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ABSTRACT

Approximate non-negative matrix factorization (NMF) is an
emerging technique with a wide spectrum of potential applic
tions in biomedical data analysis. In this paper, we prop@seew
NMF algorithm with temporal smoothness constraint thatsaion
extract non-negative components that have meaningfuligdlys
or physiological interpretations. We propose two constsaand
derive new multiplicative learning rules. Specifically, w&pply
the proposed algorithm, combined with advanced time-faqy
analysis and machine learning techniques, to early detecti
Alzheimer disease using clinical EEG recordings. Empiriea
sults show promising performance.

1. INTRODUCTION

Many real-life data, such as the image pixels, stock indigese
expressions, and power spectra, are known to be non-negativ
Positive or nonnegative matrix factorization (NMF) is a ow
ful technique for analyzing such positive or nonnegativeada-

8]. Specifically, Lee and Seung’s algorithms are simple et e
gant in that the multiplicative learning rules follow an exgation-
maximization (EM) like procedure and monotonically desesthe
cost function. While being viewed as a generative model, N81F
intrinsically linked to another popular generative modaleh as
the independent component analysis (ICA). However, NMF dif
fers from ICA in that the decomposed components from NMF
are not necessarily independent and subject to nonnegaiive
straints; in addition, their different objective funct®mlso lead

to different optimization procedures. Recently, thererasearch
efforts that attempt to enhance the NMF by exploiting furiten-
straints apart from non-negativeness (e.g., [4,6,10])hispaper,
we study the NMF problem with temporal smoothness (with unit
variance) and spatial decorrelation constraints. We megeveral
new regularized cost functions and derive correspondiagiag
rules; similar to the original NMF procedure, the learnindes
are EM-like and guarantee monotonic convergence to locat mi
ima. Another contribution of this paper is to apply the pregd
NMF algorithm for feature extraction in electroencephadgdnic
(EEG) data for early detection of Alzheimer disease; we damb
the NMF features with time-frequency analysis and macteaen-

ing techniques and achieve satisfactory performance imatass
pattern classification problem.

2. NON-NEGATIVE MATRIX FACTORIZATION AND
CONSTRAINED NMF ALGORITHMS

Consider a temporal linear mixing model as follows
x(t) = As(t) (t=1,2,...,7) 1)

where all entries of vectors and a mixing matrixA are assumed
to be non-negative. In the matrix form, (1) can be rewritten a

)

whereX = [z;] € R7*" is a non-negative data matrix, whose
columnsx; arem x 1 vectors with entries:;; = z;(¢) andT
denotes the total number of observatioss; = [a;;] € RY*"

andS = [si] € RQXT are two factorized, non-negative matrices,
with individual elementsi;; > 0,s;: > 0. In general, low-rank
factorization ¢ < m) is used. HereA can be viewed as a set
of r basis vectors (of sizev x 1) associated witll" observations
in S, for which a generative modal: = As; is valid. The goal
of the NMF is to find non-negative matrices andS such that

a predefined cost function is minimized. Obviously, the gSofu
to this problem is generally non-unique; in practice, wehnis
specify further constraints or impose prior knowledge toivae
desired solutions.

or x: = As;

X =AS

2.1. Temporal smoothness constraint

Suppose each “factorized” temporal source (the row vedtte
matrix S) represents a temporal signal with len@thwe then write
the ith source as;(t) = si+ and theith row vector ofS ass;.
Whens;(¢) is temporally locally smooth, its short-term variance
is relatively small compared to a larger long-term variai®@elLet

m; = = Y, si(t) denote the mean value §§;(t)} given the total

T observations, and |&;(¢) denote the short-term exponentially
weighted average of temporal signa(¢), namely

5i(t) = aFi(t — 1) + (1 — a)si(t) = o5t — 1) + Bsi(t)  (3)

where0 < « < 1 is a forgetting factor that determines the local
smoothness range, amtl = 1 — «. In particular, the temporal
smoothness under consideration is measured by the ratfodf s
term variance against long-term (i.e., with the complete)daari-
ance in the temporal domdin

Sl =50’ ¥, 0¥ (si(t) =5t = 1)?
> (silt) —mo)? 5 (si(t) — mo)?

1We do not simply minimize the “regular” variance of the temgio
signal since the optimization will favor the output as a ¢anssignal.

R = log 4)

= log




Hence, the smaller the ratio valdg the smoother is the temporal  Proof: For0 < « < 1, itis obvious tha{I — T') has positive di-
signals;(t). In vector notation, leg; denote the short-term aver-  agonals and non-positive entries elsewhere. It is easyrify vieat

age vector corresponding to the row ve®peE= [s;1, ..., si7]; if in the matrixQ = +(I — T)" (I — T) only the diagonal values
we further constrain the variance of the row veatpas 1, then the are positive (e.g., 0.33B/if « = 0.5), whereas the rest of entries
minimization problem (4) may be equivalently rewritten as are non-positive. Sincad > 0, andAT AS and$S are both non-
1 negative, thelA” AS + ASQ is also non-negative if the scaled
R= T”Si —5i|%, st Varsi]=1 (5) off-diagonal elements okq,, is sufficiently small; this is indeed
the case that was confirmed in our implementation. Simil§8}o

The unit variance constraint is imposed in order to simplifg we may verify that the update rules in (9) guarantee monotoni
minimization of (4); this trick is used in our algorithms deibed non-increasing convergence [2]. O
below. Now, we wish to represesf in terms ofs;. Note that the
exponentially averags; (¢) is indeed theconvolution producbe- Theorem 2 Given the above-defined Toeplitz maffband a small

tweens;(t) and a template operator. SuppGs€0) = 0 and the positive\, the regularized cost function (8) is monotonically non-
template vector has an exponentially decreasing propeittyay ~ increasing under the learning rules
lengthL (e.g., wherl = 5, template = [3, a3, 023, o3, a* 5];

notably if « = 0.5 thensum(templat@=0.9688). The convolution Sjt — —b+ Vb — dac Vb2_4ac, (20)
operation cze}n aIsoTbe conveniently expressed as a matiikgiro 2“
operations; = T's; , where where = )‘Z G b= Z S Zl’tt a;ijSjt
T84 o0 0 0 0 0 0 07 22 @ijsje
af Jo] 0 0 0 0 0 0
o’B aB B 0 0 0 0 0 Qij — Qij Ztsﬁgz#7 (11)
a8 a®8 af B0 0 0 0 ¢ 23t
T=|a*3 a8 o*8 o8 2 0 0 0 |, wherethe alternating update betweand A is inserted by proper
0 a’B o8 a8 of Jé; 0 0 scalings of row vectors; (: = 1,...,r) and A in order to assure
. each row vector ofs to have a unit variance. The cost function
0 0 . is invariant under these updates if and onlyAfand S are at a
L 0 .- 0 a'B o’8 o8 aB B | stationary point of the distance metric.
thatis, T is aT" x 1" Toeplitz matrix with the right-shifted template  proof: This is done in the same line of analysis for Theorem 1,
appearing at each row. Then (5) can be rewritten as see [2] for detailed proof. Note that the non-negative cairst
1, o - remains valid in (10): it is easy to verify that the denomamat
Ri=Zlsi = Ts; |I” = 7 I(I-T)s: [I”- (6) a =AY, g > 0; namely, the column sum of each row of
. . . . the matrixQ is positive; in addition, since is non-positive, then
To achieve constrained NMF, two regularized cost functiares _4acis non-negative and so is the nominator of (10). 0

proposed here

2.2. Spatial decorrelation constraint

Zz[xzt— (AS):]? +/\ZR @

i The spatial decorrelation constraint implies the columetmess,
are uncorrelated, and the sample correlation matrix SST/T
— i+ (As)it) +A Z R; (8) is diagonal dominan{6]. For this purpose, we propose to mini-

m

T
Jo = Z ( Tit log

o= Pt mize the following regularized cost function (similar tq16])
where) is a small regularization coefficient that balances thestrad m T
off between the reconstruction error and temporal smosthoen- Jso= > > ( Tt log ——— (AS) — it + (As)it)
straint. In the below we state several theorems for optimgizhe i=1 t=1
above-defined regularized cost functions. m m
o , . 42 > (88h); Z (88™)ui (12)
Theorem 1 Under the condition thah is sufficiently small such T ~=, =
thatA” AS+ASQ is non-negative, whel® = 1. (I — T)" (I — T) . N . .
is a symmetric square matrix, the regularized cost funcignis Theorem 3 Given a small positiva, the regularized cost function
monotonically non-increasing under the learning rules (12) is monotonically non-increasing under the learninggru
(ATX);¢ (XST),; b— Vb2 — dac
poe s R BS )y g ; e 13

St SATAS T ASQ), M0 “ilassTy,  © e ~2a 13)
Whe_re the alternating updgte betwegand A is_inserted by proper where Z ai; + Z sit,
scaling of row vectors; (i = 1,...,7) and A in order to assure Moyl
each row vector o8 to have a unit variancé. The cost function aiiSit
is invariant under these updates if and onlyAfand S are at a Z:czt 5, ; JS
stationary point of the distance metric. Ak

25uppose for each row vectsr is scaled by a coefficient; to assure  followed by the same update equation (11). The cost funéion
unit variance, then we need to rescale — AT~ (I' = diag{~,}) invariant under these updates if and onhAifand S are at a sta-

before updating:;;. See [2] for details. tionary point of the distance metric.



Proof: The proof is similar to that of Theorem 2, except the defin-
ition of the auxiliary function; we omit the proof [2] due tadk of
space. Note thaf® > 4ac > 0 is necessary to assure the square
root to be real value; this assumption is often valid wheés small
andT is relatively large. O

RemarksWhenb? > 4ac, (13) may be approximated by the
following learning rule

c Qi5Sjt
N [ \/ S et 14)
a Z QijSjt

wherep > 0 is a scaling parameter, whose effect will be wiped
out by the normalization af;;. It is also possible to integrate the
temporal smoothness and spatial decorrelation constrmigéther
into one cost function, for example

m T

Ty = ZZth_ASZt] L2 ZIII— )si |1”
i=1 t=1
A2

m m

57 (2 20 (88T — 32(88M)a).

i,j#i i=1

the minimization of which will lead us to a new update rule for
entries ofS:

(AT X)
(ATAS + A18Q);¢ + 3 (22:1,1'7&]‘ Sit — Sjt)

(15)

Sjt < S

where the choices of; and \» depend on the practical need re-
garding specific constraints. Practically, the monotordover-
gence of (15) can also be satisfied\if and A\ are sufficiently
small. A final note is that in order to prevent numerical peohs

in practice, whenever a negative or zero value appears upithete
equations, we replace it with a small (sey°) positive value.

3. SSIMULATION RESULTS

Early detection of Alzheimer disease (AD) is a practicathpor-
tant yet challenging problem for evaluating human brainedeg-
ation processing. In the following experiment, the EEG daja
were collected from Japanese hospitals with three disgiroeips:
normal control subjects, AD patients, and MCI (mild cogrmti
impairment) patients with high risks for developing AD ind t
1.5 year. During recordings all subjects were in relaxedesta
The goal here is to extract features that help discriminateden
healthy age-matched control and MCI patients. The EEG decor
ings (200Hz for 20s, 21 channels in international 10/20esy$t
were initially preprocessed to remove the artifacts. Twatsgies
were employed for feature extraction. The first strategykaan
the frequency domain. We start with an AMUSE-BSS algorithm
[1] to extract5 most significant spatiotemporal components for
each subject’s recording, which yieldsx 4000 data points in
temporal domain. Then thé/elch’s methods used to calculate
the non-negativepower spectra of the (bipolar) temporal signals,
which are further normalized (i.e., the integration of posgectra
equals 1). For illustration purpose, the normalized povpeccta

of two typical categories of data are shown in Fig. 1. Gives th
power spectra, we further apply the constrained NMF legrnire
(15) (parametera: = 0.8, A1 = 0.1, A2 = 0.05 were selected by
many empirical experiments) to extract 5 smooth spectnalpm

Table 1. The categorized channel sets according to their spatial lo
cations and relative importance given some prior knowl€dgig
21-channel electrode cap of the standard 10/20 system[1]).

class | left frontal | FP1, F3, F7

class Il | right frontal | FP2, F4, F8

class Il | occipital 01, 02

class IV parietal P3, P4

that for MCI patients the relative peaks are highefhreta band
(4-7Hz) than the control subjects, whereas MCI also has sigre
nificant components iklpha band(8-12Hz) andBeta band(13-
30Hz, esp.Beta1, 13-20Hz) compared to the normal case. It was
found that the constrained NMF produced similar yet smaothe
components compared to the standard NMF.

The second strategy works in the time-frequency domain. It
is known that Fourier-based estimate of power spectra iggin
by the stationarity assumption of the EEG data. To overcdmige t
drawback, we apply time-frequency analysis using WignideV
distribution (WVD) to the same data. First, 21 time-frequen
maps were calculated, each image (the magnitude of the map)
is normalized in the time-frequency plane and therefore lman
treated as a two-dimensional probability density functitfs, w).
Then the marginal spectrum(w) = ft (t,w)dt is calculated,
which yields a measure of energy dlstrlbutlon from eachuezgy
band representing the cumulated amplitude over the ensta d
span in a probabilistic sense. Among the resuléd) obtained
from the selected channel sets (Table 1), several averagadye
(power) statistics are calculated across different fraquéands

p1 = he(w), (classl, II,III, V)
02 ha(w)/ho(w), (classlll, V)

The choices of above statistics are motivated by the varnieus
ported clinical and psychiatric observations (e.g., [4[he plots
of some selected featurgs vs ps are also shown in Fig. 1.

Here we investigate the early detection of AD and focus on
the two-class (MCI vs. control) pattern classification peo.
We first use the features extracted from the proposed camestra
NMF algorithm alone. For each subject, 100 Monte Carlo runs
(each with different random initialization) were conduf;tehe
mean and variance of two features are calculated: the pafers
Alpha and Beta bands (i.e., the area summed over specific band
widths and then averaged over three power spectrum curiks).
extracted features for all 60 subjects (38 for control anddt2
MCI) are shown in Fig. 2. At the first sight (by assuming the
class labels are known for each subject), these two classes h
quite distinct features, despite the obvious overlappmgdme
cases. Given the limited data at hand, we used a support vec-
tor machine (SVM) and leave-one-out cross-validation pdoce
(www.kyb.tuebingen.mpg.de/bs/people/spider/) to ifpsise two
classes based on the extracted two-dimensional featusieg (ihhe
mean values out of 100 Monte Carlo runs). A Gaussian kernel is
used for training the SVM with standard parameters setug
1.1,C = 100. We obtained!3.3% misclassification rate (7 false
negatives, 1 false positive), achieving a similar perfarogaas the
early results reported in [1] using the same data.

Second, we combined the above two features with the other
two obtained from the time-frequency analysis, and fed thal t
four inputs into the SVM classifier. Using the same parameter

nents from the power spectra of each group. The results showe setup, a slightly improved classification result was oledii 0%
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Fig. 1. From left to right: a) EEG normalized power spectra of two randomly selectechabcontrol and MCI subject. b) Factorized
spectral components. c¢) Feature statistics plots from-fieguency maps of WVD.

misclassification rate, 5 false negatives, 1 false po3itivbe clas-
sification boundary, however, cannot be visualized becafiiee
high-dimensionality of the features. As observed, thesifies
performance can be improved by incorporating more relefemt
tures.

blue dots: normal control
red circles: MCI patient

Alpha (8-12 Hz) band average power

Fig. 2. Top The scatter plot of control vs. MCI subjects’ features
projected on two-dimensional space. Two extracted featooe-
respond to the averaged power in Theta band (abscissa) ahd Al
band (ordinate). The central dots or circles correspond éarm
values over 100 Monte Carlo runs, whereas the crossingssepr
the respective varianceBottom The decision boundary found by
SVM (circled points represent the support vectors; squposats
represent the misclassified points).

4. SUMMARY

Non-negative matrix factorization has become an incregsop-
ular tool for feature extraction. By enforcing temporal @it
ness, unit variance, and/or spatial decorrelation coinssran the
matrix S, we derived constrained NMF rules for extracting physi-

cally meaningful temporal/contextural components, winaly be
potentially useful for a wide range of engineering and bidme
ical problems. We applied the proposed NMF algorithm, inte-
grated with prior knowledge, time-frequency analysis, amal
chine learning techniques to the EEG signal analysis fdy eler
tection of Alzheimer disease. Given limited data at hand,poe-
liminary simulations show a promising result that desefuether
investigation.
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