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To perform the alternating minimiza-
tion of a given cost function, we can select
one of the following methods: multiplica-
tive, projected gradient, fixed point alternat-
ing least squares (ALS), and quasi-Newton.

METHOD 1:

MULTIPLICATIVE ALGORITHMS

The multiplicative update rules are the
most commonly used for NMF [1], [2].
For example, by applying the standard
gradient descent technique to the cost
function (2) and selecting suitable learn-
ing rates we obtain the algorithm that is
an extended version of the image space
reconstruction algorithm (ISRA) [1], [4]:

(¥ X7 — aaWalay)],
[AXXT);i+ ¢

a,‘j < a,~j

[ATY]j — ax Wx ()],
[ATAX]jk +e&

xjk <~ xjk
(4)

where the nonlinear operator is defined
as [x]4 = max{e, x} with small ¢ to
avoid numerical instabilities, and
Va(a;) = 0Ja(A)/0a;, Vx(xp) =dJx
(X)/0xj.. Similarly applying the gradient
descent technique to the a-divergence
we can derive alternative NMF multi-
plicative rules [4], [8]:

1/
S /A \
ajj <— ajj K s
2 k=1 X
1/«
YL a Y/ [AX ) )* )
Yiay

Xk < Xjk (

()

with normalization of the columns of A
in each alternating step to unit length:
ajj < ajj/ 3, a;. Multiplicative algo-
rithms are relatively simple and usually
parameter free, however, their conver-
gence speed is relatively slow, especially
for large-scale problems. Thus they can
be mostly useful only for small- and
medium-scale problems, and if represen-
tations of signals or data are very sparse.

METHOD 2: PROJECTED GRADIENT
The projected gradient method [9] can

be generally expressed by iterative
updates:

A < [A—naPaly,
X < [X — nxPxls+. (6)

where P4 and Py are descent directions
for A and X, respectively. There are sev-
eral rules for choosing the adaptive
learning rates n4 and nx. For example,
in the interior point gradient (IPG) algo-
rithm [8]:

A<—A-nslA @ AXXT)

o [(¥ —AX)XT), (7)
X <X —nx [Xo@ATAX)]
o [ATy - Ax)], (®)

where ©® and @ mean component-wise
multiplication and division, respectively,
the positive learning rates ng > 0 and
nx > 0 are adjusted in each iterative
step—on the one hand, to be close to 7}
and n%, which are the exact minimizers
of Dp(Y||(A—naPpX) and Dr(Y]|A
(X — nxPyx)), respectively, and on the
other hand, to keep some distance to a
boundary of the nonnegative orthant.

Usually, the projected gradient algo-
rithms are more efficient and provide
much better performance than the mul-
tiplicative algorithms, especially, when
using the multilayer NMF approach [4],
(8], [10].

METHOD 3: FIXED POINT ALS
ALGORITHMS

Fixed point alternating least squares
(FP-ALS) algorithms [10] do not use
directly the gradient descent approach
but rather attempt to establish iterative
algorithms based on the KKT condi-
tions. For example, by computing the
gradients of the cost function (2), equat-
ing them to zero, and assuming that we
enforce the nonnegativity constraints
with a simple “half-rectifying” nonlinear
projection, we have the following FP-
ALS algorithm:

A [(¥XT — ayw Q) XX,
X < (AT ATY — ax vy X))]4,
9)

where Wy(A) = 3J4(A)/0A, ¥xX) =
3Jx (X)/0X.

Instead of minimizing the global cost
function we can minimize the set of local
functions defined as

. . 1 ;
PPl = 1D — azx) 1
+a{ Ja@))
+a Iy (x).
G=L2,...,J),
(10)

where

yU) — Y_Zafir
r#j
=Y -AX+ajx; (11

aj e Rfl are columns of A4, x;€ R}rXK
are rows of X. The construction of such a
set of local cost functions follows from
the simple observation that the observed
data can be decomposed approximately
as ¥ = Zf:l ax ;. From stationary
points and under sparsity assumption,
i.e., Ja@p = llajll1 and Jx (@) = llxll1,
we obtain a new set of sequential learn-
ing rules, which we call the hierarchical
ALS (HALS) algorithm [10]:

1 , .
aj < —— [Y(j) J_ch— ot/({)] ,

XjX; +
X< 1 [aTY(j) —a(j)]
T alaq Y Xl
G=12...,)).

(12)

It is interesting to note that such
nonlinear projections can be imposed
individually for each component (source)
X; and/or vector aj, so the algorithm can
be directly extended to a semi-NMF or a
semi-NTF model in which some parame-
ters are assumed to be bipolar. Moreover,
in practice, it is necessary to normalize
in each iterative step the column vectors
a;j or the row vectors x; to unit length
vectors [in the sense of [, norm
(p=1,2,...,00)]. In the special case
of the /5 norm, the above algorithm can
be further simplified by neglecting the
corresponding denominators in (12).
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‘ lecture NOTES  continued

This is a robust extension of the standard
FP-ALS algorithm, which allows us to
estimate sparse nonnegative components
even when the number of observations is
less than the number of sources.

The FP-ALS algorithms are very fast
and suitable for large-scale problems.
Moreover, they can be easily adapted to
semi-NMF (when only some set of
parameters are nonnegative), tri-NMF
models (Y =AWX), and generalized
NMF with additional constraints such as
orthogonality or sparsity.

METHOD 4:

QUASI-NEWTON ALGORITHM

If A is estimated with solving a highly
over-determined system of linear equa-
tions: XTAT = Y7 i.e., for K > J, a very
efficient approach is to use the quasi
Newton (QN) method [6], [10] that
exploits the information on the
curvature of the cost function. The
Hessian V4(Dp) =1; ® XX e RI/*1V
of Drp(Y||AX) has a block diagonal struc-
ture with the same blocks, and hence, we
can simplify the update rule for A with
the Newton method to the following
form:

A < [A=Va@r AN}
(13)

where VA Dp(Y|AX) = AX —V)XT €
R/, and Hy=XXTeR’*/. The
matrix H4 may be ill-conditioned, espe-
cially if X is sparse, and due to this the
Levenberg-Marquardt approach is used
to control the ill-conditioning of the
Hessian. Thus we have the following
update for A:

A< [A—(AX—Y)XT(XXTJr )JJ)—IL ,
(14)

where A is a damping parameter, and
I; € R is an identity matrix.

Since the alternating minimization
rule in NMF is not convex, the selection
of initial conditions is very important. To
minimize the risk of getting trapped in
local minima of the cost functions, we
use some steering technique that comes

from a simulated annealing approach.
The solution is triggered with the expo-
nential rule: A < Apexp{—1s}, where s
is an index of a current alternating step,
which gradually steers the updates from
the steepest descent to Newton-like.

METHOD 5: MULTILAYER TECHNIQUE
To improve the performance of the NMF
algorithms, especially for ill-conditioned
and badly scaled data, and also to reduce
the risk of getting stuck in local minima
of a cost function subject to nonconvex
alternating minimization rule, we have
developed a simple hierarchical multi-
stage procedure [4], [8], [10] combined
with multistart initialization, in which
we perform a sequential decomposition
of nonnegative matrices as follows.

In the first step, we perform the basic
decomposition ¥ ~ADXD ¢ RIxK
using any available NMF algorithm. In
the second stage, the results obtained
from the first stage are used to build up
a new matrix ¥ < XD that is, in the
next step, we perform the similar
decomposition X ~ A@ X ¢ RI*K
using the same or different update rules.
We continue our decomposition taking
into account only the last achieved com-
ponents. The process can be repeated
arbitrarily many times until some stop-
ping criteria are satisfied.

Thus, our multilayer NMF model has
the form:

Y~ ADAD .. -A(L)X(L), 15)

with final results A = ADA® ... 4D

(IxTxQ)

(Ixd)

and X = X, Physically, this means that
we build up a distributed system that has
many layers or cascade connections of L
mixing subsystems. The key point in our
approach is that the learning (update)
process to find the parameters of matri-
ces X and AD is performed sequen-
tially, i.e., layer by layer, where each layer
is randomly initialized with different ini-
tial conditions. In fact, we found that the
hierarchical multilayer approach is gen-
erally necessary to apply to achieve high
performance for all the proposed algo-
rithms.

EXTENSION TO NTF

The two-dimensional (2-D) NMF models
discussed earlier can be extended to 3-D
NTF models. Alternatively, some 3-D
NTF models can be reduced to the 2-D
NMF model. For simplicity we discuss
briefly this latter case. We consider an
example of 3-D NTF model (referred here
to as the NTF2 model) [8] that is illus-
trated in Figure 1 and described as fol-
lows,

Yq ZADquq +Nq =A.Xq +Nqs
(¢g=12,...,Q), (16)

where Yy = [yiz] e RIXT is a gth
frontal slice (matrix) of the observed
(known) 3-D data (signal) tensor
Y e RX™XQ p, e R7 is a diagonal
scaling matrix that holds the gth row of
the matrix D e R/ A= laj] =
la1,a, ..., a;] € R/ is a mixing or
basis matrix, )7,] = [Xj] € R/*T yepre-

(UxTx Q)

[FIG1] lllustration of the NTF2 model: decomposition of 3D tensor into a set of
nonnegative matrices: A, D, {X,}. In the special case, the model is reduced to the
standard NTF model for X; = X, Vg, and to tri-NMF model for Q = 1.
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[TABLE 1] SIR [dB] AND RET FOR THE NMF ALGORITHMS DISCUSSED EARLIER.

LAYERS L =1 L =3

ALGORITHM WORST SIR MEAN SIR BEST SIR RET WORST SIR MEAN SIR BEST SIR RET
FP-ALS FOR A AND X 15.1 35 60.2 1 32 70.1 135.2 2.91
FP-ALS FOR A, HALS FOR X 13 29 51.4 1.85 35 57.2 108.8 5.08
QN FOR A AND FP-ALS FOR X 81 90.3 92.8 1.13 89.7 96.2 99.4 3.21
QN FOR A AND HALS FOR X 352 352 352 2.43 315 315 315 6.13
ISRA FOR A AND X 5.8 16.7 26.6 1.05 5 285 44.7 2.96
IPG FOR A AND X 14.9 222 313 2.67 24.2 44.1 60.2 4.85

sents unknown normalized sources or
hidden components in g¢th slice,
Xy =Dq)7q = [xjg] € R/*T represents
re-normalized (differently scaled)
sources, and N, = [nj4] € R/*T yepre-
sents the g-th frontal slice of the tensor
N € RIXT=Q yepresenting noise or
errors, depending on applications.

Using row-wise unfolding the model
(16) can be represented equivalently by
one single matrix equation (1), where
Y =yl = N1, Yo, ... Yol € RIXK
X = [xp] = X1, Xo, ..., Xg] € RI¥K,
and N = [ng] = [N1, N2, ... .Ngl
e RI™™K are block row-wise unfolded
matrices with K = QT.

NUMERICAL RESULTS
All the NMF algorithms presented here
have been extensively tested using many
difficult benchmarks for signals and
images with various statistical distribu-
tions and additive noise and also with
real EEG data. The simulation results
given next have been obtained for the
benchmark used in [6], in which five
nonnegative signals have been mixed
with dense randomly generated matrix
A e R19%5 with an uniform distribution.
The results have been evaluated
using the standard signal-to-interfer-
ence ratio (SIR) [decibels] and the rela-
tive elapsed time (RET), which was
obtained by normalizing the ET of each
algorithm to the ET of the FP-ALS algo-
rithm. The implementation and speed
evaluation have been performed using
the MATLAB toolbox in [4], [8], and [10].
On an Intel Pentium 4, CPU 3.6 GHz, 4
GB RAM computer, the FP-ALS algo-
rithm (used as a reference) required 2 s.
The mean SIRs for estimation of the
sources have been calculated from 100
Monte Carlo (MC) samples. In each MC
run, the learning process is initialized

randomly and terminated after 1,000
alternating steps. For the QN method, we
set heuristically 1o = 100 and T = 0.02.
The number of layers in the multilayer
technique is denoted by L.

The difference in the performance
stems from convergence properties of
the algorithms (the second-order meth-
ods converge much faster than the
multiplicative methods), additional reg-
ularization terms (sparsification or
smoothing strongly restrict the area of
feasible solutions), the exponential rule
in the QN method (which steers the
updates to the global solution), and the
multi-initialization with the multilayer
technique (which selects better initial
conditions).

CONCLUSIONS:
WHAT WE HAVE LEARNED
In these lecture notes we have outlined
several approaches to solve a NMF/NTF
problem. The following main conclu-
sions can be drawn:
1) Multiplicative algorithms are not
necessary the best approaches for
NME, especially if data representations
are not very redundant or sparse.
2) Much better performance can be
achieved using the FP-ALS (especially
for large-scale problems), IPG, and
QN methods.
3) To achieve high performance it is
quite important to use the multilayer
structure with multistart initializa-
tion conditions.
4) To estimate physically meaningful
nonnegative components it is often
necessary to use some a priori knowl-
edge and impose additional con-
straints or regularization terms (to
control sparsity, boundness, continu-
ity or smoothness of the estimated
nonnegative components).
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