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ABSTRACT
Blind source separation (BSS) and related methods such as independent component analysis (ICA) and their
extensions or sparse component analysis (SCA) refers to wide class of problems in signal and image processing,
when one needs to extract the underlying sources from a set of mixture. The goal of BSS can be considered as
estimation of true physical sources and parameters of a mixing system, while objective of generalized component
analysis (GCA) is ﬁnding a new reduced or hierarchical and structured representation for the observed (sensor)
multidimensional data that can be interpreted as physically meaningful coding or blind signal decompositions.
These methods are generally based on a wide class of unsupervised learning algorithms and they found potential
applications in many areas from engineering to neuroscience. The recent trends in blind source separation and
generalized component analysis is to consider problems in the framework of matrix factorization or more general
signals decomposition with probabilistic generative and tree structured graphical models and exploit some priori
knowledge about true nature and structure of latent (hidden) components or sources such as spatio-temporal
decorrelation, statistical independence, sparsity, nonnegativity, smoothness or lowest possible complexity. The
key issue is to ﬁnd a such transformation or coding which has true physical meaning and interpretation. In this
paper we discuss some promising approaches and algorithms for BSS/GCA, especially for ICA and SCA in order
to analyze, enhance, perform feature extraction, removing artifacts and denoising of multi-modal, multi-sensory
data.
Keywords: Independent Component Analysis (ICA) and its extensions. Sparse Component Analysis (SCA),
sparse representation, validity and optimality tests

1. INTRODUCTION
Data decomposition and representation are widely used in signal processing and neural computing. A traditional
method include Fourier analysis and wavelets representations. In many applications is necessary to perform
some decomposition of observed signals or data in such way that components have some special properties or
structures such as statistical independence, sparsity, smoothness, non-negativity, prescribed statistical distributions and/or speciﬁc temporal structure. Recently, several novel methods and approaches have been proposed for
decomposition and representations of signals and images, especially, Independent Component Analysis (ICA),
Sparse Component Analysis (SCA) and Non-negative Matrix Factorization (NMF).1–10 All these methods can
be expressed algebraically as some speciﬁc problems of matrix factorization: Given observation (often called
sensor or data) matrix X ∈ IRm×N perform the matrix factorization
X = AS + E,

(1)

where A ∈ IRm×n represents basis data matrix or mixing matrix (depending on application), E ∈ IRm×N is
a matrix representing errors or noise and matrix S ∈ IRn×N contains the corresponding hidden components
that give the contribution of each basis vector. Often these components represent unknown source signals with
speciﬁc temporal structures, features or properties. For example, the rows of matrix S should be sparse as
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possible for SCA or independent as possible for ICA or take only nonnegative values for NMF or values with
speciﬁc constraints.6, 7 It is important to note that the statistical independence and sparsity are generally
diﬀerent criteria or concepts.
Although some decompositions or matrix factorizations provide an exact reconstruction data (i.e., X = AS),
we shall consider here decompositions which are approximative in nature, however they should be robust to
noise and enforce some desirable constraints. In blind source separation (BSS) problem the data matrix X =
[x(1), x(2) . . . , x(N )] can be represented by vectors x(k) (k = 1, 2, . . . , N ) for many time instants as multiple
measurements or recordings, thus the compact aggregated matrix equation (1) can be written in a vector form
as the system of linear equations: x(k) = A s(k) + e(k), where x(k) = [x1 (k), . . . , xm (k)]T is the vector of the
observed signals at the discrete time instant k while s(k) = [s1 (k), . . . , sn (k)]T is the vector of components at the
same time instant. The above formulated problems are related closely to linear inverse problem or more generally,
to solving a large ill-conditioned system of linear equations (overdetermined or underdetermined depending on
applications) where it is necessary to estimate reliably vectors s(k) and in some cases also to identify a matrix
A for noisy data.
Diﬀerent cost functions and imposed constraints may lead to diﬀerent types of matrix factorizations. For
example, in order to ﬁnd a sparse representation of the matrix S such that the individual columns of S should
have not only a sparse structure but also a desired sparsity proﬁle and simultaneously some smoothness, we can
construct the following optimization problem with two (or more) regularization terms:
n

N

N

n



1
|sj (k)| + α2
|sj (k) − sj (k − p)|),
min( X − A S2F + α1
2
j=1
j=1
k=1

(2)

k=p

where α1 ≥ 0 and α2 ≥ 0 are regularization coeﬃcients providing sparseness and/or piecewise smoothness.
It can be shown that the using optimization approach we can extend this approach to other useful concepts
such Smooth Component Analysis (SmoCA) and other spatio-temporal representations with speciﬁc features or
constraints.
The problems of separating or extracting the original source waveforms from the sensor array, without knowing the transmission channel characteristics and the sources can be expressed brieﬂy as a number of related
BSS or blind signal decomposition problems such Independent Component Analysis (ICA) (and its extensions:
Topographic ICA, Multidimensional ICA, Kernel ICA, Tree-dependent Component Analysis, Subband Decomposition -ICA), Sparse Component Analysis (SCA), Sparse PCA (SPCA), Non-negative Matrix Factorization
(NMF), Smooth Component Analysis (SmoCA), Parallel Factor Analysis (PARAFAC), Time-Frequency Component Analyzer (TFCA) and Multichannel Blind Deconvolution (MBD).2, 4–6, 11–14

2. INDEPENDENT COMPONENT ANALYSIS (ICA)AND ITS EXTENSIONS
ICA can be deﬁned as follows: The ICA of a random vector x(k) ∈ IRm is obtained by ﬁnding an n × m,
(with m ≥ n), full rank separating (transformation) matrix W such that the output signal vector y(k) =
[y1 (k), y2 (k), . . . , yn (k)]T (independent components) estimated by
y(k) = W x(k),

(3)

are as independent as possible evaluated by an information-theoretic cost function such as minima of KullbackLeibler divergence.2, 5
Compared with principal component analysis (PCA), which removes second-order correlations from observed
signals, ICA further removes higher-order dependencies. Independence of random variables is a more general
concept than decorrelation. Roughly speaking, we say that random variables yi and yj are statistically independent if knowledge of the values of yi provides no information about the values of yj . Mathematically, the
independence of yi and yj can be expressed by the relationship p(yi , yj ) = p(yi )p(yj ), where p(y) denotes the
probability density function (pdf) of the random variable y. In other words, signals are independent if their joint
pdf can be factorized.
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If independent signals are zero-mean, then the generalized covariance matrix of f (yi ) and g(yj ), where f (y)
and g(y) are diﬀerent, odd nonlinear activation functions (e.g., f (y) = tanh(y) and g(y) = y for super-Gaussian
sources) is a non-singular diagonal matrix15 :


0
E{f (y1 )g(y1 )}


..
Rf g = E{f (y)gT (y)} = 
,
.
0

E{f (yn )g(yn )}
(4)

i.e., the covariances E{f (yi )g(yj )} are all zero for i = j. It should be noted that for odd f (y) and g(y), if the
probability density function of each zero-mean source signal is even, then the terms of the form E{f (yi )}E{g(yi )}
equal zero. The true general condition for statistical independence of signals is the vanishing of high-order crosscumulants.3, 15–17
The above diagonalization principle can be expressed as18
−1
R−1
,
fg = Λ

(5)

where Λ is any diagonal positive deﬁnite matrix (typically, Λ = I or Λ = diag{Rf g }). By pre-multiplying the
above equation by separating matrix W and Λ, we obtain:
ΛR−1
f g W = W,

(6)

which suggest the following iterative multiplicative learning algorithm
W̃(l + 1)
W(l + 1)

= ΛR−1
f g W(l),

= W̃(l + 1) W̃T (l + 1)W̃(l + 1)

(7)
−1/2

,

(8)

where the last equation represents the symmetric orthogonalization to keep algorithm stable. The above algorithm is simple and fast but need prewhitening the data.
In fact, a wide class of ICA algorithms can be expressed in general form as (see Table 1)4
∇W(l) = W(l + 1) − W(l) = ηF(y)W(l),

(9)

where y(k) = W(l)x(k) and the matrix F(y) can take diﬀerent forms, for example F(y) = Λn − f (y)gT (y) with
suitably chosen nonlinearities
f (y) = [f (y1 ), ..., f (yn )] and g(y) = [g(y1 ), ..., g(yn )].4, 16, 19–21
Assuming prior knowledge of the source distributions pi (yi ), we can estimate W using maximum likelihood
(ML):
n

1
J(W, y) = − log | det(WWT )| −
log(pi (yi )
2
i=1

(10)

Using natural gradient descent to increase likelihood we get:
W(l + 1) = η I − f (y)yT W(l),

(11)

where f (y) = [f1 (y1 ), f2 (y2 ), . . . , fn (yn )]T is an entry-wise nonlinear score function deﬁned by
fi (yi ) = −

d log(pi (yi )
pi (yi )
=−
.
pi (yi )
d(yi )

(12)

It should be noted that ICA can perform blind source separation, i.e., enable to estimate true sources only if
they are all statistically independent and non Gaussian (except possibly of one).4, 22
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Table 1. Basic equivariant adaptive learning algorithms for ICA. Some of these algorithms require prewhitening.

No.

Learning Algorithm

References



1.

∆W = η Λ − f (y) gT (y) W

Cichocki, Unbehauen, Rummert (1994)

Λ is a diagonal matrix with nonnegative elements λii



W(l + 1) = I ∓ η [I − f (y) gT (y)]



2.

∆W = η Λ − f (y) yT  W,
λii = f (yi (k))yi (k)

∓1

W(l)

f (yi ) = −p (yi )/p(yi )

λii = 1, ∀i

or

Cruces, Cichocki, Castedo (2000)

Amari, Cichocki, Yang (1995)
Bell, Sejnowski (1995)
Amari, Chen, Cichocki (1999)



3.

∆W = η I − y yT  − f (y) yT  + y f T (y) W

4.

∆W = η I − y yT  − f (y) yT  + f (y) f T (y) W

5.

W̃ = W + η Λ − f (y) yT  W, λii = f (yi ) yi 

Cardoso, Laheld, (1996)



Karhunen, Pajunen (1997)



Hyvärinen, Oja (1999)
ηii = [λii + f  (yi )]−1 ;

6.

W = W̃(W̃T W̃)−1/2

W̃ = Λ R−1
fg W

Fiori (2003)

W = W̃(W̃T W̃)−1/2



7.

∆W = η I − Λ−1 y yT  W

Amari, Cichocki (1998)

λii (k) = yi2 (k))

Choi, Cichocki, Amari (2000)



8.

∆W = η I − C1,q (y, y) Sq+1 (y) W
C1,q (yi , yj ) = Cum(yi , yj , . . . , yj )

Cruces, Castedo, Cichocki (2002)

 

q

9.

10.

W(l + 1) = exp(η F[y]) W(l)

Nishimori, Fiori(1999,2003)

F(y) = Λ − y yT  − f (y) yT  + y f T (y)

Cichocki, Georgiev (2002)

∆W = ηF[y]W

Amari, (1997)





fij = λii δij − α1i yi yj∗ − α2i < f (yi )yj∗ >
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Amari et al. (2000)

2.1. Sequential Blind Source Extraction
There are two main approaches to solve the problem of blind separation and deconvolution. The ﬁrst approach,
which was mentioned brieﬂy in the previous section, is to simultaneously decompose or separate all sources. In
the second one, we extract sources sequentially in a blind fashion, one by one, rather than separating them all
simultaneously. In many applications, a large number of sensors (electrodes, sensors, microphones or transducers)
are available but only a very few source signals are subjects of interest. For example, in the modern EEG or
MEG devices, we observe typically more than 100 sensor signals, but only a few source signals are interesting; the
rest can be considered as interfering noise. In another example, the cocktail party problem, it is usually essential
to extract the voices of speciﬁc persons rather than separate all the source signals of all speakers available (in
mixing form) from an array of microphones. For such applications it is essential to develop and apply reliable,
robust and eﬀective learning algorithms which enable us to extract only a small number of source signals that
are potentially interesting and contain useful information.
We can use two diﬀerent models and criteria. The ﬁrst criterion is based on higher order statistics (HOS)
which assumes that the sources are mutually statistically independent and non-Gaussian (at most only one can
be Gaussian). For independence criteria, we will use some measures of non-Gaussianity.4 Let us assume that
observed (sensor) signals are prewhitened (sphered), and as a cost function for minimization, we may employ4, 5
1
β
J (w1 ) = − |κ4 (y1 )| = − κ4 (y1 ),
4
4

(13)
2

where κ4 (y1 ) is the normalized kurtosis deﬁned for zero-mean signals by κ4 (y1 ) = E{|y1 | }−3 and the parameter
β determines the sign of the kurtosis of the extracted signal. The gradient of the above cost function can be
expressed as ∇w1 J = −β[E{y13 x} − 3E{y12 }E{y1 x}]. This leads to modiﬁed and improved fast ICA algorithm
expressed as
w̃1 (l + 1)
w1 (l + 1)

= −β[E{y13 x} − 3E{y12 }E{y1 x}],
w̃1 (l + 1)
=
.
||w̃1 (l + 1)||2

y1 = w1T (l)x,

(14)
(15)

The above algorithm is more robust in respect to the number of samples in comparison to original Fast ICA
algorithm.5
The second alternative criterion, based on the concept of linear predictability and assumes that source signals
have some temporal structure, i.e., the sources are colored with diﬀerent autocorrelation functions or equivalently
have diﬀerent spectra shapes. In this approach, we exploit the temporal structure of signals rather than their
statistical independence.23, 24 Intuitively speaking, the source signals sj have less complexity than the mixed
sensor signals xj . In other words, the degree of temporal predictability of any source signal is higher than (or
equal to) that of any mixture.
For example, waveforms of a mixture of two sine waves with diﬀerent frequencies are more complex or less
predictable than either of the original sine waves. This means that applying the standard linear predictor model
and minimizing the mean squared error E{ε2 }, which is measure of predictability, we can separate or extract
signals with diﬀerent temporal structures. More precisely, by minimizing the error, we maximize a measure of
temporal predictability for each recovered signal.25, 26
It is worth to note that two criteria used in BSE: temporal linear predictability and non-Gaussianity based
on kurtosis may lead to diﬀerent results. Temporal predictability forces the extracted signal to be smooth and
possibly less complex while the non-Gaussianity measure forces the extracted signals to be as independent as
possible with sparse representation for sources that have positive kurtosis.
Let us assume for simplicity, that we want to extract only one source signal, e.g. sj (k), from the available
sensor vector x(k). For this purpose, we employ a single processing unit described as (see Figure 1):
y1 (k) = w1T x (k) =

m


w1i xi (k) ,

(16)

i=1
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Figure 1. The neural network structure of single extraction unit using a linear predictor.

ε1 (k) = y1 (k) −

L


b1p y1 (k − p) = w1T x (k) − bT1 ȳ1 (k),

(17)

p=1

where

T

w1 = [w11 , w12 , . . . , w1m ] ,
T

b1 = [b11 , b12 , . . . , b1L ] and B1 (z) =

T

L

p=1

ȳ1 (k) = [y1 (k − 1) , y1 (k − 2), . . . , y1 (k − L)] ,
b1p z −p is the transfer function of the corresponding FIR ﬁlter. It should

be noted that the FIR ﬁlter can have a sparse representation. In particular, only one single processing unit, e.g.
with delay p and b1p = 0 can be used instead of L parameters. The processing unit has two outputs: y1 (k) which
estimates the extracted source signals, and ε1 (k), which represents a linear prediction error or estimation of the
innovation, after passing the output signal y1 (k) through FIR ﬁlter.
Our objective is to estimate optimal values of vectors w1 and b1 , in such a way that the processing unit

T
successfully extracts one of the sources. This is achieved if the global vector deﬁned as g1 = AT w1 = w1T A =
cj ej contains only one nonzero element, e.g. in the j-th row, such that y1 (k) = cj sj , where cj is an arbitrary
nonzero scaling factor. For this purpose, we reformulate the problem as a minimization of the cost function
 
(18)
J (w1 , b1 ) = E ε21 .
The main motivation for applying such a cost function is the assumption that primary source signals (signals of
interest) have temporal structures and can be modelled, e.g., by an autoregressive model.4, 27, 28
According to the AR model of source signals, the ﬁlter output can be represented as ε1 (k) = y1 (k) − ỹ1 (k),
L
where ỹ1 (k) = p=1 b1p y1 (k − p) is deﬁned as an error or estimator of the innovation source s̃j (k). The mean
squared error E{ε21 (k)} achieves a minimum c21 E{s̃2j (k)}, where c1 is a positive scaling constant, if and only if
y1 = ±c1 sj for any j ∈ {1, 2, . . . , m} or y1 = 0 holds.
Let us consider the processing unit shown in Figure 1. The associated cost function (18) can be evaluated as
follows:
 
 x x w1 − 2wT R
 x ȳ b1 + bT R
 ȳ ȳ b1 ,
E ε21 = w1T R
(19)
1
1
1 1
1 1
1 1
 x ȳ ≈ E{x1 ȳT } and R
 ȳ ȳ ≈ E{ȳ1 ȳT }, are estimators of true values of correlation
 x x ≈ E{x1 xT }, R
where R
1
1
1
1 1
1 1
1 1
and cross-correlation matrices: Rx1 x1 , Rx1 ȳ1 , Rȳ1 ȳ1 , respectively. In order to estimate vectors w1 and b1 , we
evaluate gradients of the cost function and equalize them to zero as follows:
∂J1 (w1 , b1 )
∂w1
∂J1 (w1 , b1 )
∂b1
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=

 x x w1 − 2R
 x ȳ b1 = 0,
2R
1 1
1 1

(20)

=

 ȳ ȳ b1 − 2R
 ȳ x w1 = 0.
2R
1 1
1 1

(21)

 x x = I, we obtain a simple
Solving the above matrix equations and assume that for pre-whitened data R
1 1
iterative algorithm:
w̃1
b1

w̃1
,
||w̃1 ||2
 −1 R
 −1 

= R
ȳ1 ȳ1 ȳ1 x1 w1 = Rȳ1 ȳ1 Rȳ1 y1 ,
 x ȳ b1 , w1 =
= R
1 1

(22)
(23)

 ȳ ȳ and R
 ȳ y are estimated based on the parameters w1 obtained in the previous iteration
where the matrices R
1 1
1 1
step. In order to avoid the trivial solution w1 = 0, we normalize the vector w1 to unit length in each iteration
step as w1 (l + 1) = w̃1 (l + 1)/ w̃1 (l + 1)2 (which ensures that E{y12 } = 1).
 ȳ y are assumed to be independent of the
 ȳ ȳ and R
It is worth to note here that in our derivation matrices R
1 1
1 1
vector w1 (l + 1), i.e., they are estimated based on w1 (l) in the previous iteration step. This two-phase procedure
is similar to the expectation maximization (EM) scheme: (i) Freeze the correlation and cross-correlation matrices
and learn the parameters of the processing unit (w1 , b1 ); (ii) freeze w1 and b1 and learn new statistics (i.e.,
 ȳ y and Rȳ ȳ ) of the estimated source signal, then go back to (i) and repeat. Hence, in phase (i),
matrices R
1 1
1 1
our algorithm extracts a source signal, whereas in phase (ii) it learns the statistics of the source.
The derived algorithm is similar to the powermethod for ﬁnding the eigenvector w1 associated with the
L
maximal eigenvalue of the matrix Rx1 (b1 ) = E{ p=1 b1p x1 (k)xT1 (k − p)}. This observation suggests that it
is not necessary to minimize the cost function with respect to parameters {b1p } but it is enough to choose an
arbitrary set of them for which the largest eigenvalue is unique (single). More generally, if all eigenvalues of the
generalized covariance matrix Rx1 (b1 ) are distinct, then we can extract all sources simultaneously by estimating
principal eigenvectors of Rx1 (b1 ).
For noisy data, instead of linear predictor, we can use a bandpass ﬁlter (or in a parallel way several processing
units with a bank of bandpass ﬁlters) with ﬁxed or adjustable center frequency and a bandpass bandwidth.26, 29, 30

2.2. Multiresolution Subband Decomposition – Independent Component Analysis
(MSD-ICA)
Despite the success of using standard ICA in many applications, the basic assumptions of ICA may not hold
for some kind of signals hence some caution should be taken when using standard ICA to analyze real world
problems, especially in analysis of EEG/MEG data. In fact, by deﬁnition, the standard ICA algorithms are not
able to estimate statistically dependent primary sources, that is, when the independence assumption is violated
(even for very weak dependence). In this section, we will present a natural extension and generalization of
ICA called Multiresolution Subband Decomposition ICA (MSD-ICA) which relaxes considerably the assumption
regarding mutual independence of primarily sources.4, 31–33 The key idea in this approach is the assumption that
the unknown wide-band source signals can be dependent, however some their subcomponents are independent.
In other words, we assume that each unknown source can be modelled or represented in the time domain or
a transform domain as a sum (or linear combinations) of sub-components (were some of them are hopefully
independent):
si (k) = si1 (k) + si2 (k) + · · · + siK (k).

(24)

For example, in the simplest case, source signals can be modelled or decomposed into their low- and highfrequency sub-components: si (k) = siL (k) + siH (k)
(i = 1, 2, . . . , n). In practice, the high-frequency subcomponents siH (k) are often found to be mutually independent, while the low-frequency sub-components are
weakly dependent. In such a case, we can use a High Pass Filter (HPF) to extract mixture of the high frequency
sub-components and then apply any standard ICA algorithm to such preprocessed sensor (observed) signals.
Let us assume that only a certain set of sub-components are independent. Provided that for some of the
frequency subbands (at least one) all sub-components, say {sij (k)}ni=1 , are mutually independent or temporally
decorrelated, then we can easily estimate the mixing or separating system under condition that these subbands
can be identiﬁed by some a priori knowledge or detected by some self-adaptive process. For this purpose, we
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Figure 2. Bank of ﬁlters employed in preprocessing stage for MSD-ICA with typical frequency bands. For each sensor
signal we employ the identical set of ﬁlters. The sub-bands can be overlapped or not and have more complex sub-bands
forms. The basic concept in Subband Decomposition ICA is to divide the sensor signal spectra into their subspectra or
subbands, and then to treat those subspectra individually for the purpose at hand. The subband signals can be ranked
and processed independently.

simply apply any standard ICA algorithm, however not only for all available raw sensor data but also for suitably
pre-processed or decomposed (e.g., subband ﬁltered) sensor signals (see Fig. 2).
By applying any standard ICA/BSS algorithm for speciﬁc sub-bands and raw sensor data, we obtain sequence
of separating matrices W0 , W1 , . . . , WL , where W0 is the separating matrix from the original data x and Wj is
the separating matrix from preprocessing sensor data xj in the j-th sub-band. In order to estimate true separating
and mixing matrices and to identify for which sub-bands corresponding source subcomponents are independent,
we propose to compute the global (mixing-separating) matrices Gpq = Wp Wq−1 , ∀p = q and m = n, where Wq
is estimating separating matrix for q-th sub-band. If subcomponents are mutually independent for at least two
sub-bands, say for the sub-band p and sub-band q, then the global matrix Wp Wq−1 = Ppq will be generalized
permutation matrix with only one nonzero (or dominated) element in each row and each column. This follows
from the simple observation that in such case the both matrices Wp and Wq represent inverses (for m = n) of
the same mixing matrix A (neglecting nonessential scaling and permutation ambiguities). In this way, we can
blindly identify essential information for which frequency sub-bands the source subcomponents are independent
and we can easily identify correctly the mixing matrix. Furthermore, the same concept can be used to estimate
blindly the performance index and to compare performance of various ICA algorithms, especially for large scale
problems.
In the preprocessing stage we can use any linear transforms, especially, more sophisticated decomposition
methods, such as block transforms, multirate sub-band ﬁlter bank or wavelet transforms, can be applied. We can
extend and generalize further this concept by performing the decomposition of sensor signals in a composite timefrequency domain rather than in frequency sub-bands as such. This naturally leads to the concept of wavelets
packets (sub-band hierarchical trees) and to block transform packets.4, 10, 11 Such preprocessing techniques has
been extensively tested and implemented in ICALAB.34
Such explanation can be summarized as follows. The MSD-ICA (Multiresolution Subband Decomposition
ICA) can be formulated as a task of estimation of the separating matrix W and/or the estimating mixing matrix
Â on the basis of suitable wavelet package or subband decomposition of sensor signals and by applying a classical
ICA (instead for raw sensor data) for one or several preselected subbands for which source sub-components are
independent.

2.3. Validity of ICA, BSS algorithms for real world data
One of the fundamental question in BSS is problem whether the obtained results of the speciﬁc BSS/ICA
algorithm is reliable and represent inherent properties of the model and data or it is just a random, synthetic
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or purely mathematical, decomposition of data without any physical meaning. In fact, since most of BSS
algorithms are stochastic in nature, their results could be somewhat diﬀerent in diﬀerent runs even for the same
algorithm. Thus, the results obtained in a single run or for single set of data of any BSS algorithm should be
interpreted with reserve and reliability of estimated sources should be analyzed by investigating the spread of
the obtained estimates for many runs.35 Such an analysis can be performed, for example by using resampling or
bootstrapping method in which the available data is randomly changed by producing surrogate data sets from
the original data.36 The speciﬁc ICA/BSS algorithm is then run many times with bootstrapped samples that
are somewhat diﬀerent from each other. Alternative approach called ICASSO which is based on running the
speciﬁc BSS algorithm many times for various diﬀerent initial conditions and parameters and by visualizing the
clustering structure of the estimated sources (components) in the signal subspace.35
It is worth to note that the concept of MSD-ICA described in the previous section can be extended to more
general and ﬂexible multi-dimensional models for checking validity and reliability of ICA (or more generally BSS)
algorithms (see Figure 2). In this model we can use a bank of stable ﬁlters with transfer functions Hi (z), for
example, set of FIR (ﬁnite impulse response ﬁlters). The parameters (coeﬃcients) of such FIR ﬁlters can be
suitably designed or even be randomly generated. In this case, the proposed method has some similarity with
resampling or bootstrap approach.36 Similarly as in MSD-ICA, we can run any BSS algorithm for suﬃciently
large number L of ﬁlters and generate set of separating matrices: {W0 , W1 , . . . , WL } or alternatively set of
estimated mixing matrices: {Â0 , Â1 , . . . , ÂL }. In the next step we estimate the set of global mixing-separating
matrices Gpq = Wp Wq+ for any p = q.
The performance of blind separation can be characterized by one single performance index (sometimes referred
as Amari’s performance index) which we refer as blind performance index (since we do not know a true mixing
matrix):


 n
 n
pq 2
pq 2
n
n
1
1
j=1 |gij |
i=1 |gij |
pq
(25)
BP Ii =
pq 2 − 1 +
pq 2 − 1 ,
n j=1 maxi |gij
|
n i=1 maxj |gij
|
pq
where gij
is ij-th element of the matrix Gpq . In many cases, we are not able to achieve perfect separation for
some sources or we are able to extract only some sources (not of all them). In such cases instead of using one
global performance index, we can deﬁne local performance index as
 n

pq 2
j=1 |gij |
pq
(26)
BP Ii =
pq 2 − 1 .
maxj |gij
|

If the performance index BP Iipq for speciﬁc index i and ﬁlters p, q is close to zero this means that with high
probability this component is successfully extracted. In order to asses signiﬁcant components the all estimated
components should be clustered according their mutual similarities. These similarities can be searched in the
time domain or the frequency domain. The natural measure of similarity between of the estimated components
can be absolute value of their mutual correlation coeﬃcients |rij | for i = j which are elements of the similarity
matrix35
T

R = W Rxx W ,

(27)

where W = [W0 , W1 , . . . , WL ] and Rxx = E{xxT } = ARss AT is covariance matrix of observations under
assumption that the covariance matrix of sources Rss = E{ssT } is a diagonal matrix and separating matrices
Wp are normalized (e.g., to unit length vectors).
In summary, in order to estimate algorithmic reliability it is necessary to run the BSS/ICA algorithm many
times using diﬀerent initial conditions and decomposed (preprocessed data and assessing which of the basis
vectors and corresponding components are found in almost all run. For this purpose the estimated components
should be clustered and classiﬁed. The reliable components corresponds to small and well separated clusters
from the rest of components, while unreliable components usually do not belong to any cluster.
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3. SPARSE COMPONENT ANALYSIS AND SPARSE SIGNAL REPRESENTATIONS
Sparse Component Analysis (SCA) and sparse signals representations (SSR) arise in many scientiﬁc problems,
especially, where we wish to represent signals of interest by using a small (or sparse) number of basis signals
from a much larger set of signals, often called dictionary.7 Such problems arise also in many applications
such as electro-magnetic and biomagnetic inverse problems (EEG/MEG), feature extraction, ﬁltering, wavelet
denoising, time-frequency representation, neural and speech coding, spectral estimation, direction of arrival
estimation, failure diagnosis and speed-up processing.4, 10, 37–39
In opposite to ICA where the mixing matrix and source signals are estimated simultaneously the SCA is
usually a multi stage procedure. In ﬁrst stage we need to ﬁnd a suitable linear transformation which guarantee
that sources in the transformed domain are suﬃciently sparse. Typically, we represent the observed data in
the time-frequency domain using wavelets package.38 In the next step, we estimate the columns ai of the
mixing matrix A using a sophisticated hierarchical clustering technique. This step is the most diﬃcult and
challenging task since it requires to identify precisely intersections of all hyperplanes on which observed data are
located.37, 40 In the last step, we estimate sparse sources using for example a modiﬁed robust linear programming
(LP), quadratic programming (QP) or semi-deﬁnite programming (SDP) optimization. The big advantage of
SCA is its ability to reconstruct of original sources and also their numbers even if the number of observations
(sensors) is smaller than number of sources under certain weak conditions.33, 38, 39 Moreover, the system can
be highly nonstationary (i.e., the number of active sources can change dramatically in time) and sources can be
statistically dependent.
In fact, ﬁnding a sparse (or in many cases the sparsest) solution can be viewed equivalently as the problem
of selecting very few columns aj ∈ IRm (called atoms) of the matrix A = [a1 , a2 , . . . , an ] (called dictionary)
to represent the observation vector x which is referred as the subset selection problem. In time-frequency and
wavelets theory communities this process is commonly referred to as atomic decomposition, since we decompose
the signals x into their building atoms aj , taken from the dictionary A. We can state the subset selection problem
as follows: Find an optimal subset of r << n columns from the matrix A, which we denote by Ar ∈ IRm×r such
that Ar sr∗ ∼
= x, or equivalently Ar sr∗ + er = x, where er represents some residual error vector which norm
should be as small as possible or at below some threshold. Usually, we have interest in sparsest and unique
representation, i.e., it is necessary to ﬁnd solution having the smallest possible number of non-zero-components.
The problem can be reformulated as the following optimization problem:33 :
(Pρ )

Jρ (s) = sρ =

n


ρ(sj )

s. t.

A s = x,

(28)

j=1

where A ∈ IRm×n , (usually with n >> m) and sρ suitably chosen function which measures the sparsity of
the vector s. It should be noted the sparsity measure does not need be necessary a norm, although we use such
notation. For example, we can apply Shannon, Gauss or Renyi entropy or normalized kurtosis as measure of the
sparsity.4, 10, 41 In the standard form, we use lp -norm (sp ) with 0 ≤ p ≤ 1. Especially, l0 quasi-norm attract
a lot of attention since it ensures sparsest representation.7, 37, 38 Unfortunately, such formulated problem (28)
for lp -norm with p < 1 is very diﬃcult to solve, especially for p = 0 it is NP-hard, so for a large scale problem it
is numerically untractable. For this reason, we often use Basis Pursuit (BP) which employs a standard Linear
Programming (LP) for sρ = s1 subject to constraints As = x.
In practice, due to noise and other uncertainty (e.g., measurement errors) the system of linear underdetermined equations should not be satisﬁed precisely but with some prescribed tolerance (i.e., A s ∼
= x in the sense
that x − A sq ≤ ε). From the practical point of view as well as from a statistical point of view, it is convenient
and quite natural to replace the exact constraints x = A s by the constraint x − A sq ≤ ε, where choice of
lq -norm depends on distribution of noise and speciﬁc applications. For noisy and uncertain data we should to
use a more ﬂexible and robust cost function (in comparison to the standard (Pρ ) problem) which will be referred
as Extended Basis Pursuit Denoising (EBP D)33 :
(EBP D)

Jq,ρ (s) = x − A sqq + α sρ ,

(29)

which can be often solved using standard quadratic programming (QP) or semi-deﬁnite programming (SDP).
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There are several possible basic choices for lq and sparsity criteria (sρ = sp ) For example, for the uniform
(Laplacian) distributed noise we should choose l∞ -Chebyshev norm (l1 -norm). Some basic choices of ρ (for
lq = 2) are ρ = 0 (minimum l0 quasi norm or atomic decomposition related with the matching pursuit (MP) and
FOCUSS algorithm), ρ = 1 (basis pursuit denoising) and ρ = 2 (ridge regression).7, 10, 41 The optimal choice
of ρ norms depends on distribution of noise in sparse components.
we can
 For example, for noisy components,
2
use robust norms such as Huber function deﬁned as sρH = i ρH (s
i ), where ρH (si ) = si /2 if |si | ≤ β and
ρH (si ) = β |si |−β 2 /2 if |si | > β, and/or epsilon norm deﬁned as sε = j |sj |ε where |sj |ε = max{0, (|sj |−ε)}.
The practical importance of the EBP D approach in comparison to the standard LP or BP approach is that
the EP BD allows for treating the presence of noise or errors due to mismodeling. Moreover, using the EBP D
approach, we have possibility to adjust the sparsity proﬁle (i.e., adjust the number of non-zero components) by
tuning the parameter α. In contrast, by using the LP approach we do not have such option. Furthermore, the
method can be applied both for undercomplete and/or overcomplete models (i.e., when the number of sources
is larger or less than the number of sensors. It should be noted that if the regularization parameter α is too
large or too small the optimal solution of the EBP D can be useless. By increasing α, we increase sparsity
of s∗ till all entries will be zero for α ≥ AT x∗ρ (where  · ∗ρ denotes dual norm to  · ρ ). More precisely,
for 0 < α ≤ AT x∗ρ the solution s∗ are a piecewise linear function of α, under condition that the solution
is unique. In the general case, however, the number of non-zero elements of s∗ is not necessarily a monotonic
function of α. In the special case, when basis matrix A is orthogonal, i.e., AAT = AT A = In with m = n
the EQP problem for q = 2 and p = 1 has an explicit solution given by s∗ = sign(s0 ) . ∗ [|s0 | − α1]+ or in
scalar form sj∗ = sign(sj0 )[|sj0 | − α ]+ , where s0 = AT x is the minimum norm solution to A s = x without any
constraints and [x]+ = max{0, x}.If speciﬁc sparsity proﬁle is imposed r = card(s∗ ) < m a good heuristic is to
solve the problem EBP D for diﬀerent values of α, ﬁnding approximately the smallest value of α that satisfy
desired constraint.

3.1. Fundamental Properties - Uniqueness and Optimal Solution for Sparse
Representations
One fundamental question that is actually investigated by many researchers is to ﬁnd suﬃcient conditions for
a vector x to have a unique possibly sparsest and optimal representation as a linear combination of columns of
the matrix A and to ﬁnd such condition that the various heuristic and greedy algorithms such as BP, EBPD,
FOCUSS or MP (Matching Pursuit) ensure optimal or close to optimal representations.7, 41 Another important
issue is establish equivalence conditions for various criteria and algorithms in the sense that obtained solutions
have their non-zero components at the same locations and with the same signs.7
The this paper we present some fundamental properties and conditions which characterize optimal and unique
solutions of sparse representation of signals. The following theorem provides a simple test to check whether the
obtained results are optimal the sense that no signiﬁcantly diﬀerent linear expansion from the dictionary can
provide both a smaller approximation error (||e||) and a better sparsity.
Theorem 3.1. Let us consider the system of linear underdetermined equations A s = x with A ∈ IRm×n and
m < n. Let Ar = A1 ∈ IRr×m designates the r ≤ m columns of the matrix A associated with r non-zero
elements of the desired vector s∗ . Furthermore, let a submatrix A2 ∈ IRm×(n−r) designate the (n − r) columns of
the matrix A which are associated with the components of vector s∗ equal to zero. If the pseudo-inverse matrix
T
T −1
exists then the sparse representation x = Ar s1∗ + er is unique and optimal if and only if
A+
r = Ar (Ar Ar )
all the components of the vector
g1 = AT2 [ATr ]+ sign(s1∗ )

(30)

have magnitudes strictly less than one (i.e., g1 ||∞ < 1). In the case, when g1 ∞ > 1 the solution is not
optimal.
It is worth to note that the vector g1 in (30) is rather insensitive to values of entries of s1∗ since it depends
only on their signs. Since we unlikely to know the optimal solution a priori the above theorem may look useless.
However, using theorem 3.1, we can easily check whether the LP/BP or EBPD or any other heuristic algorithm,
provides an optimal desired solution or not. In fact, the above Theorem has quite general nature and the
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condition (30) can be applied for many heuristic and greedy algorithms for subset selection such as BP, EBPD,
MP, and FOCUSS algorithm.It should be also noted that the optimal solution s∗ of (EBP D) problem can be
equivalent to sparsest 0-norm solution s0 only in the sense that the both solutions has the non-zero components
in the same positions and with same sign. This follows from the simple fact that A s∗ = x for (EBP D) due to
nonzero regularization parameter α. In order words, in order to obtain the sparsest possible solution α should
be suﬃciently small that s∗ and s0 have their non-zero components at the same locations and with same signs,
i.e., sign(s0 ) = sign(s∗ ).
Theorem 3.2. For any matrix A ∈ IRm×n and vector x ∈ IRm with m < n, there exits a vector s∗ ∈ IRn , which
minimizes J1 (s) = sp subject to constraints A s = x with p ≤ 1 such that the optimal vector s∗ has at most m
non zero components. Furthermore, if the column vectors of the extended matrix Ā = [x A] ∈ IRm×(n+1) satisfy
the Haar condition then there exists a vector s∗ which minimizes the s1 subject to the constraints A s = x that
has exactly m nonzero components.
The above basic results can be extended and generalized for arbitrary lp -norm or any norm non necessary
diﬀerentiable one, if we apply the concepts of the subgradient and subdiﬀerential. We say, that g is subgradient
of function J(x) if J(y) ≥ J(x) + gT (y − x) ∀y. Set of all subgradients of J(x) at x is called the subdiﬀerential
at x and it is denoted by ∂J(x). For example, the subgradients of the l1 -norm can be formulated as the following
sets ∂ e1 = { g ∈ IRm : gi = sign(ei ) if ei = 0; |gi | ≤ 1 if ei = 0}.
We can formulate Theorem which characterizes solution of the (EBP D) in more general form.
Theorem 3.3. The optimization problem mins x − A sqA + α spS , where  · qA and  · pS are arbitrary
norms has a sparse unique solution s∗ ∈ IRn with e(s∗ ) = x − A s∗ ∈ IRm if and only if exist gqA ∈ ∂ x − A sqA
and gpS ∈ ∂spS such that
−AT gqA + α gpS = 0.

(31)

As special case, we can formulate the following important conditions characterizing the l1 -norm solution as:
s∗ is a unique sparse solution of the non-smooth optimization problem mins (x − A s1 + α s1 ) if and only if
there exists gq ∈ ∂e1 and gp ∈ ∂s1 which satisﬁes matrix equation: −AT gq + α gp = 0, where components
of gp are determined as gqi = sign(ei ), if ei = xi − aTi s∗ = 0 otherwise gqi is arbitrary except |gqj | ≤ 1 and
gpj = sign(sj∗ ), if sj∗ = 0, otherwise gpj is arbitrary except |gpj | ≤ 1.

4. ENHANCEMENT AND DENOISING OF MULTIDIMENSIONAL DATA
A conceptual model for the elimination of noise and other undesirable components from multi-sensory data
is depicted in Figure 3. First, BSS or GCA are performed using suitably chosen robust (with respect to the
noise) algorithm performing a signal decomposition described by a linear transformation of sensory data as
y(k) = Wx(k), where the vector y(k) represents the speciﬁc components (e.g., sparse, smooth, spatio-temporally
decorrelated or statistically independent components). Then, the projection of interesting or useful or signiﬁcant
components ỹj (k) back onto the sensors level. The reconstructed or “cleaned” sensor signals are obtained by
linear transformation x̂(k) = W+ ỹ(k), where W+ is some pseudo-inverse of the unmixing matrix W and ỹ(k)
is the vector obtained from the vector y(k) after removal of all the undesirable components (i.e., by replacing
them with zeros). The entries of estimated attenuation matrix Â = W+ indicate how strongly each sensor picks
up each individual component. Back projection of some signiﬁcant components x̂(k) = W+ ỹ(k) allows us not
only remove some artifacts and noise but also to enhance recorded sensor data. In many cases the estimated
components must be at ﬁrst ﬁltered or smoothed in order to identify all signiﬁcant components.27, 29, 42–44
In addition to the denoising and artifacts removal, BSS techniques can be used to decompose sensor data
into individual components, each representing a physically or physiologically distinct process or a source signal.
The main idea here is to apply localization and imaging methods to each of these components in turn. The
decomposition is usually based on the underlying assumption of sparsity and/or statistical independence between
the activation of diﬀerent sources involved.
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Figure 3. Basic models for removing undesirable components like noise and artifacts and enhancing multi-sensory (e.g.,
EEG/MEG) data using auxiliary nonlinear adaptive ﬁlters to smooth the extracted components and hard switches. Often
the estimated components are also normalized, ranked, ordered and clustered in order to identify signiﬁcant and physically
meaningful sources or artifacts.

5. DISCUSSION AND CONCLUSIONS
In this paper we have discussed brieﬂy several extensions and modiﬁcations of blind source separation and decomposition algorithms for spatio-temporal decorrelation, independent component analysis, and sparse component
analysis where various criteria and constraints are imposed such linear predictability, smoothness, mutual independence, sparsity and non-negativity of extracted components. Especially, we described generalization and
extension of ICA to MSD-ICA which relaxes considerably the condition on independence of original sources.
Using these concepts in many cases, we are able to reconstruct (recover) the original sources and to estimate
mixing and separating matrices, even if the original signals are not independent and in fact they are strongly
correlated. Moreover, we propose a simple method for checking validity and true performance of BSS separation
by applying the preprocessing with a bank of ﬁlters with various frequency characteristics.
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