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Abstract The most popular algorithms for Nonnega-
tive Matrix Factorization (NMF) belong to the class of
multiplicative Lee-Seung algorithms which have usually
relative low complexity but are characterized by slow-
convergence and risk to stuck in local minima. In this
paper, we present and compare the performance of the
additive algorithms based on three different variations of
a projected gradient approach. Additionally, we shortly
discuss a novel multi-layer approach to NMF algorithms
combined together with multi-start initializations pro-
cedure, which in general, considerably improves the per-
formance of all NMF algorithms. We demonstrate that
this approach (the multi-layer system with projected
gradient algorithms) can usually give much better per-
formance than standard multiplicative algorithms, espe-
cially, if data are ill-conditioned, badly-scaled, and/or
a number of observations is only slightly greater than a
number of nonnegative hidden components. Our new im-
plementations of NMF are demonstrated with the sim-
ulations performed for Blind Source Separation (BSS)
data.

1 Introduction

NMF and its extended versions, nonnegative matrix de-
convolution (NMD), and nonnegative tensor factoriza-
tion (NTF) are relatively new and promising techniques
with many potential scientific and engineering applica-
tions including: classification [1–5], clustering and seg-
mentation of patterns [6–10], dimensionality reduction
[11,12], face or object recognition [12–15], spectra re-
covering [16–18], language modeling, speech processing,

? On leave from Warsaw University of Technology, Poland
?? On leave from Institute of Telecommunications, Telein-
formatics, and Acoustics, Wroclaw University of Technology,
Poland

data mining and data analysis, e.g., text analysis [19]
and music transcription [5,17,20].

NMF is often able to recover hidden structures in the
data, and to provide biological insight. Depending on an
application, the hidden structures may have different in-
terpretation. For example, Lee and Seung in [6] intro-
duced NMF as a method to decompose an image (face)
into parts-based representations (parts reminiscent of
features such as lips, eyes, nose, etc.). In blind source
separation [21], the recovered components are unknown
hidden (lateral) nonnegative components that cannot be
observed directly. In many cases, NMF performs dimen-
sionality reduction, and the retrieval components in a
low-dimensional space have the similar interpretation
(pattern analysis) as, e.g. the components obtained with
PCA.

The simplest linear model used in NMF is of the
form:

Y = AX + V , (1)

where Y = [yit] ∈ Rm×T is a matrix of observations,
A = [aij ] ∈ Rm×n is an unknown basis or mixing ma-
trix with nonnegative entries, X = [xjt] ∈ Rn×T is a
matrix of unknown hidden nonnegative components or
sources, and V ∈ Rm×T is a matrix of additive noise;
typically T >> m > n. The objective is to estimate A
and X knowing only Y . To solve the problem, we usu-
ally define a suitable cost function and perform alternat-
ing minimization similar to Expectation Maximization
(EM) approach [6].

There are many possibilities for defining the cost
function D(Y ||AX), and many procedures for perform-
ing its alternating minimization, which leads to several
kinds NMF algorithms: multiplicative, projected gradi-
ent, and fixed point [6,22,21,23–27].

The most known and used adaptive multiplicative
algorithm for NMF is based Squared Euclidean distance
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(expressed as squared Frobenius norm):

DF (Y ||AX) =
1
2
‖Y −AX‖2F

=
1
2

m∑

i=1

T∑
t=1

|yit − [AX] it|2 (2)

s. t. aij ≥ 0, xj(t) = xjt ≥ 0 ∀ i, j, t,

which is optimal for a Gaussian distributed noise). On
basis of this cost function Lee and Seung proposed the
following multiplicative algorithm [6]:

aij ← aij
[Y XT ] ij

[AX XT ] ij

, xjt ← xjt
[AT Y ] jt

[AT AX] jt

. (3)

which is an extension of the well known ISRA (Image
Space Reconstruction Algorithm) algorithm [28].

Alternative mostly used loss function that intrinsi-
cally ensures non-negativity constraints and it is related
to the Poisson likelihood is a functional based on the
(generalized) Kullback-Leibler I-divergence [6,29]:

DKL(Y ||[AX]) =
∑

it

(
yit log

yit

[AX]it
+ [AX]it − yit

)

s. t. xjt ≥ 0, aij ≥ 0, ‖aj‖1 =
m∑

i=1

aij = 1. (4)

Using the alternating minimization approach Lee and
Seung derived the following learning multiplicative rules:

xjt ← xjt

∑m
i=1 aij (yit/[AX]it)∑m

q=1 aqj
, (5)

aij ← aij

∑T
t=1 xjt (yit/[A X] it)∑T

t=1 xjt

, (6)

which are extensions (by alternating minimization) of
the well known EMML or Richardson-Lucy algorithm
(RLA) [28].

However, the performance of the above multiplicative
NMF algorithms may be quite poor, especially, when the
unknown nonnegative components are badly scaled (ill-
conditioned data), insufficiently sparse, and a number
of observations is equal or only slightly greater than a
number of latent (hidden) components.

In the paper, we focuss on new projected gradient
algorithms in the context of application to NMF. Ad-
ditionally, we shortly present the multilayer extension
to NMF that considerably improves the performance of
all the exiting NMF algorithms, especially the gradient
projected algorithms.

2 Projected gradient techniques

In contrast to the multiplicative Lee-Seung NMF algo-
rithms [6], this class of algorithms has additive updates.
The algorithms discussed here mostly use the squared

Euclidean distance (2). The projected gradient method
can be generally expressed by iterative updates:

X(k+1) = PΩ [X(k) + η
(k)
X P X ], (7)

A(k+1) = PΩ [A(k) + η
(k)
A P A], (8)

where PΩ [ξ] is a projection of ξ onto feasible set Ω, P X

and P A are ascent directions for X and A, respectively.
There are many rules for choosing the learning rates η

(k)
X

and η
(k)
A . In the presented methods, the learning rules

are adjusted in this way to maintain nonnegativity con-
straints, which is equivalent to perform the projection
PΩ [ξ].

2.1 Projected gradient

We formulated the NMF problem as the following opti-
mization problem:

min
X∈Rn×N , A∈Rm×n

DF (Y ||AX), s.t. aij , xjt ≥ 0, (9)

which can be also solved with the following alternating
Projected Gradient (PG) iterative updates

X(k+1) = PΩ [X(k) + η
(k)
X P

(k)
X ], (10)

A(k+1) = PΩ [A(k) + η
(k)
A P

(k)
A ], (11)

where

P
(k)
X = −∇XDF (Y ||A(k)X)|X=X(k) ,

P
(k)
A = −∇ADF (Y ||AX(k+1))|A=A(k) ,

PΩ [ξ] =

{
ξ if ξ ≥ 0,

0 otherwise
. (12)

Several choices are available for selecting the optimal
values of η

(k)
X , η

(k)
A in each iteration k.

Recently, Chih-Jen Lin in [26] applied the Armijo
rule to the squared Euclidean distance. For computation
of X, such a value of ηX is decided on which

η
(k)
X = βmk , (13)

where mk is the first non-negative integer m for which

DF (Y ||AX(k+1))−DF (Y ||AX(k)) ≤
≤ σ∇XDF (Y ||AX(k))T (X(k+1) −X(k)).

The similar rule is applied for computing A. The pa-
rameters β and σ decide about a convergence speed. In
this algorithm we set σ = 0.01, β = 0.1. We extend the
Lin’s algorithm to the multilayer system, which substan-
tially improves the performance of the NMF. Moreover,
it is possible to extend this approach to other diver-
gences D(Y ||AX), such as the Kullback-Leibler, dual
Kullback-Leibler or α-divergences [21].
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2.2 Interior point gradient

The Interior Point Gradient (IPG) algorithm was pro-
posed by Merritt and Zhang in [30] to a nonnegatively
constrained least-squares problem. We extend this algo-
rithm to NMF applications. This algorithm is based on
the scaled gradient descent method, where the descent
direction P X for X is determined by a negative scaled
gradient, i.e.

P X = −D ¯∇XDF (Y ||AX), (14)

with the scaling vector

D = X ® (AT AX), (15)

where ¯ and®mean component-wise multiplication and
division, respectively. The cost function DF (Y ||AX)
was assumed to be the squared Euclidean distance (2).
The IPG algorithm can be written in the compact form

A ← A + ηA [A ® (AXXT )] ¯ [(AX − Y )XT ],
(16)

X ← X + ηX [X ® (AT AX)] ¯ [AT (AX − Y )],
(17)

where ηA > 0 and ηX > 0 are suitably chosen learning
rates.

In interior-point gradient methods, the learning rates
are adjusted in each iteration to keep the iterates posi-
tive. In the IPG algorithm, the learning rates are chosen
so that to be close to η∗X and η∗A which are the exact
minimizers of DF (Y ||A(X + ηXP X)) and DF (Y ||(A+
ηAP A)X), respectively, and on the other hand, to keep
some distance to the boundary of the nonnegative or-
thant.

We used the following novel implementation of the
IPG algorithm for NMF:

Algorithm 1 (IPG-NMF)
Set A, X, τ ∈ (0, 1), % Initialization
For s = 0, 1, . . ., % Alternating
Step 1: Do A-IPG iterations with Algorithm 2,
Step 2: Do X-IPG iterations with Algorithm 3,
End % Alternating

Algorithm 2 (A-IPG)
For n = 0, 1, . . ., % Inner loop for A

∇AD(Y ||AX) ← (AX − Y )XT ,
D ← A® (AXXT ),
P A ← −D ¯∇AD(Y ||AX),

η∗A = −
(
vec(P A)T vec(∇AD(Y ||AX))

)

(vec(P AX)T vec(P AX))
,

η̂A = max{ηA : A + ηAP A ≥ 0},
Set: τ̂ ∈ [τ, 1), ηA = min(τ̂ η̂A, η∗A),

A ← A + ηAP A,
End

Algorithm 3 (X-IPG)
For n = 0, 1, . . ., % Inner loop for X

∇XD(Y ||AX) ← AT (AX − Y ),
D ← X ® (AT AX),
P X ← −D ¯∇XD(Y ||AX),

η∗X = −
(
vec(P X)T vec(∇XD(Y ||AX))

)

(vec(AP X)T vec(AP X))
,

η̂X = max{ηX : X + ηXP X ≥ 0},
Set: τ̂ ∈ [τ, 1), ηX = min(τ̂ η̂X , η∗X),

X ← X + ηXP X ,
End

where P A and P X are descent directions, η̂A and η̂X

are step lengths towards boundary of the nonnegative
orthant, and ηA and ηX are current step lengths, re-
spectively.

2.3 Regularized minimal residual norm steepest descent
algorithm

The Minimal Residual Norm Steepest Descent (MRNSD)
algorithm, which has been proposed by Nagy and Strakos
[31] to image restoration problems, has been found to be
the same as the EMLS algorithm developed by Kaufman
[32]. The original MRNSD solves the following problem
(assuming that the basis matrix A is known)

Φ(x(t)) =
1
2
||y(t)−Ax(t)||22,

subject to x(t) ≥ 0, t = 1, . . . , T. (18)

The nonnegativity constraints are achieved by assuming
the nonlinear transformation x(t) = exp{z(t)}, and then

∇z(t)Φ(x(t)) = diag(x(t))∇x(t)Φ(x(t)) (19)

= diag(x(t))AT (Ax(t)− y(t)) = 0

satisfies the KKT conditions. The solution is updated by
the following rules:

p(t) ← diag(x(t))AT (Ax(t)− y(t)),
x(t) ← x(t) + ηp(t).

We applied the MRNSD approach to the regularized
cost function:

D
(αX)
F (Y ||AX) =

1
2
‖Y −AX‖2F + αXJX(X), (20)

where both matrix A and X are unknown and regular-
ization term of the form JX(X) =

∑r
j=1

∑T
t=1 xjt has

been introduced in the order to provide the sparseness
of the matrix X.

We have implemented the following MRNSD algo-
rithm for NMF:
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Algorithm 4 (MRNSD-NMF)
Set A, X, 1m = [1, . . . , 1]T ∈ Rm,

1r = [1, . . . , 1]T ∈ Rr, 1T = [1, . . . , 1]T ∈ RT ,
For s = 0, 1, . . ., % Alternating
Step 1: Do A-MRNSD iterations with

Algorithm 5,
Step 2: Do X-MRNSD iterations

with Algorithm 6,
End % Alternating

Algorithm 5 (A-MRNSD)
G = ∇AD(Y ||AX)

= (AX − Y )XT ,
For n = 0, 1, . . ., % Inner loop for A

γ = 1T
m[G¯X ¯G]1T

r ,

P A = −A¯G, U = P AX,
η∗ = γ

(
1T

m[U ¯U ]1T

)−1
,

η = min
{
η∗, minpij<0(−A® P A)

}
,

A ← A + ηP A, Z = UXT , G ← G + ηZ,
End % Alternating

Algorithm 6 (X-MRNSD)
G = ∇XD(Y ||AX)

= AT (AX − Y ) + ηX ,
For n = 0, 1, . . ., % Inner loop for X

γ = 1T
r [G¯X ¯G]1T

T ,
P X = −X ¯G, U = AP X ,
η∗ = γ

(
1T

m[U ¯U ]1T

)−1
,

η = min
{
η∗, minpjt<0(−X ® P X)

}
,

X ← X + ηP X , Z = AT U , G ← G + ηZ,
End % Alternating

3 Multilayer approach

In order to improve performance of the NMF, especially
for ill-conditioned and badly scaled data and also to
reduce risk of getting stuck in local minima of a cost
function, we have developed a simple hierarchical and
multi-stage procedure in which we perform a sequential
decomposition (factorization) of nonnegative matrices as
follows:

Algorithm 7 (Multilayer Algorithm)
Set: X0 = Y ,
For l = 1, 2, . . . L, do :

Initialize randomly A
(0)
l and/or X

(0)
l ,

For k = 1, 2, . . . , K , do :

X
(k)
l = arg min

Xl≥0

{
D

(
X l−1||A(k−1)

l X l

)}
,

A
(k)
l = arg min

Al≥0

{
D̃

(
X l−1||AlX

(k)
l

)}
,

[A(k)
l ]ij ←

[
aij∑m
i=1 aij

](k)

l

,

End
X l = X

(K)
l , Al = A

(K)
l ,

End

(a)

(b)

Fig. 1 (a) Original 5 source signals; (b) observed 6
mixed signals mixed synthetically by random generated ill-
conditioned matrix.
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(a)

(b)

Fig. 2 Estimated sources with: (a) the Lee-Seung algorithm
(EMML) with one single layer; (b) the standard Lee-Seung
algorithm (EMML) with three layers (slight to moderate im-
provements are observed).

In the first step, we perform the basic decomposition
Y = A1X1 using any available NMF algorithm, where
A1 ∈ Rm×n and X1 ∈ Rn×T with m ≥ n. In the second
stage, the results obtained from the first stage are used to
perform the similar decomposition: X1 = A2X2, where
A2 ∈ Rn×n and X2 ∈ Rn×T , using the same or different
update rules, and so on. We continue our decomposition
taking into account only the last achieved components.
The process can be repeated arbitrary many times until
some stopping criteria are satisfied. In each step, we usu-
ally obtain gradual improvements of the performance.
Thus, our model has the form: Y = A1A2 . . . ALXL,
with the basis matrix defined as A = A1A2 . . . AL ∈
Rm×T . Physically, this means that we build up a sys-
tem that has many layers or cascade connection of L

(a)

(b)

Fig. 3 Estimated sources with: (a) ThinICA algorithm with
one layer; (b) IPG algorithm with three layers (in this case,
we are able to reconstruct hidden components almost per-
fectly).

mixing subsystems. The key point in our novel approach
is that the learning (update) process to find parame-
ters of matrices Al and X l is performed sequentially,
i.e., layer by layer. In each step or each layer, we can
use the same cost (loss) functions, and consequently, the
same learning (minimization) rules, or completely differ-
ent cost functions and/or corresponding update rules.
Thus, our approach can be described by Algorithm 7.
The cost functions D(Y ||AX) and D̃(Y ||AX) can take
various forms, e.g.: the alpha divergence, Bregman di-
vergence, Csiszar divergence, beta divergence, Euclidean
distance [21,27].

An open theoretical issue is to prove mathemati-
cally or explain more rigorously why the multilayer dis-
tributed NMF system results in considerable improve-
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(a)

(b)

Fig. 4 (a) Original 5 source spectra; (b) observed 20 noisy
mixed spectra (SNR = 20 dB).

ment in performance and reduces the risk of getting
stuck at local minima. An intuitive explanation is as fol-
lows: the multilayer system provides a sparse representa-
tion of basis matrices Al, so even a true basis matrix A
is not sparse it can be represented by a product of sparse
factors. In each layer we enforce (or encourage) a sparse
representation. We found by extensive experiments that
if the basis matrix is very sparse, most NMF algorithms
have improved performance. However, not all data is a
sufficiently sparse representation, so the main idea is to
model any data by cascade connections of sparse sub-
systems. On the other hand, such multilayer systems are
biologically motivated and plausible.

(a)

(b)

Fig. 5 Estimated sources with: (a) the Lee-Seung algorithm
(EMML) with one layer (SIR = 7.4, 6.9, 4.6, 3.9, 7.7 [dB]);
(b) ThinICA algorithm with one layer (SIR = 16.7, 8.2, 17.2,
10.6, 14.9 [dB]).

4 Experiments

The proposed NMF algorithms have been extensively
tested for many difficult benchmarks for signals and im-
ages with various statistical distributions. The simula-
tions results confirmed that the developed algorithms
together with the multilayer strategy are efficient and
stable for a wide set of parameters. We show here three
illustrative examples.

The five statistically dependent nonnegative signals
shown in Fig. 1(a) have been mixed by randomly gen-
erated uniformly distributed nonnegative matrix A ∈
R6×5. The mixing signals are shown in Fig. 1(b). Using
the standard multiplicative NMF algorithms we failed to
estimate the original sources. Fig. 2(a) illustrates the re-
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(a)

(b)

Fig. 6 Estimated sources with: (a) IPG algorithm with one
layer (SIR = 19.4, 10.8, 17.8, 18.3, 11.6 [dB]); (b) IPG al-
gorithm with three layers (SIR = 22.2, 21.1, 17.1, 22.9, 22
[dB]).

sults obtained with the standard Lee-Seung algorithm,
referred here to as EMML (Expectation Maximization
Maximum Likelihood) based on alternating minimiza-
tion of the Kullback-Leibler I-divergence. However, the
same algorithm with only three layers of the multilayer
technique gives much better results – see Fig. 2(b) and
also compare the SIRs in Table 1 for this case. Slightly
better performance for the multilayer system provides
the second Lee-Seung algorithm referred to as ISRA (Im-
age Space Reconstruction Algorithm). However, we have
obtained the best performance for the projected gradi-
ent methods, especially for the IPG method – see Fig.
3(b) and Table 1. We also tried to apply the ICA al-
gorithms to solve the problem but due to partial de-
pendence of the sources the performance is rather poor,

(a)

(b)

Fig. 7 (a) Original 3 source images; (b) observed 6 mixed
images.

which is illustrated in Fig 3(a) for the powerful and flex-
ible ThinICA algorithm [33]. The multilayer approach
for the ThinICA algorithm does not improve the results.
The most important feature of our approach consists in
applying multi-layer technique that reduces the risk of
getting stuck in local minima, and hence, considerably
improves the performance of NMF.

Example 2 shows the separation results of 5 more
realistic signals (see Fig. 4 (a)) that represent spectra.
The separation is performed from 20 noisy observations
(A ∈ R20×5 is a uniformly distributed random matrix),
where the Gaussian noise with SNR = 20dB was added.
The observations are shown in Fig. 4 (a). The simula-
tion results are illustrated in Figs. 5 and 6. The IPG
algorithm with 3 layers still gives the best performance.

Finally, in Example 3 we have used the 3 correlated
and statistically dependent images: faces of the same
person with different facial expression (see Fig. 7 (a))
that have been mixed with uniformly distributed ran-
dom matrix A ∈ R6×3. The mixtures are shown in Fig.
7 (b). Figs. 8 and 9 present the separation results. Again,
we have confirmed that the multilayer system consider-
ably improves the performance of all the tested algo-
rithms, and the best results are obtained with the IPG
algorithm.
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Table 1 SIRs for estimation of sources and columns of mixing matrix [dB] from noise-free mixtures of signals in Fig. 1. The
number in parenthesis close to the algorithm name denotes the number of layers.

Sources: 1 2 3 4 5 Mean SIRs

EMML(1) 2.77 14.48 1.66 4.17 10 6.62

EMML(3) 8.45 11.35 13.68 16.49 17.19 13.43

ISRA(1) 6.42 3.18 2.05 19.36 4.27 7.06

ISRA(3) 20.05 9.48 16.35 15.08 27.54 17.7

PG(1) 2.2 12.6 3.3 3.85 7.24 5.84

PG(3) 23.02 43.75 31.33 20.95 25.23 28.86

IPG(1) 8.47 20.54 18.93 6.77 10.02 12.95

IPG(3) 48.53 38.36 39.11 24.37 44.69 39.78

MRNSD(1) 6.95 12.54 6.25 3.33 7.94 7.4

MRNSD(3) 26.42 30.39 24.67 23.53 20.04 29.49

ThinICA 19.62 21.12 15.11 26.42 15.16 19.49

Columns: 1 2 3 4 5 Mean SIRs

EMML(1) 7.02 8.39 2.84 12.22 6.59 7.41

EMML(3) 18 18.9 22.84 12.11 24.9 19.35

ISRA(1) 12.02 7.47 6.98 10.95 7.38 8.96

ISRA(3) 21.45 19.24 18.03 14.51 29.71 20.59

PG(1) 4.91 9.72 5.3 7.6 2.87 6.08

PG(3) 35.64 30.61 28.44 34.52 27.44 31.33

IPG(1) 20 14.79 17.59 20.74 6.02 16.83

IPG(3) 41.92 30.34 37.87 45.89 42.89 39.78

MRNSD(1) 12.63 7.83 2.67 7.77 3.48 6.87

MRNSD(3) 31.98 36.83 20.72 28.52 29.39 25.01

ThinICA 22 33.79 20.93 26 20.32 24.52

(a)

(b)

Fig. 8 Estimated images with: (a) the Lee-Seung algorithm
(EMML) with one layer (SIR = 8.4, 8.6, 16.3 [dB]); (b)
ThinICA algorithm with one layer (SIR = 12.8, 13.7 12.9
[dB]).

(a)

(b)

Fig. 9 Estimated images with: (a) IPG algorithm with one
layer (SIR = 25.1, 22.4, 21 [dB]); (b) IPG algorithm with
three layers (SIR = 44.5, 28.2, 45.7 [dB]).
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5 Conclusions

In this paper we discuss three nonconventional imple-
mentations of NMF algorithms with additive updates
based on projected gradient, interior-point gradient, and
regularized minimal residual norm steepest descent tech-
niques. We implemented them in MATLAB (see NM-
FLAB for Signal Processing – Matlab toolbox accessi-
ble in http://www.bsp.brain.riken.jp ) using the novel
multi-layer structure and found by extensive simulations
their superior performance in comparison to the stan-
dard multiplicative algorithms, especially when the ba-
sis matrix is not sufficiently sparse and the number of
observations is only slightly greater than the number of
sources.

The efficiency of many NMF strategies is affected
by the selection of the starting matrices. Poor initial-
izations often result in slow convergence, and in certain
instances may lead to an incorrect or irrelevant answer.
It should be noted that in our approach a key role plays
also a multi-start initialization for each layer. We usu-
ally start to run a specific algorithm for several (typi-
cally 10) randomly generated initial conditions (A and
X) for a fixed but very small number of iterations (typ-
ically, 20 iterations) and select a such initial conditions
which provide the lowest possible value of the Kullback-
Leibler I-divergence after 20 iterations (see NMFLAB
implementation).
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