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Blind Estimation of Channel Parameters and
Source Components for EEG Signals:
A Sparse Factorization Approach
Yuanqing Li, Andrzej Cichocki, and Shun-Ichi Amari, Fellow, IEEE

Abstract—In this paper, we use a two-stage sparse factorization
approach for blindly estimating the channel parameters and then
estimating source components for electroencephalogram (EEG)
signals. EEG signals are assumed to be linear mixtures of source
components, artifacts, etc. Therefore, a raw EEG data matrix
can be factored into the product of two matrices, one of which
represents the mixing matrix and the other the source component
matrix. Furthermore, the components are sparse in the time-frequency domain, i.e., the factorization is a sparse factorization in
the time frequency domain. It is a challenging task to estimate the
mixing matrix. Our extensive analysis and computational results,
which were based on many sets of EEG data, not only provide
firm evidences supporting the above assumption, but also prompt
us to propose a new algorithm for estimating the mixing matrix.
After the mixing matrix is estimated, the source components are
estimated in the time frequency domain using a linear programming method. In an example of the potential applications of our
approach, we analyzed the EEG data that was obtained from a
modified Sternberg memory experiment. Two almost uncorrelated components obtained by applying the sparse factorization
method were selected for phase synchronization analysis. Several
interesting findings were obtained, especially that memory-related
synchronization and desynchronization appear in the alpha band,
and that the strength of alpha band synchronization is related to
memory performance.
Index Terms—Electroencephalogram (EEG), linear mixture,
linear programming, sparse factorization, synchronization,
wavelet packets.

I. INTRODUCTION

S

PARSE factorization (also known as sparse representation
or sparse coding) of signals has received tremendous attention in recent years [1]–[5] and many valuable theoretical
results have been obtained [1]–[5]. Donoho and Elad [5] discussed optimal sparse representation in general (nonorthogonal)
dictionaries via minimization. An interesting result that they
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obtained is that less than 50% of the concentration implies an
equivalence between the -norm solution and the -norm solution. The sparse factorization approach can be used in blind
source separation (BSS). In several recent studies, the mixing
matrix and the sources were estimated using the maximum posterior approach, the maximum likelihood approach, and the expectation maximization algorithm, etc., [6]–[11]. A two-step approach is often used for BSS, in which the mixing matrix is estimated using the K-means or C-means clustering method, while
the sources are estimated using a linear programming method
[6]. Li and his colleagues discussed sparse representation and
the applications of the two-step approach in BSS [12], [13]. The
authors used a probabilistic approach and obtained the equivalence results of the -norm solution and the -norm solution.
These results showed that if the sources are sufficiently sparse
in the analyzed domain, they are more likely to be equal to the
-norm solution, which can be obtained using a linear programming method. However, precisely estimating the mixing matrix
remains a fundamental problem in the two-step approach. Fuzzy
C-means clustering and K-means clustering algorithms are locally convergent, and are sensitive to the lack of source sparseness; thus, they are not very effective in estimating the mixing
matrix.
The electroencephalogram (EEG) signals are often assumed
to be linear mixtures of electrical signals originating from multiple brain sources, artifacts, etc., which are considered as source
components [14]–[17]. However, this assumption has raised two
fundamental problems. The first is how to prove that this assumption is reasonable. Some researchers believe that it is obvious or even trivially true. However, one found that it is difficult to determine what the brain sources are and whether or not
their locations are stable. Until now, to the best of our knowledge, there is no direct evidence that supports this assumption.
The second problem is how to estimate the mixing process and
brain sources if the linear mixture assumption is true. Independent component analysis (ICA), an approach commonly used in
BSS [7]–[9], may be used to estimate the physiological brain
sources, and in fact, has been often used to reveal the source
components of EEG signals and has yielded many promising
results [14]–[17]. However, because it works under the strong
condition that all of the sources are mutually independent, which
we do not think is reasonable, some estimated independent components might not be general brain sources.
This paper focuses on the application of sparse factorization in EEG data analysis. We also assume that EEG signals
are linear mixtures of several source components, and that the
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number of components is greater than the number of electrodes.
Under this assumption, the source components are sparse in
the time-frequency domain. Theoretical and experimental data
analysis not only propose a new algorithm for estimating the
mixing matrix, but also lead to several evidences that support
our assumption. Simulation experiment results based on artificial data show that our algorithm can better estimate the mixing
matrix than the standard K-means clustering algorithm. After
obtaining the mixing matrix, the source components can be estimated in the time frequency domain using a linear programming method. The source components in the time domain can
be obtained by an inverse wavelet packets transformation. With
the above mentioned two-step approach, an experimental EEG
data matrix obtained from a subject performing a memory task
is decomposed into a product of a mixing matrix and a source
component matrix. A pair of almost uncorrelated source components is selected for phase synchronization analysis, leading to
several interesting results. The phenomena of synchronization
and desynchronization in the alpha band of the two components
are observed. The average synchronization index for correct behavioral responses is higher than that for incorrect responses in
most of the task time periods. This indicates that the strength
of alpha rhythm synchronization is related to memory performance.
This paper is organized as follows. Section II presents a linear,
overcomplete mixing model for EEG signals, which is a sparse
factorization model of the EEG data matrix in the time frequency domain. A new algorithm for estimating the mixing matrix is proposed in Section III. Two examples and several evidences are given in Section IV to illustrate the algorithm and
demonstrate the reasonability of the linear model representing
the EEG signals. Section V discusses the estimation of source
components. An application example about the phase synchronization analysis of the source components is presented in Section VI. Concluding remarks in Section VII summarize the advantages of the proposed approach.
II. LINEAR MIXTURE MODEL OF EEG SIGNALS
We first make the following assumption.
Assumption 1: EEG signals are linear time-invariant mixtures of source components such as brain sources, artifacts, etc.
Note that if these signals are linearly and slowly time-varying
mixtures, they also can be represented as linear time-invariant
mixtures over a short time interval.
From Assumption 1, we have the following linear model:
(1)

In the following theoretical analysis, we only consider the
noise-free model corresponding to (1):
(2)
In several previous studies [14]–[18], linear model (1) or (2)
was used. Parra and Sajda [19] provided converging evidence
to support this assumption. However, there is no strong or direct
evidence to show that the different sources in EEG are linearly
superimposed, and there exist some fundamental and frequently
asked questions, such as how to determine the brain sources and
whether or not the number and locations of these sources are
stable. Since it is difficult to answer these questions, it is difficult
to justify that these different sources are linearly mixed on scalp
electrodes. However, this does not prevent us from using a linear
model in our EEG data analysis or from obtaining satisfying
results.
Furthermore, as aforementioned, even if the linear mixture
assumption is true, to date, there is no effective algorithm proposed to estimate the mixing matrix and source components.
The ICA approach is often used to determine the mixing matrix
and source components; however, all of the ICA algorithms are
based on the assumption that all of the source components are
mutually independent. It is reasonable to assume that the brain
sources are independent of artifact sources, such as heartbeats
and eye blinks. Therefore, the ICA approach is very effective in
removing artifacts from EEG signals [16], [17]. However, it is
not so reasonable to assume that all of the brain sources are mutually independent, and, hence, we do not believe that the ICA
approach is ideal in determining the mixing matrix and the true
brain sources.
In this paper, a sparse factorization approach is used for
the determination of the mixing matrix and source components. This approach also provides evidence to support the
Assumption 1. This approach consists of two main stages. In
the first stage, a new algorithm is developed for estimating the
mixing matrix, while the source components are estimated in
the second stage.
The sparsity of source components plays a key role in this
approach. EEG signals and the hidden source components are
not sparse in the time domain; however, they are sparse in the
time frequency domain. Therefore, our discussion in this study
is mainly restricted in the time frequency domain. To obtain sufficiently sparse time frequency representations of EEG signals,
we apply the wavelet packets transformation to (2) instead of
a general wavelet transformation. Taking into account that the
wavelet packets transformation is a linear transformation, we
can have
(3)

is a known EEG
where
data matrix of which each row is an EEG signal; is the number
is a
unknown mixing conof samples;
is an unstant matrix;
known source components matrix (,) of which the rows repreis an additive
sent brain sources, artifacts, etc.; and
noise matrix. If is not too large, which is 14 in examples of
, which implies that the
this study, we can assume that
model is overcomplete.

where each row of
is a time-frequency representation of a
and each row of is a timecorresponding EEG signal in
frequency representation of a corresponding source component
in .
It is well known that
in (3) should be sparse due to the
wavelet packets transformation. If the EEG signals can be represented by a linear model (2), then in (3) should also be very
sparse (much sparser than ). Thus, there should exist many
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columns of with only one nonzero entry. In a noisy environment, this means single entry dominant vectors. For instance,
are columns of , where
we can say that
only the first entry of each of these columns is nonzero; then,
and
we have

(4)
We now calculate a ratio matrix using the wavelet packets
transformation coefficients

..
.

..
.

..
.

(5)

where
. In (5), we do not consider the case in
. This case will be considered in the
which some
algorithm in Section III.
From (4), we can find a submatrix of as follows:

..
.

..
.

..
.

..
.

..
.

..
.

(6)

Furthermore, we have
mean

mean

(7)

.
where mean
Since the noise always exists in reality, we use the mean operation to estimate a column vector of the mixing matrix in (7)
as well as in the algorithm in Section III.
Thus, if we determine a submatrix of , which has almost
identical columns, we can estimate a column of the mixing matrix up to a scale similarly as in (7).
If plotting all entries of the submatrix in (6) with respect to the
column index , we will obtain horizontal lines. The key point
in the algorithm in Section III is to detect the horizontal lines
in order to determine a submatrix of
with almost identical
columns.
From the analysis above, we have the following conclusion.
Proposition 1: If EEG signals are linear mixtures of source
components and if these source components are sufficiently
sparse in the time frequency domain, then, the ratio matrix
in (5) contain several submatrices each of which has almost
identical columns. The plot of all entries of such a submatrix
with respect to their column indices can form horizontal lines.
We analyzed many sets of raw EEG data from different experiments and different EEG machines. Our results support Proposition 1 (see Example 1 in Section IV). In Section IV, computational evidences based on raw EEG data will be presented to
support Proposition 1 and Assumption 1.
Remark 1: One of the main tasks of this paper is to estimate
and source component matrix in (2)
the mixing matrix
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only. From the above
using the observed EEG data matrix
analysis, we can see that it is possible to estimate mixing maif matrix in (3) is sufficiently sparse, or more pretrix
cisely, if some column vectors of are very sparse. Based on
the estimated mixing matrix and the sparsity of , in (3),
the time-frequency representation matrix of can also be estimated using a standard linear programming method [12]. Here,
source component matrix can be obtained by using the inverse
wavelet packets transformation on .
III. ALGORITHM FOR ESTIMATING THE MIXING MATRIX
In this section, we propose a new algorithm for estimating
mixing matrix . The key point this algorithm is to determine
several submatrices of the ratio matrix in (5) such that each
has almost identical columns. Such a submatrix can be obtained
by detecting horizontal lines as described in the previous section (see Fig. 1 in Example 1 of Section IV). After determining
a submatrix with almost identical columns, we can estimate a
column vector of mixing matrix up to a scale similarly as in
(7).
Algorithm 1:
Step 1: Apply a wavelet packets transformation to every EEG signal represented
and obtain a
by a row of matrix
time-frequency representation matrix .
The purpose of this step is to produce
sparsification.
of
such that
Step 2: Find a submatrix
the norm of each column in it is greater
is a prechosen posithan , where
tive constant. The purpose of this step
is to reduce the computational burden of
the estimation process and to remove the
columns that are disproportionately influenced by noise.
to ; then, do the folStep 3: Let
lowings (Loop 1 includes Steps 3.1 and
3.2.).
Step 3.1: Construct a ratio matrix
using the entries of
, where
is less than or equal to
the column number of . If the absolute
-th row entry of
is less
value of an
than a preset positive constant , we
shall ignore the corresponding column of
that contains the entry. This step is
similar to the calculation in (5), thus,
we use the same notation to represent the
two ratio matrices.
contains
Note: After Step 3.1, matrix
several submatrices each of which has alrows
most identical columns, i.e., its
horizontal lines (see Fig. 1
can form
in Example 1). The heights of these horizontal lines correspond to the column entries of the mixing matrix up to a scale.

422

IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 17, NO. 2, MARCH 2006

The task of the following steps is to determine these submatrices with their rows
representing horizontal lines.
Step 3.2: Let
to ,
and do
the followings (Loop 2 includes Steps
3.2.1, 3.2.2, and 3.2.3.).
and
Step 3.2.1: Find the minimum
maximum
of
, which is the
-th
row of . Equally divide the interval
into
subintervals (bins),
where
is a preset positive integer.
into
submatrices,
Divide matrix
which are denoted by
, such
-th row of
that all entries of the
are in the -th subinterval,
.
be a prechosen posiStep 3.2.2: Let
tive integer, and delete those submatrices of which the number of columns
from the submatrix set
is less than
. The remaining subset of
submatrices is then denoted by
.
The objective of Steps 3.2.1 and 3.2.2
is to find the horizontal lines mentioned above by dividing one row’s value
into many bins (see the
interval of
first subplot of Fig. 7). However, these
two steps are not sufficient to achieve
this goal, and hence, we need to reduce
the matrices obtained in Step 3.2.2.
to ,
Step 3.2.3: Let
and do the followings (Loop 3 includes
Step a.
to
and do the followings
a: Let
(Loop 4 includes Steps a1, a2, and a3.).
and
a1: In Step 3.2.1, replace the
with
and
and then perform a step
similar to Step 3.2.1. This leads to
submatrices of
, which are denoted by
,

.

a2: For submatrix set
and prefixed positive integer
, perform
Step 3.2.2 and obtain a new set of submatrices. From this new submatrix set,
such that
choose a matrix, e.g.,
rows is the
the sum of variances of its
smallest.
Steps a1 and a2, which are similar to
Steps 3.2.1 and 3.2.2, can reduce the
submatrices obtained in Step 3.2.2.
Through these two steps, a submatrix
of
can be obtained, and its
rows can
clear horizontal lines (see the
form
second subplot of Fig. 7).

a3: Calculate the mean of all column vecand normalize the avtors in matrix
eraged column vector to the unit norm.
We can then obtain an estimated column
vector of mixing matrix , which is denoted by .
Step 4: After performing the above four
loops, we can obtain a set of estimated
. Each
columns, denoted by
is an estimate of one column
column of
in mixing matrix . Since there are several loops above, a column in
may be
estimated several times and all of the
estimates are stored in . Therefore,
may have more columns than .
In this step, we must remove the duplication of column vectors in . If there
is a set of several column vectors in
such that the angles between all pairs of
these vectors are small (e.g., less than
a predefined positive constant), then, we
think that these vectors are redundant.
We can calculate and, then, normalize
their mean direction vector as a column
estimation of the mixing matrix. Finally,
the obtained matrix, denoted by
, is taken as the estimate of
the original mixing matrix . This step
can also be carried out using the K-means
clustering algorithm.
End of Algorithm 1.
In Algorithm 1, there exist five parameters which should be
set in advance. In principle, their values depend on the data.
and
are related to the amplitude of the entries of the data
denote the maximum of
matrix in the analyzed domain. Let
the norms of all columns of the data matrix and
denote the
maximum of the amplitude of the entries of the data matrix. We
set the parameter to reduce noise and computation burden as
(e.g.,
stated in the algorithm. We can set to be a fraction of
). For implementing division operation,
can be set as
(e.g.,
).
is the number of bins, which is
a fraction
and
are the low bounds
set to be 100 in our simulations.
of the column number of the selected submatrices. Generally,
. The general principle for setting
, , and
is
to make sure that these horizontal lines can be observed clearly.
and
in
In our simulations, we take the positive integers
.
In Appendix, we present an example based on artificially
mixed data to illustrate Algorithm 1. In that example, the mixing
matrix can be successfully estimated using our algorithm. When
compared to the standard K-means clustering algorithm, Algorithm 1 is not as sensitive to the lack of sparseness. The
example in Appendix indicates that, although only 8% of
columns are very sparse (i.e., have only one nonzero entry), the
mixing matrix can be precisely estimated using Algorithm 1.
The standard K-means clustering algorithm does not work well
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Fig. 1. Fourteen ratio curves calculated by (6) in Example 1.

in this case. Therefore, our algorithm can obviously better estimate the mixing matrix than the standard K-means clustering
algorithm. More detailed discussions on this algorithm can be
seen in [37].
In Sections IV–VI, we will use Algorithm 1 to estimate
channel parameters (mixing matrix) for raw EEG data.
IV. EXAMPLES AND EVIDENCES
In this section, we present two examples using Algorithm 1
based on raw EEG data matrices and provide four evidences
showing that Assumption 1, i.e., the linear model assumption in
Section II, is reasonable for EEG signals.
Example 1: Consider a raw EEG data matrix
of which each row is a channel EEG signal
recorded from an electrode. Applying the discrete wavelet
packets transformation with seven levels to each EEG signal
of , we obtain the time frequency representation matrix
, where the submatrix
corresponds to the
-th node of the wavelet packets tree
.
In this example, we first use Algorithm 1 to determine a submatrix with almost identical columns. If we obtain such a submatrix and plot all entries of the submatrix with respect to their
column indices, then we can have 14 horizontal lines.
Because of the noise, we only consider those vectors of
with relatively large norms. We set
, where
is
the norm maximum of all columns of . Removing all columns
with 2-norms less than , we obtain a matrix denoted as that
is composed of all of the left columns.
For
, we first find the maximum of absolute values
of all entries in the -th row of . Setting
, we
construct a ratio matrix according to Step 3.1 in Algorithm 1.
After setting
,
, we continue to
perform Step 3.2 to determine several submatrices of each of

which has almost identical columns. One of the several submatrices is illustrated in Fig. 1.
There are 14 subplots in Fig. 1. The curve of the -th subplot represents all entries in the -th row of the submatrix with
respect to their column indices. The 14 curves can be seen as
horizontal lines.
The 14 subplots in Fig. 2 show all entries in the 14 rows of a
submatrix which is composed by the first 300 columns of ratio
matrix above. Comparing these curves in Figs. 1 and 2, we
can say that no horizontal lines appear in the first 13 subplots.
Remarks 2: 1) The ratios shown in Fig. 1 are not strict constants. This is because a) noise still exists; and b) any sufficiently
sparse column vector of matrix in (3) is a single entry dominant vector of which only one entry has a large absolute value
and the others are close to but not equal to zero. 2) When compared with the ratios shown in Fig. 2, we can conclude that the
ratios in each subplot of Fig. 1 are close to a constant. That is,
the obtained submatrix has almost identical columns.
The mean column vector of a submatrix with almost identical
columns, determined above, is followed by normalization and is
an estimated column vector of the mixing matrix up to a scale.
We used Algorithm 1 to estimate the mixing matrix and obtained more than 3500 estimated column vectors in this example. Here, denotes the matrix containing these column vectors. Removing the redundant columns in , we can obtain the
, which is omitted here
estimated mixing matrix
due to limited page space.
Example 1 provides us with two evidences supporting the
assumption given in the previous section.
Evidence 1: The result of experimental data analysis in Example 1 provides firm evidence supporting Proposition 1. Since
Proposition 1 is directly derived from Assumption 1, the result
obtained in Example 1 also provides firm evidence supporting
Assumption 1.
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Ratios calculated using the first 300 columns of ^ in example 1.

Evidence 2: If Assumption 1 holds, then the mixing matrix
should be nonnegative. In Example 1, we found that the estimated mixing matrix is a nonnegative matrix, which is not presented here because of limited page space. This result has also
been confirmed in our other EEG data analysis examples.
Using the raw EEG data matrix in Example 1, we construct a
data matrix as follows:

and
are two different
where
and
are two
mixing matrices, and
and
, respecdifferent source component matrices for
tively.
Combining the above two equations, we have

(8)

where the two s are two zero matrices with consistent dimensions.
If Assumption 1 in Section II holds for the EEG signals, an estimated column vector of the mixing matrix in (11) should have
or
, where represents a
dimensional
the form
dimensional zero row vector.
nonzero row vector, and is a
We next use two sets of raw EEG data matrices to estimate the
mixing matrix in (11) and demonstrate the previously mentioned
deduction.
was recorded in an experiment car1)
ried out in China (sampling rate: 1000 Hz), and
was recorded in an experiment carried out
in Russia (sampling rate: 256 Hz).
Using the combined EEG data matrix
and Algorithm 1, we can estimate many
column vectors of the mixing matrix in (11). All of the
or the
estimated vectors have either the form
. The two estimated column vectors are:
form
[ 0.0067, 0.0022, 0.0088, 0.0069, 0.0090,
0.0003, 0.0026, 0.2144, 0.3040, 0.2229, 0.4949,
0.1652, 0.7035, 0.2111] and [0.5101, 0.3873, 0.5349,
0.3614, 0.2834, 0.1564, 0.2287, 0.0537, 0.0681,
0.0622, 0.0143, 0.0375, 0.0242, 0.0492] .
are two raw EEG data matrices
2)
from the same EEG machine but from two different
subjects.

is a constant matrix representing a linear
where
transformation.
After applying Algorithm 1 to the constructed data matrices
, we have Evidence 3, which follows.
Evidence 3: Applying Algorithm 1 to the constructed data
matrices , which can be represented by a linear model
like (1) according to Assumption 1, we find that the conclusions in Proposition 2 still hold. Furthermore, the estimated
mixing matrix is nonnegative if matrix in (8) is nonnegative,
and it is not nonnegative if matrix in (8) is not nonnegative.
Example 2: Consider a combined EEG data matrix

where
are two different raw EEG data
matrices from different subjects, even from different EEG
and
have different source
machines. This means that
components.
and
for
and
Suppose that the source numbers are
, respectively. According to Assumption 1, we have
(9)
(10)

(11)
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Using the combined EEG data matrix
and Algorithm 1 to estimate the column vectors of the
mixing matrix in (11), we obtain a similar result as
in 1), and the two estimated columns are: [0.0455,
0.0312, 0.0246, 0.0082, 0.0045, 0.0336, 0.0324,
0.3928, 0.3562, 0.3678, 0.4021, 0.3493, 0.4032,
0.3625] and [0.4928, 0.4083, 0.3939, 0.2629, 0.2606,
0.3856, 0.3864, 0.0037, 0.0016, 0.0079, 0.0057,
0.0056, 0.0019, 0.0038] .
From the analysis and calculations above, we have Evidence 4.
Evidence 4: A combined EEG data matrix, which is composed by two different EEG data matrices, as shown in Example
2, is used to estimate the column vectors of the mixing matrix.
If the EEG signals can be represented by a linear mixing model
(1), the estimated column vectors of the mixing matrix in (11)
or the form
. This has
should have either the form
been demonstrated in calculation with real EEG data.
V. LINEAR PROGRAMMING ALGORITHM FOR ESTIMATING EEG
SOURCE COMPONENTS
After obtaining the mixing matrix, the next step is to estimate
the source component matrix, which is the main task of this
section.
Since the estimated mixing matrix is not a square matrix,
which has its column number being larger than its row number,
the source component matrix cannot be obtained by solving the
system of linear equations. In this study, we first estimate the
time frequency representation matrix in (3) by solving an optimization problem. We can then calculate the source component matrix using an inverse wavelet packets transformation.
in (1), the time frequency
For the estimated mixing matrix
representation matrix of the source component matrix can be
found by solving the following optimization problem:

subject to

(12)

It is not difficult to prove that the linear programming problem
(12) is equivalent to the following set of smaller scale linear
programming problems:

subject to

(13)

By setting

, where
and
, (13) can be converted into the following
standard linear programming problems with nonnegative constraints:

subject to
(14)
where

.
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After estimating , can be obtained by an inverse wavelet
packets transformation corresponding to the wavelet packets
transformation used in (3). Combining the discussion of this section and the previous sections, we have the following algorithm
for estimating the source components.
Algorithm 2:
Step 1. Transform the
raw EEG signals
time-frequency sig( rows of ) into
nals by a wavelet packets transformation
and obtain a time frequency matrix .
Step 2. Estimate the mixing matrix
using Algorithm 1.
Step 3. Using the estimated mixing matrix
and matrix , estimate the time frequency representation matrix
in (3)
by solving the set of linear programming problems (14) that are equivalent
to (12).
Step 4. Reconstruct source component
in (2) by using the inverse
matrix
wavelet packets transformation.
End.
Remark 3: Using the above algorithm, we blindly, but successfully, recovered speech sources from several mixtures in an
overcomplete case (eight sources, four sensors) [12].
Here, a recoverability question arises: Why can be estimated by solving the linear programming problems (12) or (14)?
In other words, why is the solution of (12) equal to the true solution in (3)? We can find the answer in [12] (Theorem 6),
which has presented the recoverability analysis results on BSS
based on sparse representation.
Note that under the Assumption 1, the condition our algorithms work well is that the component matrix in (1) is sufficiently sparse in the analyzed domain. Thus, in Step 1 of Algorithms 1 and 2, we apply a wavelet packets transformation
(instead of wavelet transformation) to EEG signals to produce
sparsification. Obviously, more levels of used wavelet packets
transformation there are, the higher sparsity of data is. However, large number of levels of wavelet packets transformation
imply a heavy computation burden. In our simulations for EEG
data analysis as well as blind separation of speech signals, we
often use 7-level wavelet transformation.
VI. PHASE SYNCHRONIZATION ANALYSIS BASED ON
SOURCE COMPONENTS
We now present an example of analyzing real EEG data as
an application of our proposed approach. Three healthy male
adults performed modified Sternberg memory tasks. The subjects were instructed to memorize three numbers successively
presented at random positions on a computer monitor. After a
2.5 second pause, a warning signal was presented, and a “test
number” was given on the monitor. If the test number was one of
the memorized numbers, the subject had to press a button. This
study-test cycle, which included a rest period, was repeated 160
times (about 24 min.).

426

IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 17, NO. 2, MARCH 2006

Fig. 3. Time course of EEG synchrony during single trials. First row: Mean synchronization index averaged across frequencies in the 8 Hz–13 Hz range for
five single trials with correct responses. Second row: Mean synchronization index averaged across frequencies in the 8 Hz–13 Hz range for five single trials with
incorrect responses. In each subplot, the first vertical line indicates the beginning of number presentations to be memorized in the Sternberg task, and the second
vertical line indicates the end of test number presentation.

The EEG was recorded from the scalp by 16 electrodes according to the international 10–20 system (sampling frequency:
256 Hz, analog filtering frequency: 0 Hz–30 Hz). Only the EEG
signals of the first 14 electrodes were used in our analysis.
Here, we only describe the analysis results of the first subject’s data in detail and simply show the final results of the other
two subjects.
A few trials seriously affected with artifacts (eye blinks and
muscle noise) were rejected by visual inspection of the EEG
record, and a data set comprised of 20 trials with correct responses and 20 trials with incorrect responses was selected for
analysis (one trial 2176 digitized voltage samples, which represented 8.5 s of the EEG). We, thus, obtained a 14 87 040
dimensional data matrix, which is denoted by . Based on Algorithm 1, we also had a 14 20 dimensional mixing matrix denoted as . Using Algorithm 2, we decomposed the EEG signal
into 20 source components, and denoted it as the 20 87 040
dimensional components matrix . This contained 20 trials of
correct responses and 20 trials of incorrect responses, respectively.
We first calculated the correlation coefficient matrices of
and , which were denoted by
and
, respectively. We found that
(the
is 0.5845). For the component cases, many commedian of
ponent pairs had small correlation coefficients, such as
and
, and the median of
was 0.2367.
Furthermore, we found that the higher order correlation coefficients of these pairs were also very small. It should be emphasized here that, although the independence principle and decorrelation principle were not used, many pairs of components were
almost uncorrelated.
According to modern brain theories, the synchronization dynamics of rhythmic activity in distinct neural networks plays a
very important role in the interactions among them [20], [21].

Research suggests that patterns of high coherence between EEG
signals recorded at different scalp sites have functional significance and are correlated with different kinds cognitive information processing, including memory, language, concept retrieval,
etc.,[22]. In relation to memory processes, studies have reported
an increase of synchronization among brain regions involved in
the respective task [23]. Allefeld and Kurths [24] proposed a
method for multivariate phase synchronization analysis of EEG
data, and their calculated synchronization indices indicated two
distinct increases in synchronization related to stimulus presentation. In order to see the importance of synchronization and
desynchronization of alpha rhythm in memory information processing [25], we mainly focus our attention on the analysis of
alpha rhythm phase synchronization between two source components.
We selected a pair of two, almost uncorrelated, compo(
, fourth correlation coefficient
nents
) and filtered them offline in a 1–70 Hz range for
phase synchronization analysis. [26] Quiroga et al. analyzed several different synchronization indices and showed
their consistency to a certain extent. In this study, we used
the phase synchronization index described in [28], [29] in
our analysis. The synchronization index was defined by
, where
was
a single-trial phase-locking value at frequency and time ; it
was smoothed using a window with a length of
in the
0.97 distribution percentile of 200 surrogates. The 200 pairs of
surrogate data are Gaussian distributed.
Fig. 3 displays the analysis results of phase synchrony. The
subplots of the first row present the mean synchronization index
values, which were averaged across frequencies in the 8–13 Hz
range (alpha band) for five single trials with correct responses.
The subplots of the second row present the mean synchronization index values, which were also averaged across frequencies
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Fig. 4. (Left) Time course of EEG synchrony, averaged across trials. Same
subject as in previous figure. Curves show mean values of the synchronization
indices averaged in the 8–13 Hz range across 20 trials. The bold curves are trials
with correct responses, and the dotted curves are trials with incorrect responses.
Solid vertical lines are the same as in the previous figure. (Right) Subtraction of
the averaged synchronization index for incorrect responses from that for correct
responses (those in the left subplot).

in the 8–13 Hz range for five single trials with incorrect responses. In each subplot, the first vertical line refers to the beginning of the number presentation to be memorized, and the
second line refers to the end of the test number presentation.
During a single trial, there exists one or several time intervals in which the synchrony is very strong, and, conversely,
there also exists one or several time intervals in which the synchrony is very weak. These phenomena are called synchronization and desynchronization. Intuitively, we can also see that the
synchronization indices for most trials with correct responses
were higher than those for most trials with incorrect responses.
Although only ten trials of the analyzed 40 trials were presented
due to limited page space, the other 32 trials showed similar
characteristics.
In the first subplot of Fig. 4, two averaged synchronization
index curves are displayed. The two curves were obtained by
in the 8–13 Hz range and
averaging synchronization index
across 20 trials, separately for correct and incorrect responses.
The bold curve represents trials with correct responses and
the dotted curve represents trials with incorrect responses.
The second subplot of Fig. 4 shows the difference of the two
averaged synchronization indices shown in the first subplot
(averaged synchronization index for correct responses minus
the averaged synchronization index for incorrect responses).
From Fig. 4, we can see that during most of the time periods,
especially at the beginning of the trial (preparation or attention
period), the averaged synchronization index for the correct
responses is greater than that for the incorrect responses. The
higher synchronization for correct responses could be related
to the higher integration of brain systems that is required for
effective information processing.
We next analyzed the EEG data from the other two subjects.
Based on the raw EEG data matrix , we also calculated the
source component matrix using the proposed approach. Two

Fig. 5. Two subplots in the first row show the synchronization analysis results
for the second subject. The two subplots in the second row are for the third
subject. The caption for each row is similar to that in Fig. 4.

almost uncorrelated source components were chosen for phase
synchronization analysis. Results showed the phenomena of
synchronization and desynchronization similar to that in Fig. 3
for every trial. Due to the page space limit, we only give
here the averaged synchronization indices. The subplots in
Fig. 5 present our analysis results for the second and the third
subjects. The first row: First subplot displays two averaged synchronization index curves, which were obtained by averaging
in the 8 Hz–13 Hz range and across
synchronization index
20 trials, separately for correct and incorrect responses. The
bold curve refers to trials with correct responses, and the dotted
curve refers to trials with incorrect responses. The second subplot shows the difference of the two averaged synchronization
indices displayed in the first subplot. The second row: Two
subplots are for the third subject, in which the first shows two
averaged synchronization index curves for correct responses
(black) and incorrect responses (dotted), respectively, while the
second shows their difference.
Discussions and Conclusions:
1)
To the best of our knowledge, almost all related references analyzed the synchronization between two of
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EEG channels (or electrodes). A substantial part of
synchronization between two EEG channels can be explained by volume conduction effects. In this study,
we use the sparse decomposition approach to determine the source components. Two almost uncorrelated
components were selected for phase synchronization
analysis. One objective of this approach is to exclude
the volume conduction influence. Here, we conclude
that the phenomena of synchronization and desynchronization is not from volume conduction based on the
following two reasons. First, the two analyzed components are almost uncorrelated, and their second and
even higher order correlation coefficients are negligible. Second, if the observed synchronization is from
volume conduction, no clear difference should exist
between the averaged synchronization index for the
correct responses and that for the incorrect responses.
2)
During the attention period, alpha rhythm synchronization appeared for the three subjects, and the synchronization index for correct responses was stronger
than that for incorrect responses. This indicates that
synchronization strength is related to memory performance. We also found synchronization in the period
of encoding and retrieval. This is consistent with observations in [30] that alpha rhythm synchronization
appeared in retention time. Furthermore, we observed
desynchronization between the attention and encoding
periods. These results are in line with several previously obtained results. For instance, Klimesch argued
that better memory performance is associated with a
higher baseline alpha (before memory retrieval) and
a greater alpha desynchronization [25]. Hogan et al.
confirmed these [31].
Our findings are also consistent with the results in several previous studies dealing with modified Sternberg memory experiments [30]–[32]. In [30], phase-coupling of theta-gamma EEG
rhythms during short-term memory processing was analyzed by
bispectral analysis. [32] discussed event-related desynchronization (ERD)/event-related synchronization (ERS) during an auditory memory task. ERS was generated during the presentation
of the memory set (encoding), and an ERD was generated in all
of the subject groups during stimulus matching, which is the
memory scanning phase (retrieval). This finding was correlated
with earlier observations concerning alpha activity that alpha
suppression was a correlate of cognitive processes in association with auditory information processing, such as short-term
memory retrieval [33]. In [31], memory-related EEG power and
coherence on temporal and central recording sites in patients
with early Alzheimer’s disease and normal controls was examined. It was found that the synchronization strength of the alpha
band was related to memory performance.
In this section, EEG data analysis of the three subjects exhibited consistent results. Several pairs of almost uncorrelated
components can always be found, which show memory-related
synchronization and desynchronization. Our future investigation will focus on some other characteristics of the source
components, such as localization, stability, etc. Additionally, it
would be useful to investigate the phase-coupling of different
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frequency bands for different source components, which could
be interpreted as an EEG aspect of the functional linking among
the different brain areas. This can include the prefrontal areas
and the G.cinguli (as part of the limbic system), which are both
extremely important for memory functions [30].
In EEG data analysis, one often uses the time-frequency
analysis, which is also a kind of sparse factorization under a
given dictionary. For instance, under the given dictionary, some
studies have discussed the time-frequency parameterization of
EEG epileptic spikes [35], [36]. From Algorithms 1 and 2, and
the data analysis in this section, we can see that there are three
main stages in our approach: 1) time-frequency factorization
(wavelet packets transformation) to produce sparsification of
data; 2) sparse factorization in the time frequency domain for
estimating the mixing matrix and components; and 3) synchronization analysis based on sparse components. Thus, our
approach is different from the general sparse time-frequency
decomposition under a given dictionary.
VII. CONCLUDING REMARKS
In this study, based on a linear mixture model of EEG signals, a two-step sparse factorization approach was employed instead of an ICA approach, to estimate the mixing matrix and the
source components. In this approach, the first step is to estimate
the mixing matrix, and the second step is to estimate the source
component matrix. One of main tasks in this paper is to develop
a new algorithm for estimating the mixing matrix.
Fundamentally, EEG signals are assumed to be linear overcomplete mixtures of source components. That is, the raw EEG
data matrix can be factorized into a product of the mixing matrix
and the component matrix. This factorization is a sparse factorization in the time frequency domain. By constructing a ratio
matrix using the wavelet packets transformation coefficients of
EEG signals, we conclude that the ratio matrix has several submatrices each of which has almost identical columns. This conclusion comes from the linear model assumption and sparseness
of source components. Our extensive computational results are
based on many sets of EEG data from different experiments,
different subjects, and different EEG machines, and strongly
support this conclusion. Furthermore, a new algorithm has been
proposed for estimating the mixing matrix based on the conclusion. Two examples based on raw EEG data matrices are given
not only to illustrate the algorithm, but also to provide firm evidences supporting our assumption for EEG signals.
After estimating the mixing matrix, the sparse wavelet
packets transformation coefficients of the source components
are calculated using a linear programming method. We can
thus obtain a sparse decomposition of the EEG time frequency
representation matrix. The source components in the time
domain are then reconstructed by the corresponding inverse
wavelet packets transformation. This construction employs
sparse representation and can be used in blind source separation, especially when the source number is unknown, fewer
sensors exist than sources, and the sources are not completely
independent [12].
Finally, an example of phase synchrony analysis in real
EEG data is given to support the validity and performance of
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the proposed approach. A pair of almost uncorrelated source
components was selected for phase synchrony analysis. The
phenomena of synchronization and desynchronization are observed. The averaged synchronization index in the alpha band
for correct responses is higher than that for incorrect responses
in most of the time periods, especially in the beginning of the
trial (preparation periods). Since the analyzed components are
almost uncorrelated, we can conclude that it is not the volume
conduction that evokes the synchronization.
As we know, many promising results for EEG data analysis
have been obtained using the ICA approach, especially with regards to removing artifacts, such as eye blinks, eye movements,
heartbeats, etc. When compared with ICA, the sparse factorization approach has two important advantages. First, sources do
not necessarily have to be mutually independent, and can even
be nonstationary. Second, the number of sources can be greater
than the number of sensors and it can even be unknown. We believe that sparse factorization is an alternative to ICA and very
promising approach for analyzing EEG.
APPENDIX
EXAMPLE OF ESTIMATING THE MIXING MATRIX BASED ON
ARTIFICIALLY MIXED DATA

X~

Fig. 6. (Left) Plot of all entries of matrix ( ^ ) obtained in step 3 of Algorithm
~
1. (Right) 3-D scatter plot of data matrix ^ , in which one point corresponds to
a column value of the matrix. (Example in the Appendix).

X

is drawn
In this example, the source matrix
, in which there are 800
from a uniform distribution in
columns with only one nonzero entry. Among the 800 columns,
200 have nonzero first entries, 200 have nonzero second entries,
is taken randomly followed
etc. The mixing matrix
by normalization as follows:
(15)
. We now use Algorithm 1 to estimate the
We have
mixing matrix. Note that the data set is artificial, and, hence, it
is not necessary to perform Step 1. The estimated mixing matrix
is shown in (16) at the bottom of the page.
Comparing the columns of with that of matrix , we can
see: 1) All columns of are estimated very well; and 2) there
exist several redundant vectors in . By removing these redundant vectors, we can easily have an estimation of . It is demonstrated that Algorithm 1 works well here, although only 8% of
the column vectors are sparse (of which only one entry is
nonzero). In this case, it is impossible to use the K-means clustering algorithm for satisfactory estimation.
The following matrix is an estimation of mixing matrix
obtained by the K-means clustering algorithm
(17)

X

~
(Left) Plot of all entries of matrix ( ~

) obtained in step 3.2.2 of
~
) obtained
Algorithm 1. (Right) Plot of all entries of an reduced matrix; ( ~

Fig. 7.

in step a2 of algorithm 1. (Example in the Appendix).

X

Comparing the estimation in (17) and , we find that the
K-means clustering algorithm fails to estimate the mixing matrix.
The left subplot of Fig. 6 shows all entries of matrix
produced in Step 3 of Algorithm 1, and the right subplot shows

(16)
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the three–dimensional (3-D) scatter plot of its column values.
Cursory inspection of these two plots reveals that no cluster is
visible. Especially in the right subplot, the directions of the five
mixing matrix columns are hidden due to the fact that only 2%
of the total points represent each direction.
The left subplot of Fig. 7 shows all entries of a matrix
obtained in Step 3.2.2 of Algorithm 1, in which we can see that
several line segments are interspersed with noise. The heights of
these line segments correspond to the entries of the first column
of mixing matrix up to a scale. Since we need a more precise
estimation, we continue the procedure to further reduce matrix
.
The right subplot of Fig. 7 shows all entries of a matrix
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