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noise or error matrix, y(k) = [y1 (k), . . . , ym (k)]T is a vector
of the observed signals at the discrete time instants1 k, while
x(k) = [x1 (k), . . . , xn (k)]T is a vector of components or
source signals at the same time instant [1, 2].
Our objective is to estimate the mixing (basis) matrix A
and sources X, subject to nonnegativity constraints. Usually, in BSS applications N >> m ≥ n and n is known or
can be estimated using SVD. We use the following notations:
xj (k) = xjk , yi (k) = yik , zik = [AX]ik means ik-element
of the matrix Z = AX.
Unlike the other matrix factorizations, NMF permits the
combination of multiple basis signals to represent original
signals. But only additive combinations are allowed, because
the nonzero elements of A and X are all positive. Thus in
such decomposition no subtractions can occur. For these reasons, the non-negativity constraints are compatible with the
intuitive notion of combining components to form a whole
signal or image, which is how NMF learns a parts-based representation [3, 4, 5, 2].
The NMF (Non-negative Matrix Factorization) sometimes
1. INTRODUCTION AND PROBLEM
called
also PMF (Positive Matrix Factorization)does not asFORMULATION
sume explicitly or implicitly sparseness or mutual statistical
independence of components, however usually provides sparse
Many problems in signal and image processing can be exdecomposition [3]. The NMF found many applications in
pressed in terms of matrix factorizations. Different cost funcspectroscopy, chemometrics and environmental science where
tions and imposed constraints may lead to different types of
the matrices have clear physical meanings and some normalmatrix factorization. In this paper we impose nonnegativization are imposed to them (for example, the matrix A has
ity constraints and other constraints such as sparseness and
columns normalized to unit length) [4, 6, 7]
smoothness. Non-negative matrix factorization (NMF) deThe NMF method is designed to capture alternative struccomposes the data matrix Y = [y(1), y(2), . . . , y(N )] ∈
tures inherent in the data, and possibly to provide more bioRm×N as a product of two matrices A ∈ Rm×n and X =
logical insight. Lee and Seung introduced NMF in its modern
[x(1), x(2), . . . , x(N )] ∈ Rn×N having only non-negative
formulation as a method to decompose images [3]. For exelements. Although some decompositions or matrix factorample, in this context, NMF yielded a decomposition of huizations provide an exact reconstruction data (i.e., Y = AX),
man faces into parts reminiscent of features such as lips, eyes,
we shall consider here the decompositions which are approxnose, etc.
imative in nature, i.e.,
The most of known and used adaptive multiplicative alY = AX + V
(1)
gorithms
for NMF are based on two cost functions: Square
Pn
or equivalently in a scalar form as yi (k) = yik = j=1 aij xj (k) Euclidean distance expressed by Frobenius norm DF (A, X)
= 12 kY − AXk2F which is optimal for Gaussian distributed
+νi (k), i = 1, . . . , m, where V ∈ Rm×N represents a
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1 The data are often represented not in the time domain but in a transform
domain such as the time frequency domain, so index k may have different
meaning.

noise, and the generalized Kullback-Leibler divegence
X
DKL (A, X) =
(yik log(yik /[AX]ik ) + [AX]ik − yik )
i,k

which is related the Poisson likelihood. The most existing
NMF algorithms perform blind source separation rather very
poorly due to non-uniqueness of solution and/or lack of additional constraints which should be satisfied. The main objective of this contribution is to propose a flexible NMF approach and generalize or combine several different criteria in
order to extract physically meaningful sources from their linear mixtures and noise. Whereas most applications of NMF
focused on grouping elements of images into parts (using the
matrix A), we take the dual viewpoint by focusing primarily on grouping samples into components representing by the
matrix X of source signals.
2. MULTIPLICATIVE NMF ALGORITHMS WITH
REGULARIZATION AND SPARSITY CONSTRAINTS
Although standard NMF (without any auxiliary constraints)
provides sparseness of its component, we can achieve some
control of this sparsity as well as smoothness of components
by imposing additional constraints to natural non-negativity
constraints. In fact, we can incorporate smoothness or sparsity constraints in several ways [5]. One of the simples approach is to implement in each iteration step a nonlinear projection which can increase sparseness and/or smoothness of
the estimated components. An alternative approach is to add
to the loss function suitable regularization or penalty terms.
Let us consider the following constrained optimization problem:
Minimize:
1
DF α (A, X) = kY − AXk2F + αA JA (A) + αX JX (X)
2
s. t. aij ≥ 0,

xjk ≥ 0, ∀ i, j, k,

(2)

where αA and αX ≥ 0 are nonnegative regularization parameters and terms JX (X) and JA (A) are used to enforce a certain application-dependent characteristic of P
the solution. As
special
practical
case,
we
have
J
(X)
=
X
jk fX (xjk ) =
P
x
where
f
(·)
are
suitably
chosen
functions
which are
jk
jk
measure of smoothness or sparsity. In order to achieve sparse
representation we usually chose f (xj ) = |xj | or simply f (xj )=
xj or alternatively f (xj ) = xj log(xj ) with constraints xj ≥
0. Similar regularization terms can be implemented also for
the matrix A. Note, that we treat both matrices A and X
in a symmetric way. Applying the standard gradient descent
approach, we have
aij

←

xjk

←

∂JF α (A, X)
,
∂aij
∂JF α (A, X)
xjk − ηjk
,
∂xjk

aij − ηij

where ηij and ηjk are positive learning rates. The gradient
components can be expressed in compact matrix forms as:
∂DF α (A, X)
∂aij
∂DF α (A, X)
∂xjk

=
=

∂JA (A)
∂aij
∂J
X (X)
[−AT Y + AT AX]jk + αX
∂xjk
[−Y X T + AXX T ]ij + αA

Here, we follow the Lee and Seung’s proposition to choose
specific learning rates [3, 6]
aij
xjk
ηij =
, ηjk =
,
(3)
[AXX T ]ij
[AT A X] jk
which leads to a generalized robust multiplicative update rules:
h
i
Y X T ]ij − αA ϕA (aij )
ε
aij ← aij
(4)
[A X X T ]ij + ε
h
i
[AT Y ]jk − αX ϕX (xjk )
ε
xjk ← xjk
,
(5)
[AT A X]jk + ε
where the nonlinear operator is defined as [x]ε = max{ε, x}
with small ε, and the functions ϕA (aij ) and ϕX (xjk ) are defined as
ϕA (aij ) =

∂JA (A)
,
∂aij

ϕX (xjk ) =

∂JX (X)
.
∂xjk

(6)

Typically, ε = 10−9 is introduced in order to ensure nonnegativity constraints and to avoid possible division by zero.
In the special case, by using the l1 norm regularization terms
f (x) = kxk1 for both matrices X and A the above multiplicative learning rules can be simplified as follows:
h
i
[Y X T ] ij − αA
ε
aij ← aij
(7)
[A X X T ] ij + ε
h
i
[AT Y ] jk − αX
ε
xjk ← xjk
(8)
[AT A X] jk + ε
with a normalizationPof columns of the matrix A in each iteration as aij ← aij / i aij .
The above algorithm provides a sparse representation of
the estimated matrices and the sparseness measure increases
with increasing values of regularization coefficients, typically
αX = 0.01 − 0.5.
The sparsity and smoothness constraints can be extended
to NMF algorithms corresponding to other loss functions and
generalized divergences by adding suitable regularization terms
and/or projecting data by suitable nonlinear functions. For
example, for the generalized regularized Kullback-Leibler divergence (called also I-divergence):
¶
Xµ
yik
+ yik − [AX]ik
yik log
DKL (Y ||AX) =
[AX]ik
ik

+αX J(X) + αA J(A)

(9)

we developed a modified learning rule:
Ã

!1+αsX
Pm
a
(y
/[A
X]
)
ij
ik
ik
i=1
←
xjk Pm
(10)
[ q=1 aqj + αX ϕX (X)]ε
!1+αsA
Ã
PN
x
(y
/[A
X]
)
jk
ik
ik
←
aij Pk=1
,(11)
N
[ p=1 xjp + αA ϕA (A)]ε

xjk
aij

matrix, respectively. For β = 0 the NMF algorithm takes the
following form:
xjk

←

xjk

m µ
Y
i=1

aij

←

aij

N µ
Y
k=1

where additional small positive regularization terms αsX ≥ 0
and αsX ≥ 0 are introduced in order to enforce sparseness of
the solution, if necessary. Typical values of αsX = αsA =
0.001 − 0.005.
Alternative loss function which provides a wide class of
flexible distance measures is the Amari’s alpha divergence
(see also Cressie-Read disparity family, Liese & Vajda, 1987)
[1, 8] defined as
µ
X

DA (Y ||AX) =

yik

ik

¶β−1
yik
−1
[AX ik ]
(β − 1)β

[AX]ik − yik
,
β

+

(12)

which for β = 0.5 simplifies to Hellinger distance, for β = 1
converges to Kullback-Leibler distance, for β = 2 simplifies
to Pearson’s chi-square distance, and Neyman’s chi-square
distance is for β = −1. The minimization of the above
loss function subject to nonnegativity constraints xjk ≥ 0
and aij ≥ 0 using majorizing (auxiliary) cost function and
alternating minimization/projection approach leads to a new
generalized and universal algorithm:

xjk

←

Ã

xjk

aij

!ω/β 1+αsX

(yik /[A X]ik )
(13)

xjk

!ω/β 1+αsA
β
 (14)
(yik /[A X] ik )

m
X

β

i=1


aij
aij

←
←

Ã

aij
X

aij /

N
X

k=1

aij , β 6= 0.

(15)

i

The above algorithm can be described in the matrix form using MATLAB notations:
´
³
¡
¢
X ←
X . ∗ A0 ∗ ([Y ]ε ./ [A ∗ X]ε ).β .ω/β .1+αsX
´
³
¡
¢
A ←
A . ∗ ([Y ]ε ./ [A ∗ X]ε ).β ∗ X 0 .ω/β .1+αsA
A

←

A ∗ diag(1./sum(A, 1)).

(16)

where ω ∈ (0, 2) is the relaxation parameter and the operators
.∗, ./ and .β mean componentwise multiplication, division
and rising to the power β each element of a corresponding

yik
[AX]ik
yik
[AX]ik

¶ωaij
,

(17)

¶η̃j xjk
,

(18)

P
where η̃j = ω( Pk xjk )−1 and aij is normalized in each step
as: aij ← aij / p apj .
3. SIMULATION RESULTS
The proposed NMF algorithms have been extensively tested
for many difficult benchmarks for signals and images with
various statistical distributions. The simulations results confirmed that the developed algorithms are efficient and stable
for a wide set of parameters. However, if a number of observations is very close to a number of unknown sources the
algorithms do not guarantee estimation of all the sources and
sometimes stuck in local minima, especially if regularization
terms are absent or they are not suitably chosen. If a number
of observations is much larger than a number of sources the
proposed algorithms give consistent and satisfactory results,
especially when sources or mixing matrices are sparse. We
found that the regularization and nonlinear projections terms
play a key role in improving of performance of blind source
separation. Due to limit of space we give here only one illustrative example. Example 1: Five statistically dependent
nonnegative signals shown in Fig.1 (top) have been mixed by
randomly generated nonnegative matrix A ∈ R9×5 . To mixture we added Gaussian noise with SNR=20 dB. The mixing
signals are shown in Fig.1 (bottom). Using the known standard NMF algorithms we failed to estimate original sources.
Fig. 2 (top) illustrates the results applying algorithm (13)(15) without any regularization and nonlinear projection with
β = ω = 1 and αsX = αsXA = 0. Applying the regularization and nonlinear projection techniques for the same algorithm with and αsX = αsXA = 0.005, β = 2 and ω = 1.9
we reconstructed successfully all the sources with signal to
interference ratios (SIR) as follows SIR=24, 33, 34, 19, 23 dB
as shown in Fig.2 (bottom). Similar or even slightly better
performance we achieved by applying three other developed
algorithms. We initialized our simulations from arbitrary nonnegative matrices (for example, elements of matrices can be
uniformly distributed from 0 to 1). Iterations should be continued until the error change will be negligible small (say, less
than 0.01%). Since all the presented algorithms are based on
a gradient descent approach they guarantee to achieve only
local minima. To address this limitation, we can repeat the
procedure several times starting from different initial matrices. The global convergence is still an open issue for NMF.

Fig. 1. Example 1, Top: original 5 source signals, and bottom:
observed 9 mixed signals.
4. FINAL REMARKS AND CONCLUSIONS
The optimal choice of regularization parameters and β depends on the distribution of data and a priori knowledge about
the hidden (latent) components. If such knowledge is not
available, we may run NMF algorithms for various sets of
parameters to find an optimal solution. For some tasks and
distributions there are particular divergence measures that are
uniquely suited.
In summary, the proposed NMF multiplicative algorithms
are efficient and robust for extracting and separation of statistically dependent sparse and/or smooth sources. However, the
challenge that still remains is to prove the global convergence
of such algorithms and to provide a meaningful physical interpretation to some of NMF discovered latent components or
classes of components when the structures of the true sources
are completely unknown.
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