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ABSTRACT
In this paper we develop several algorithms for non-negative
matrix factorization (NMF) in applications to blind (or semi
blind) source separation (BSS), when sources are generally
statistically dependent under conditions that additional con-
straints are imposed such as nonnegativity, sparsity, smooth-
ness, lower complexity or better predictability. We express
the non-negativity constraints using a wide class of loss (cost)
functions, which leads to an extended class of multiplicative
algorithms with regularization. The proposed relaxed forms
of the NMF algorithms have a higher convergence speed with
the desired constraints. Moreover, the effects of various reg-
ularization and constraints are clearly shown. The scope of
the results is vast since the discussed loss functions include
quite a large number of useful cost functions such as weighted
Euclidean distance, relative entropy, Kullback Leibler diver-
gence, and generalized Hellinger, Pearson’s, Neyman’s dis-
tances, etc.

1. INTRODUCTION AND PROBLEM
FORMULATION

Many problems in signal and image processing can be ex-
pressed in terms of matrix factorizations. Different cost func-
tions and imposed constraints may lead to different types of
matrix factorization. In this paper we impose nonnegativ-
ity constraints and other constraints such as sparseness and
smoothness. Non-negative matrix factorization (NMF) de-
composes the data matrix Y = [y(1),y(2), . . . , y(N)] ∈
Rm×N as a product of two matrices A ∈ Rm×n and X =
[x(1),x(2), . . . , x(N)] ∈ Rn×N having only non-negative
elements. Although some decompositions or matrix factor-
izations provide an exact reconstruction data (i.e., Y = AX),
we shall consider here the decompositions which are approx-
imative in nature, i.e.,

Y = AX + V (1)

or equivalently in a scalar form as yi(k) = yik =
∑n

j=1 aijxj(k)
+νi(k), i = 1, . . . , m, where V ∈ Rm×N represents a
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noise or error matrix, y(k) = [y1(k), . . . , ym(k)]T is a vector
of the observed signals at the discrete time instants1 k, while
x(k) = [x1(k), . . . , xn(k)]T is a vector of components or
source signals at the same time instant [1, 2].

Our objective is to estimate the mixing (basis) matrix A
and sources X , subject to nonnegativity constraints. Usu-
ally, in BSS applications N >> m ≥ n and n is known or
can be estimated using SVD. We use the following notations:
xj(k) = xjk, yi(k) = yik, zik = [AX]ik means ik-element
of the matrix Z = AX .

Unlike the other matrix factorizations, NMF permits the
combination of multiple basis signals to represent original
signals. But only additive combinations are allowed, because
the nonzero elements of A and X are all positive. Thus in
such decomposition no subtractions can occur. For these rea-
sons, the non-negativity constraints are compatible with the
intuitive notion of combining components to form a whole
signal or image, which is how NMF learns a parts-based rep-
resentation [3, 4, 5, 2].

The NMF (Non-negative Matrix Factorization) sometimes
called also PMF (Positive Matrix Factorization)does not as-
sume explicitly or implicitly sparseness or mutual statistical
independence of components, however usually provides sparse
decomposition [3]. The NMF found many applications in
spectroscopy, chemometrics and environmental science where
the matrices have clear physical meanings and some normal-
ization are imposed to them (for example, the matrix A has
columns normalized to unit length) [4, 6, 7]

The NMF method is designed to capture alternative struc-
tures inherent in the data, and possibly to provide more bio-
logical insight. Lee and Seung introduced NMF in its modern
formulation as a method to decompose images [3]. For ex-
ample, in this context, NMF yielded a decomposition of hu-
man faces into parts reminiscent of features such as lips, eyes,
nose, etc.

The most of known and used adaptive multiplicative al-
gorithms for NMF are based on two cost functions: Square
Euclidean distance expressed by Frobenius norm DF (A, X)
= 1

2‖Y −AX‖2F which is optimal for Gaussian distributed

1The data are often represented not in the time domain but in a transform
domain such as the time frequency domain, so index k may have different
meaning.



noise, and the generalized Kullback-Leibler divegence

DKL(A,X) =
∑

i,k

(yik log(yik/[AX]ik) + [AX]ik − yik)

which is related the Poisson likelihood. The most existing
NMF algorithms perform blind source separation rather very
poorly due to non-uniqueness of solution and/or lack of ad-
ditional constraints which should be satisfied. The main ob-
jective of this contribution is to propose a flexible NMF ap-
proach and generalize or combine several different criteria in
order to extract physically meaningful sources from their lin-
ear mixtures and noise. Whereas most applications of NMF
focused on grouping elements of images into parts (using the
matrix A), we take the dual viewpoint by focusing primar-
ily on grouping samples into components representing by the
matrix X of source signals.

2. MULTIPLICATIVE NMF ALGORITHMS WITH
REGULARIZATION AND SPARSITY CONSTRAINTS

Although standard NMF (without any auxiliary constraints)
provides sparseness of its component, we can achieve some
control of this sparsity as well as smoothness of components
by imposing additional constraints to natural non-negativity
constraints. In fact, we can incorporate smoothness or spar-
sity constraints in several ways [5]. One of the simples ap-
proach is to implement in each iteration step a nonlinear pro-
jection which can increase sparseness and/or smoothness of
the estimated components. An alternative approach is to add
to the loss function suitable regularization or penalty terms.
Let us consider the following constrained optimization prob-
lem:
Minimize:

DFα(A,X) =
1
2
‖Y −AX‖2F + αAJA(A) + αXJX(X)

s. t. aij ≥ 0, xjk ≥ 0, ∀ i, j, k, (2)

where αA and αX ≥ 0 are nonnegative regularization param-
eters and terms JX(X) and JA(A) are used to enforce a cer-
tain application-dependent characteristic of the solution. As
special practical case, we have JX(X) =

∑
jk fX(xjk) =∑

jk xjk where f(·) are suitably chosen functions which are
measure of smoothness or sparsity. In order to achieve sparse
representation we usually chose f(xj) = |xj | or simply f(xj)=
xj or alternatively f(xj) = xj log(xj) with constraints xj ≥
0. Similar regularization terms can be implemented also for
the matrix A. Note, that we treat both matrices A and X
in a symmetric way. Applying the standard gradient descent
approach, we have

aij ← aij − ηij
∂JFα(A, X)

∂aij
,

xjk ← xjk − ηjk
∂JFα(A,X)

∂xjk
,

where ηij and ηjk are positive learning rates. The gradient
components can be expressed in compact matrix forms as:

∂DFα(A, X)
∂aij

= [−Y XT + AXXT ]ij + αA
∂JA(A)

∂aij

∂DFα(A, X)
∂xjk

= [−AT Y + AT AX]jk + αX
∂JX(X)

∂xjk

Here, we follow the Lee and Seung’s proposition to choose
specific learning rates [3, 6]

ηij =
aij

[AXXT ]ij
, ηjk =

xjk

[AT AX] jk

, (3)

which leads to a generalized robust multiplicative update rules:

aij ← aij

[
Y XT ]ij − αAϕA(aij)

]
ε

[A X XT ]ij + ε
(4)

xjk ← xjk

[
[AT Y ]jk − αX ϕX(xjk)

]
ε

[AT AX]jk + ε
, (5)

where the nonlinear operator is defined as [x]ε = max{ε, x}
with small ε, and the functions ϕA(aij) and ϕX(xjk) are de-
fined as

ϕA(aij) =
∂JA(A)

∂aij
, ϕX(xjk) =

∂JX(X)
∂xjk

. (6)

Typically, ε = 10−9 is introduced in order to ensure non-
negativity constraints and to avoid possible division by zero.
In the special case, by using the l1 norm regularization terms
f(x) = ‖x‖1 for both matrices X and A the above multi-
plicative learning rules can be simplified as follows:

aij ← aij

[
[Y XT ] ij − αA

]
ε

[AX XT ] ij + ε
(7)

xjk ← xjk

[
[AT Y ] jk − αX

]
ε

[AT AX] jk + ε
(8)

with a normalization of columns of the matrix A in each iter-
ation as aij ← aij/

∑
i aij .

The above algorithm provides a sparse representation of
the estimated matrices and the sparseness measure increases
with increasing values of regularization coefficients, typically
αX = 0.01− 0.5.

The sparsity and smoothness constraints can be extended
to NMF algorithms corresponding to other loss functions and
generalized divergences by adding suitable regularization terms
and/or projecting data by suitable nonlinear functions. For
example, for the generalized regularized Kullback-Leibler di-
vergence (called also I-divergence):

DKL(Y ||AX) =
∑

ik

(
yik log

yik

[AX]ik
+ yik − [AX]ik

)

+αXJ(X) + αAJ(A) (9)



we developed a modified learning rule:

xjk ←
(

xjk

∑m
i=1 aij (yik/[AX]ik)

[
∑m

q=1 aqj + αXϕX(X)]ε

)1+αsX

(10)

aij ←
(

aij

∑N
k=1 xjk (yik/[A X] ik)

[
∑N

p=1 xjp + αAϕA(A)]ε

)1+αsA

,(11)

where additional small positive regularization terms αsX ≥ 0
and αsX ≥ 0 are introduced in order to enforce sparseness of
the solution, if necessary. Typical values of αsX = αsA =
0.001− 0.005.

Alternative loss function which provides a wide class of
flexible distance measures is the Amari’s alpha divergence
(see also Cressie-Read disparity family, Liese & Vajda, 1987)
[1, 8] defined as

DA(Y ||AX) =
∑

ik

yik

(
yik

[AXik]

)β−1

− 1

(β − 1)β

+
[AX]ik − yik

β
, (12)

which for β = 0.5 simplifies to Hellinger distance, for β = 1
converges to Kullback-Leibler distance, for β = 2 simplifies
to Pearson’s chi-square distance, and Neyman’s chi-square
distance is for β = −1. The minimization of the above
loss function subject to nonnegativity constraints xjk ≥ 0
and aij ≥ 0 using majorizing (auxiliary) cost function and
alternating minimization/projection approach leads to a new
generalized and universal algorithm:

xjk ←

xjk

(
m∑

i=1

aij (yik/[AX]ik)β

)ω/β



1+αsX

(13)

aij ←

aij

(
N∑

k=1

xjk (yik/[AX] ik)β

)ω/β



1+αsA

(14)

aij ← aij/
∑

i

aij , β 6= 0. (15)

The above algorithm can be described in the matrix form us-
ing MATLAB notations:

X ←
(
X . ∗ (

A′ ∗ ([Y ]ε./ [A ∗X]ε).β
)
.ω/β

)
.1+αsX

A ←
(
A . ∗ (

([Y ]ε./ [A ∗X]ε).β ∗X ′ ) .ω/β
)

.1+αsA

A ← A ∗ diag(1./sum(A, 1)). (16)

where ω ∈ (0, 2) is the relaxation parameter and the operators
.∗, ./ and .β mean componentwise multiplication, division
and rising to the power β each element of a corresponding

matrix, respectively. For β = 0 the NMF algorithm takes the
following form:

xjk ← xjk

m∏

i=1

(
yik

[AX]ik

)ωaij

, (17)

aij ← aij

N∏

k=1

(
yik

[AX]ik

)η̃jxjk

, (18)

where η̃j = ω(
∑

k xjk)−1 and aij is normalized in each step
as: aij ← aij/

∑
p apj .

3. SIMULATION RESULTS

The proposed NMF algorithms have been extensively tested
for many difficult benchmarks for signals and images with
various statistical distributions. The simulations results con-
firmed that the developed algorithms are efficient and stable
for a wide set of parameters. However, if a number of ob-
servations is very close to a number of unknown sources the
algorithms do not guarantee estimation of all the sources and
sometimes stuck in local minima, especially if regularization
terms are absent or they are not suitably chosen. If a number
of observations is much larger than a number of sources the
proposed algorithms give consistent and satisfactory results,
especially when sources or mixing matrices are sparse. We
found that the regularization and nonlinear projections terms
play a key role in improving of performance of blind source
separation. Due to limit of space we give here only one il-
lustrative example. Example 1: Five statistically dependent
nonnegative signals shown in Fig.1 (top) have been mixed by
randomly generated nonnegative matrix A ∈ R9×5. To mix-
ture we added Gaussian noise with SNR=20 dB. The mixing
signals are shown in Fig.1 (bottom). Using the known stan-
dard NMF algorithms we failed to estimate original sources.
Fig. 2 (top) illustrates the results applying algorithm (13)-
(15) without any regularization and nonlinear projection with
β = ω = 1 and αsX = αsXA = 0. Applying the regular-
ization and nonlinear projection techniques for the same al-
gorithm with and αsX = αsXA = 0.005, β = 2 and ω = 1.9
we reconstructed successfully all the sources with signal to
interference ratios (SIR) as follows SIR=24, 33, 34, 19, 23 dB
as shown in Fig.2 (bottom). Similar or even slightly better
performance we achieved by applying three other developed
algorithms. We initialized our simulations from arbitrary non-
negative matrices (for example, elements of matrices can be
uniformly distributed from 0 to 1). Iterations should be con-
tinued until the error change will be negligible small (say, less
than 0.01%). Since all the presented algorithms are based on
a gradient descent approach they guarantee to achieve only
local minima. To address this limitation, we can repeat the
procedure several times starting from different initial matri-
ces. The global convergence is still an open issue for NMF.



Fig. 1. Example 1, Top: original 5 source signals, and bottom:
observed 9 mixed signals.

4. FINAL REMARKS AND CONCLUSIONS

The optimal choice of regularization parameters and β de-
pends on the distribution of data and a priori knowledge about
the hidden (latent) components. If such knowledge is not
available, we may run NMF algorithms for various sets of
parameters to find an optimal solution. For some tasks and
distributions there are particular divergence measures that are
uniquely suited.

In summary, the proposed NMF multiplicative algorithms
are efficient and robust for extracting and separation of statis-
tically dependent sparse and/or smooth sources. However, the
challenge that still remains is to prove the global convergence
of such algorithms and to provide a meaningful physical in-
terpretation to some of NMF discovered latent components or
classes of components when the structures of the true sources
are completely unknown.

5. REFERENCES

[1] S. Amari, Differential-Geometrical Methods in Statistics,
Springer Verlag, 1985.

[2] A. Cichocki and S. Amari, Adaptive Blind Signal And Im-
age Processing (New revised and improved edition), John
Wiley, New York, 2003.

[3] D. D. Lee and H. S. Seung, “Learning of the parts of ob-

Fig. 2. Example 1, Top: Estimated sources using standard
algorithm (13)-(15) for αsA = αsX = 0 and β = ω = 1
with SIR= 6 dB, 17 dB, 9 dB, 24 dB, 13 dB; and bottom:
Estimated source signals using the new algorithm (13)-(15)
with regularization/projection αsX = αsA = 0.005 and β =
2, ω = 1.9 with SIR=24 dB, 33 dB, 34 dB, 19 dB and 23 dB,
respectively.

jects by non-negative matrix factorization,” Nature, vol.
401, pp. 788–791., 1999.

[4] J-H. Ahn, J-H. Oh, S. Kim, and S. Choi, “Multiple
nonnegative-matrix factorization of dynamic PET im-
ages,” in ACCV., 2004.

[5] P.O. Hoyer, “Non-negative matrix factorization with
sparseness constraints,” Journal of Machine Learning Re-
search, vol. 5, pp. 1457–1469., 2004.

[6] P. Sajda, S. Du, and L. Parra, “Recovery of constituent
spectra using non-negative matrix factorization,” in Pro-
ceedings of SPIE – Volume 5207. 2003, pp. 321–331.,
Wavelets: Applications in Signal and Image Processing.

[7] H. Li, T. Adali, and D. Emge W. Wang, “Non-negative
matrix factorization with orthogonality constraints for
chemical agent detection in Raman spectra,” in IEEE
Workshop on Machine Learning for Signal Processing).
2005, Mystic USA.

[8] N. A. Cressie and T.C.R. Read, Goodness-of-Fit Statis-
tics for Discrete Multivariate Data, Springer, New York,
1988.


