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Abstract. In this paper we discus a wide class of loss (cost) functions
for non-negative matrix factorization (NMF) and derive several novel
algorithms with improved efficiency and robustness to noise and out-
liers. We review several approaches which allow us to obtain generalized
forms of multiplicative NMF algorithms and unify some existing algo-
rithms. We give also the flexible and relaxed form of the NMF algorithms
to increase convergence speed and impose some desired constraints such
as sparsity and smoothness of components. Moreover, the effects of vari-
ous regularization terms and constraints are clearly shown. The scope of
these results is vast since the proposed generalized divergence functions
include quite large number of useful loss functions such as the squared
Euclidean distance,Kulback-Leibler divergence, Itakura-Saito, Hellinger,
Pearson’s chi-square, and Neyman’s chi-square distances, etc. We have
applied successfully the developed algorithms to blind (or semi blind)
source separation (BSS) where sources can be generally statistically de-
pendent, however they satisfy some other conditions or additional con-
straints such as nonnegativity, sparsity and/or smoothness.

1 Introduction and Problem Formulation

The non-negative matrix factorization (NMF approach is promising in many
applications from engineering to neuroscience since it is designed to capture
alternative structures inherent in the data and, possibly to provide more biolog-
ical insight [1–6]. Lee and Seung introduced NMF in its modern formulation as
a method to decompose patterns or images [3, 7].

In this paper we impose nonnegativity constraints and other penalties such
as sparseness and/or smoothness. The NMF decomposes the data matrix Y =
[y(1),y(2), . . . , y(N)] ∈ Rm×N as a product of two matrices A ∈ Rm×n and X =
[x(1), x(2), . . . , x(N)] ∈ Rn×N having only non-negative elements. Although
some decompositions or matrix factorizations provide an exact reconstruction
of the data (i.e., Y = AX), we shall consider here decompositions which are
approximative in nature, i.e.,

Y = AX + V , A ≥ 0, X ≥ 0 (1)
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or equivalently y(k) = Ax(k) + v(k), k = 1, 2, . . . , N or in a scalar form
as yi(k) =

∑n
j=1 aijxj(k) +νi(k), i = 1, . . . , m, where V ∈ Rm×N rep-

resents noise or error matrix, y(k) = [y1(k), . . . , ym(k)]T is a vector of the
observed signals (typically nonnegative) at the discrete time instants k while
x(k) = [x1(k), . . . , xn(k)]T is a vector of components or source signals at the
same time instant [8]. Our objective is to estimate the mixing (basis) matrix
A and sources X subject to nonnegativity constraints on all entries. Usually,
in BSS applications it is assumed that N >> m ≥ n and n is known or can
be relatively easily estimated using SVD or PCA. Throughout this paper, we
use the following notations: xj(k) = xjk, yi(k) = yik and zik = [AX]ik means
ik-element of the matrix (AX), the ij-th element of the matrix A is denoted
by aij .

The basic approach to NMF is alternating minimization or alternating pro-
jection: the specified loss function is alternately minimized with respect to two
sets of parameters {xjk} and {aij}, each time optimizing one set of arguments
while keeping the other one fixed [2, 3, 8].

The most popular adaptive multiplicative algorithms for NMF are based
on two loss functions: 1. square Euclidean distance expressed by the Frobenius
norm:

DF (A,X) =
1
2
‖Y −AX‖2F =

1
2

m∑

i=1

N∑

k=1

|yik − [AX] ik|2

s. t. aij ≥ 0, xj(k) = xjk ≥ 0 ∀ i, j, k, (2)

which is optimal for a Gaussian distributed noise). Based on of this cost function
Lee and Seung proposed the following multiplicative algorithm:

aij ← aij
[Y XT ] ij

[AX XT ] ij

, xjk ← xjk
[AT Y ] jk

[AT AX] jk

. (3)

which is an extension of the well known ISRA (Image Space Reconstruction
Algorithm) algorithm [9]. Alternative mostly used loss function that intrinsically
ensures non-negativity constraints and it is related to the Poisson likelihood is
a functional based on the Kullback-Leibler divergence [3, 5]:

DKL(Y ||[AX]) =
∑

ik

(
yik log

yik

[AX]ik
+ [AX]ik − yik

)
(4)

s. t. xjk ≥ 0, aij ≥ 0, ‖aj‖1 =
m∑

i=1

aij = 1.

Using the alternating minimization approach, Lee and Seung derived the follow-
ing multiplicative learning rules:

xjk ← xjk

∑m
i=1 aij (yik/[AX]ik)∑m

q=1 aqj
, aij ← aij

∑N
k=1 xjk (yik/[AX] ik)∑N

p=1 xjp

, (5)
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which are extensions (by alternating minimization) of the well known EMML or
Richardson-Lucy algorithm (RLA) [9].

It should be noted that he most existing NMF algorithms perform blind
source separation rather very poorly due to the non-uniqueness of solution
and/or the lack of additional constraints which should be satisfied. The main
objective of this contribution is to propose flexible and improved NMF algo-
rithms that generalize or combine several different criteria in order to extract
physically meaningful sources, especially for biomedical signal applications such
as EEG and MEG.

2 Generalized Divergences for NMF

There are three large classes of generalized divergences which can be potentially
useful for developing new flexible algorithms for NMF: the Bregman divergences,
Amari’s alpha divergence [1] and the Csiszár’s ϕ-divergences [10]. In this con-
tribution we limit our discussion to the Csiszár’s divergences and as the special
case the alpha divergence. The Csiszár’s ϕ-divergence s defined as

DC(z||y) =
N∑

k=1

zkϕ(
yk

zk
) (6)

where yk ≥ 0, zk ≥ 0 and ϕ : [0,∞) → (−∞,∞) is a function which is convex
on (0,∞) and continuous at zero. Depending on the application, we can impose
different restrictions on ϕ. In order to use the Csiszár’s divergence as a distance
measure, we assume that ϕ(1) = 0 and that it is strictly convex at 1.
Several basic examples include (uik = yik/zik):
1. If ϕ(u) = (

√
u− 1)2, then DC−H =

∑
ik(
√

y
ik
−√zik)2 -Hellinger distance;

2. If ϕ(u) = (u− 1)2, then DC−P =
∑

ik(yik − zik)2/zik -Pearson’s distance;
3. For ϕ(u) = u(uβ−1 − 1)/(β2 − β) + (1 − u)/β we have a family of Amari’s
alpha divergences:

D
(β)
A (AX||Y ) =

∑

ik

yik
(yik/zik)β−1 − 1

β(β − 1)
+

zik − yik

β
, zik = [AX]ik, (7)

where β = (1 + α)/2 [1] (see also Ali-Sllvey, Liese & Vajda, Cressie-Read dis-
parity, Eguchi beta divergence,Kompass) [11, 12]. It is interesting to note that
in the special cases for β = 2, 0.5,−1, we obtain Pearson’s, Hellinger and Ney-
man’s chi-square distances, respectively (while for the cases β = 1 and β = 0
the divergences have to be defined as limiting cases as β → 1 and β → 0, re-
spectively). When these limits are evaluated one gets for β → 1 the generalized
Kullback-Leibler divergence (called I-divergence) defined by equations (4) and
for β → 0 the dual generalized KL divergence:

DKL(AX||Y ) =
∑

ik

(
[AX]ik log

[AX]ik
yik

− [AX]ik + yik

)
(8)
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As an illustrative example, let us derive a new multiplicative learning rule for
the loss function (8). By applying multiplicative exponentiated gradient (EG)
descent updates:

xjk ← xjk exp
(
−ηj

∂DKL

∂xjk

)
, aij ← aij exp

(
−η̃j

∂DKL

∂aij

)
, (9)

we obtain new simple multiplicative learning rules for NMF

xjk ← xjk exp

(
m∑

i=1

ηjaij log(
yik

[AX]ik
)

)
= xjk

m∏

i=1

(
yik

[AX]ik

)ηjaij

, (10)

aij ← aij exp

(
N∑

k=1

η̃jxjk log(
yik

[AX]ik
)

)
= aij

N∏

k=1

(
yik

[AX]ik

)η̃jxjk

, (11)

The nonnegative learning rates ηj , η̃j can take different forms. Typically, in order
to guarantee stability of the algorithm we assume that ηj = ω (

∑m
i=1 aij)−1,

η̃j = ω (
∑N

k=1 xjk)−1, where ω ∈ (0, 2) is an over-relaxation parameter. The
above algorithm can be considered as an alternating minimization/projection
extension of the well known SMART (Simultaneous Multiplicative Algebraic
Reconstruction Technique) [9].

Similarly, for β 6= 0 we have developed the following new algorithm (the proof
is omitted due to the lack of space)

xjk ← xjk

(
m∑

i=1

aij (yik/[A X]ik)β

)1/β

, aij ← aij

(
N∑

k=1

(yik/[AX]ik)β
xjk

)1/β

with normalization of columns of A in each iteration to unit length: aij ←
aij/

∑
p apj . The algorithm can be written in a compact matrix form using some

MATLAB notations:

X ← X . ∗
(
AT ((Y + ε)./ (AX + ε)).β

)
.1/β (12)

A ← A . ∗
(
((Y + ε)./ (AX + ε)).βXT

)
.1/β , A ← A diag{1./sum(A, 1)},

where in practice a small constant ε = 10−9 is introduced in order to ensure
non-negativity constraints and avoid possible division by zero.

3 Modified Multiplicative NMF Algorithms with
Regularization, Sparsity and/or Smoothing

Although the standard NMF (without any auxiliary constraints) provides sparse-
ness of its components, we can achieve some control of this sparsity by imposing
additional constraints in addition to non-negativity constraints. In fact, we can
incorporate smoothness or sparsity constraints in several ways. As an illustrative
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example, let us consider a modified alpha divergence with regularization terms
(which is an extension of the generalized divergence proposed recently by Raul
Kompass [12]):

DKo(Y ||AX) =
∑

ik

(
yik

yβ−1
ik − [AX]β−1

ik

β(β − 1)
+ [AX]β−1

ik

[AX]ik − yik

β

)

+αXfX(X) + αAfA(A), (13)

where regularization parameters and terms fA(A) and fX(X) are introduced
to enforce a certain application-dependent characteristic of solutions such as
smoothness or sparsity. For example, in order to achieve sparse representation
we usually choose fX(xj) = xj with constraints xj ≥ 0.
It is interesting to note that such defined divergence for αX = αA = 0 and
β = 2 simplifies to the Frobenius norm (2); for β → 0 it tends to Itakura -Saito
distance, and for β → 1 reduces to the Kullback-Leibler divergence (4).

Applying the standard gradient descent to (13) we have

xjk ← xjk − ηjk

(
m∑

i=1

aij

(
[AX]β−1

ik − yik/[AX]2−β
ik

)
− αXψX(X)

)
(14)

aij ← aij − ηij

(
N∑

k=1

(
[AX]β−1

ik − yik/[AX]2−β
ik

)
xjk − αAψA(A)

)
, (15)

where the functions ψA(A) and ψX(X) are defined as

ψA(A) =
∂fA(A)

∂aij
, ψX(X) =

∂fX(X)
∂xjk

. (16)

Similar to the Lee and Seung approach, by choosing suitable learning rates:

ηjk =
xjk∑m

i=1 aij [AX]β−1
ik

, ηij =
aij∑N

k=1[AX]β−1
ik xjk

, (17)

we obtain multiplicative update rules:

xjk ← xjk
[
∑m

i=1 aij (yik/[AX]2−β
ik )− αXψX(X)]ε∑m

i=1 aij [AX]β−1
ik

, (18)

aij ← aij
[
∑N

k=1(yik/[AX]2−β
ik ) xjk − αAψA(A)]ε∑N

k=1[AX]β−1
ik xjk

, (19)

where the additional nonlinear operator is introduced in practice defined as
[x]ε = max{ε, x} with a small ε in order to avoid zero and negative values.

Another simple approach which can be used for control of sparsification of
estimated variables is to apply nonlinear projections via suitable nonlinear mono-
tonic functions which increase or decrease the sparseness. In this paper we have
applied a very simple nonlinear transformation xjk ← (xjk)1+αsX , ∀k, where
αsX is a small coefficient typically, from 0.001 to 0.005 and it is positive if we
want to increase sparseness of an estimated component and negative if we want
to decrease the sparseness (see Table 1 for practical implementations).
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Table 1. New Multiplicative NMF algorithms with regularization and/or sparsity con-
straints

Minimization of loss function Iterative Learning Algorithm

subject to aij ≥ 0 and xjk ≥ 0 Relaxation parameter ω ∈ (0, 2)

Alpha divergence, β 6= 0, β 6= 1 xjk ←
 

xjk

�Pm
i=1 aij (

yik

[A X]ik
)β

�ω/β
!1+αsX

X
ik

(
yβ

ikz1−β
ik − βyik + (β − 1)zik

β(β − 1)

)
aij ←

 
aij

�PN
k=1 xjk (

yik

[A X]ik
)β

�ω/β
!1+αsA

aij ← aij/
P

p apj ,

Pearson and Hellinger distancesX
ik

(yik − [AX]ik)2

[AX]ik
, (β = 2)X

ik

�p
[AX]ik −√yik

�2

, (β = 0.5)

Kulback-Leibler divergence xjk ←
 

xjk

 
mX

i=1

aij
yik

[A X]ik

!ω!1+αsX

X
ik

(yik log
yik

[AX]ik
− yik + [AX]ik) aij ←

 
aij

 
NX

k=1

xjk
yik

[A X] ik

!ω!1+αsA

(β = 1) aij ← aij/(
X

p

apj)

K-L divergence (dual) xjk ←
 

xjk

mY
i=1

�
yik

[AX]ik

�ω aij
!1+αsX

X
ik

([AX]ik log
[AX]ik

yik
+ yik − [AX]ik) aij ←

 
aij

NY
k=1

�
yik

[AX]ik

�η̃jxjk
!1+αsA

(β = 0) aij ← aij/(
X

p

apj), η̃j = ω (
X

k

xjk)−1

Euclidean distance xjk ← xjk

�
[AT Y ]ik − αX ψX(X)

�
ε

[AT A X]ik + ε

‖Y − [AX]‖2F + αXfX(X) + αAfA(A) aij ← aij

�
[Y XT ]ij − αA ψA(A)

�
ε

[A X XT ]ij + ε

Kompass generalized divergence xjk ← xjk
[
Pm

i=1 aij (yik/[AX]2−β
ik )− αXψX(X)]εPm

i=1 aij [AX]β−1
ik + εX

ik

(yik
yβ−1

ik − [AX]β−1
ik

β(β − 1)
+ aij ←

 
aij

[
PN

k=1 xjk (yik/[AX]2−β
ik )]εPN

k=1 xjk [AX]β−1
ik + ε

!1+αsA

+[AX]β−1
ik

[AX]ik − yik

β
) + αXfX(X) aij ← aij/(

X
p

apj), β ∈ [0, 2]
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(a) (b)

(c) (d)

Fig. 1. Example 1: (a) The original 9 source signals, (b) observed 18 mixed signals, (c)
Estimated sources using standard Lee-Seung algorithm (5) (d) Estimated source signals
using the new algorithm (12) for β = 2 with nonlinear projection αsX = αsA = 0.002
with SIR=32dB, 20dB, 19dB, 18dB, 23dB, 25dB, 27dB, 26dB, 19dB, for individual
sources respectively.

4 Simulation Results

All the NMF algorithms discussed in this paper (see Table 1) have been exten-
sively tested for many difficult benchmarks for sparse signals and images with
various statistical distributions. The simulation results confirmed that the de-
veloped algorithms are stable, efficient and provide consistent results for a wide
set of parameters. Due to the limit of space we give here only one illustrative
example: Nine nonnegative sparse signals (some of them are statistically depen-
dent) shown in Fig.1 (a) have been mixed by randomly generated nonnegative
matrix A ∈ R18×9. To the mixture we added an uniform distributed noise with
SNR=20 dB. The mixed signals are shown in Fig.1 (b). Using the known stan-
dard NMF algorithm (5) we failed to estimate the original sources (see Fig.1 (c)).
However, for the new algorithms we reconstructed successfully all the sources.
Fig. 1 (d) illustrates the results obtained by using algorithm (12) with β = 2
and the nonlinear projection with αsX = αsA = 0.002 (see also Table 1). Similar
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or even slightly better performance we achieved by applying the other proposed
algorithms with regularization/projection (Table 1).

5 Conclusions and Discussion

In this paper we discuss loss functions which allow to derive us a very large class
of flexible, robust and efficient NMF adaptive algorithms. The optimal choice
of β depends on the distribution of data and a priori knowledge about noise. If
such knowledge is not available, we may run NMF algorithms for various sets of
parameters to find an optimal solution. For some tasks and distributions there
are particular divergence measures that are uniquely suited. On the other hand,
if the approximating model fits the true distribution well, then it does not matter
which divergence measure is used, since all of them will give similar results. The
discussed loss functions are jointly convex. This property is stronger than the
individual convexity in {yik} and {zik}. However, it very difficult to prove the
global convergence of the derived NMF algorithms. Our simulation experiments
indicate that for m >> n, typically m > 5n and N = 103 ∼ 104, we usually
avoid stucking in poor local minima. We found by extensive simulations that reg-
ularization/projections techniques play a key role in improving the performance
of blind source separation by using the NMF approach.
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