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Abstract—This paper presents a new approach to blind source
extraction from convolutive mixtures in multi-input multi-output
(MIMO) channels. Two ill-conditioned cases are considered:
the number of sensors is less than the number of sources and
the number of sensors is greater than or equal to the number
of sources but the system is noninvertible. Although there exist
several works related to ill-conditioned dynamic MIMO channels,
especially on blind channel identification, how to obtain a true
source only from observable convolutive mixtures is still an open
problem. In this paper, beginning with introducing two blind extraction models for blind deconvolution in ill-conditioned MIMO
channels, we discuss the extractability issue. Results from our
extractability analysis (a necessary and sufficient condition) show
that it is possible to extract individual sources from the outputs.
Furthermore, all potentially separable sources (at most equal to
the number of sensors) can be extracted sequentially based on
these extraction models. A cost function based on cross cumulant
is discussed along with the Gauss–Newton algorithm. Finally, a
simulation example is presented for illustration.
Index Terms—Blind extraction, convolutive mixtures, extractability, multichannel deconvolution.

I. INTRODUCTION

B

LIND deconvolution recovers unknown sources from
convolutive mixtures without the information about the
signal channels. It has significant potential for applications in
numerous technical areas such as array processing, speech and
image enhancement, digital communications [1]–[6], to name
a few.
Blind deconvolution of multi-input multi-output (MIMO)
dynamic channels has received considerable attention in recent
years. Many studies on blind deconvolution of MIMO systems
have been reported; see the references herein. For example,
in [5], [7]–[13], various algorithms (e.g., cumulant-based
super-exponential algorithm, adaptive algorithms, Godard cost
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function, etc.) are developed to recover sources sequentially or
simultaneously from convolutive mixtures. [14], [15] explore
the geometrical structures of the manifold of finite-impulse
response (FIR) filters and develop a natural gradient algorithm
for blind deconvolution. Independent component analysis
(ICA) techniques has also been used in blind deconvolution.
For instance, in [17], several blind source separation (BSS)
techniques are extended to blind deconvolution. Most of these
studies assume that the number of sources is less than or equal
to the number of sensors, and the MIMO system is invertible.
From the discussions in [18], we also can see that this assumption plays important roles.
Incidentally, several papers discuss related issues for MIMO
static systems with more sources than senors; e.g., [19] and
[20]. In [19], by resorting to higher order statistics and multiway array decomposition, it was proved that static MIMO systems with fewer outputs than inputs can be identified; an effective algorithm was proposed to extract three digital sources
[e.g., binary phase-shift keying (BPSK) or quadrature phase
shift keying (OPSK) sources] from the two observations using
the discrete distribution of the sources. Since separability (or
extractability) conditions are weaker for a system with digital
sources than for analog sources in general [23], the algorithms
different from that in [19] should be developed for blind separation or extraction of analog sources from their ill-conditioned
mixtures. In [20], it is discussed that the identification of static
systems with sources and two sensors using a joint characteristic function of the random variables (observations); but they
did not discuss how to obtain these sources after the systems are
identified. In [22], blind identification of multichannel moving
average parameter matrices was discussed using higher-order
statistics. Five or six assumptions regarding the channels are
presented related to channel identification. Similar to [20], there
was no discussion about how to estimate the sources.
There exist classical methods for blind separation for ill-con).
ditioned systems with sources and sensors (here,
That is, only sources are extracted or separated using general
sources are conapproaches (e.g., in [24]–[26]); the other
sidered to be noise and are not extracted. In [26], if the system
is ill-conditioned (undermodeled case), a local extremum of the
criterion only results in a new mixture of several sources. In fact,
if an ill-conditioned system is assumed to be an invertible one,
sources are assumed to be noise, then the estimated
and
signals are, theoretically, new mixtures of
sources
instead of separated sources, of which the signal-to-noise ratios
may be very low.
Blind source extraction is an effective method for recovering
sources from instantaneous mixtures in ill-conditioned cases
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[27]. In this paper, we will show that it is also effective for recovering sources from convolutive mixtures in ill-conditioned
MIMO dynamic systems. The aim of this paper is to analyze
blind source extraction from convolutive mixtures in ill-conditioned MIMO channels in which the signal channel is not invertible; that is, the number of sources is greater than the number of
sensors, or the -transform matrix of the system is column-rank
deficient when the number of sources is less than or equal to the
number of sensors. We present two models and an optimization algorithm to extract sequentially at most analog sources
under extractability conditions. Although theoretically at least
sources can not be extracted, the extracted signals are
filtered versions of true sources (these sources can then be obtained individually by a [single-input single-output (SISO) deconvolution filter], not the mixtures of one source and the insources.
tractable
In the remainder of this paper, we first introduce two blind
extraction models for ill-conditioned MIMO dynamic channels,
and present the extractability conditions in Section II. The extractability results imply that it is possible to extract an individual filtered source using the two models. Furthermore, all potentially separable sources (at most ) can be theoretically extracted one by one. In Section III, we discuss realization issues
of the extraction including a cost function and its corresponding
optimization algorithm. Finally, we present an illustrative simulation example in Section IV.
II. BLIND EXTRACTION MODELS AND
EXTRACTABILITY ANALYSIS
In this section, two blind extraction models are first proposed
for blind source extraction in ill-conditioned MIMO dynamic
channels. The subsequent extractability analysis demonstrates
the theoretical effectiveness of the two models for blind source
extraction from convolutive mixtures in ill-conditioned channels.
Consider the blind deconvolution for the following -input
-output dynamic channel
(1)
where
are
sources at time , assumed to be independent random sequences with zero
are
observed convolutive mixmeans;
denotes the linear convolution operator;
tures;
(
) are linear time-invariant filters
that may be of nonminimum phase.
In the frequency domain, (1) can be written as
(2)
where

is

the

delay operator,
is the –transform vector of

source signals,
is the –transform vector of
observed mixtures,
,
is the –transform of
,
(
),
and
are
and rational fractions of
polynomials of
.

First, we introduce several notations. Define the set

Obviously,
is a field of rational fractions.
denotes
, which is a
the set of –dimensional vectors with entries in
denotes the set of
matrices
rational space [31].
.
with entries in
Next, we define an -input -output blind extraction model
as follows:

(3)
where
are model outputs in which
corresponds to the extracted source and
do not contain
(
) are causal
any source contained in ;
. Since the filFIR filters; and
in (1) may be of nonminimum phase,
should be
ters
double-sided.
In the frequency domain, (3) can be written as

(4)
where
vector of

is the –transform
;
and
is the –transform of
(
).
In fact, the MIMO model (3) or (4) is often used as a separation model for well-posed dynamic channels [25] in which the
separation principle is based on mutual independence of all outputs, and all the outputs are separated sources theoretically. In
this paper, we use (3) for blind source extraction, where only the
first output corresponds to an extracted source signal, the other
outputs do not contain any components of the first output,
and are considered as new mixtures. The blind extraction principle is based on the pairwise independence of the first output
outputs. Additionally, we do not use any mulwith other
tiple-input–single-output (MISO) extractor for ill-conditioned
dynamic channels. The main reason for this is because it is difficult to establish an optimization criterion with each stable local
extremum leading to a single source, as will be discussed in Section III.
in
In addition to the general extraction filter bank
model (4), motivated by the Gaussian elimination procedure, we
with fewer adaptive parameintroduce the nonsingular
ters than those used in (4), as shown in (5) at the bottom of the
next page. Model (4) then becomes
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..
.
(6)
From the following extractability theorem, we can see that it
is possible to extract individual sources from the outputs of an
ill-conditioned channel using the above models.
Theorem 1: There exists a full rank matrix
such that the first row
of
has
nonzero en(
,
tries
), and the th (
)
(see (19)), if
column has only one nonzero entry
and only if there exists an
submatrix denoted as
composed of columns of
with rank 1, and the submatrix
denoted as

Theorem 1 in the Appendix , there always exists a row of in
(1) that satisfies (24) and (25) under the conditions of Theorem
1. If (24) and (25) are satisfied for the first row of , model (6)
can be used. Otherwise, we can exchange
(e.g.,
) and
in (6) and then continue the blind extraction.
In the above theorem, matrix is assumed to be of full rank.
The following theorem shows that the assumption does not affect extractability.
Theorem 2: If there is a row vector (i.e., an MISO extractor)
, such that
denoted as
has only one nonzero entry (without loss of generality,
is denoted as
), then there is a nonsinmatrix
such that only one
gular
.
nonzero entry in the first row and the first column of
Proof: Consider the linear equation with variables

composed of the remaining columns satisfies

. Moreover, each entry of
can be a
causal FIR filter.
Proof: See the Appendix.
nonsingular matrix or an
rectangular
If is an
matrix with full column rank, then obviously the conditions of
. Consequently, a filTheorem 1 are satisfied by setting
tered version of a single source can be extracted. That is to say,
the two models above are also suitable for invertible channels.
Remark 1: From the proof of Theorem 1, we can see the
following.
, then the extracted signal
is a convolution of
1) If
the source
and the impulse response of the filter
.
is a separable source. If
, then is
In this case,
a new convolutive mixture of some inseparable sources,
do not contain these sources.
and
2) After a filtered source is extracted, the source can be recovered using a deconvolution algorithm for SISO systems.
3) The number of the sources is not necessarily known. Thus,
Theorem 1 is suitable for the case in which the number of
sources is unknown.
Remark 2: Model (4) is effective provided that the extractability conditions in Theorem 1 hold. One drawback is that
where is the length
there are many adaptive parameters [
of every filter in
] that entails extensive computation.
Model (6) is less complex than (4) in terms of number of
adaptive parameters. As seen in the second part of the proof of

..
.

..
.

..

(7)
linear independent row vectors that satisfy
There are
(7). Based on the conditions in the theorem,
; hence
is independent of all solutions to (7).
matrix with first
Thus, we can obtain a nonsingular
row being , and the remaining
rows being the
linear independent solutions of (7), which satisfies Theorem 2.
If the mixture matrix
does not satisfy the conditions
in Theorem 1, then, it is impossible to extract any filtered source
or a convolutive mixture of several sources using any nonsingular extraction matrix . Theorem 2 implies that it is also impossible to extract a single source from the mixtures using any
matrix (MISO extractor).
1
To obtain more than one source, sequential blind extraction
as new inputs of the
can be performed by taking
blind extraction model, similar to (4) or (6). The following theorem implies that we can obtain close to the best result using
the sequential blind extraction approach.
submatrices
Theorem 3: If there are at most
, such that
of , denoted as
(
), then there are at most sources that can be extracted one by one via sequential blind extraction. Furthermore,
the number of extractable sources is less than or equal to .
Proof: See Appendix.
From Theorem 3, we have the following corollary.

..

.

..
.

..

.

.

..
.

(5)
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Corollary 1: If is of full-column rank or nonsingular, then
all sources can be extracted sequentially as their filtered versions.
Although only real-valued signals are considered in this section, all variables involved above can be complex-valued, and
the extractability results can be applied directly in complexvalued signals.
III. COST FUNCTION AND OPTIMIZATION ALGORITHM
In the preceding section, two blind extraction models and corresponding extractability analysis are presented. From the discussions, we can see that theoretically it is possible to extract
true sources from ill-conditioned convolutive mixtures using
the two extraction models. This section will introduce a cumulant-based cost function and the Gauss–Newton algorithm to extract filtered sources. For the extracted signals, we also propose
another cost function for SISO systems to obtain the source.
We consider the case in which all entries of are causal FIR
filters only. From Theorem 1, we can choose a blind extraction
filter bank with all its entries being causal FIR filters.
Consider model (3) or its equivalent in the frequency doare (
) non-Gaussian
main (4). Suppose that
random sequences that are temporally and spatially indepen, if the output
dent. According to Theorem 1 in [12], for all
is pairwise independent to
, then
when there is a
,
. That is, if there
is a
, then
for all and
.
Thus, the pairwise independence of one output with other
outputs can be used as a blind extraction principle.
Following the idea in [33], [34], etc., next, we introduce a cost
function based on cross cumulant as a criterion for blind source
extraction, as shown in (8) at the bottom of the page, where
is sufficiently large and represents the length of entries of
(
),
.
Obviously, if
and
are pairwise independent
,
, then
.
for
If complex-valued sources and channels are considered, then
the following cost function based on fourth-order cumulant
should be introduced as in [5], as shown in (9) at the bottom
denotes a complex conjugate of .
of the page, where
Under the assumption that all sources are mutually independent
sequences, is a real-valued function with the real parts and
imaginary parts of the extractor coefficients. Let denote the
number of all extractor coefficients, then can be seen as a
real variables (real parts and imagireal-valued function of
nary parts of all extractor coefficients). Thus, the optimization
procedure of is similar to the real-valued case.
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Based on the properties of cumulant, it is not difficult to prove
the following result.
are sup-Gaussian
Theorem 4: Suppose that
(or sub-Gaussian) spatially independent random sequences with
zero means. For the blind extraction model (3) or (4), if there is
(
) with full rank –transform
a filter bank
such that
and
, then is a filtered
matrix
version of a single source, or new convolutive mixture of several inseparable sources; the other outputs of the model do not
contain any component of .
In many studies (e.g., [5], [24], and [26]) kurtosis-based criteria are used instead of cross-cumulant based criteria, as in (8).
In [24], several contrast functions are obtained, of which their
global maximum is the true solution under the assumption of
invertible channels (full-column rank). However, if the systems
are ill-conditioned, conditions F1 and F2 in [24] cannot be satisfied simultaneously, and there is no trivial matrix sequence
such that the equality of C2 holds. Thus it is very difficult
to construct a kurtosis-based contrast for ill-conditioned systems. In [5], under the condition of invertible channels, several
kurtosis-based criteria are established. It has been proved that all
stable equilibria with respect to the composite impulse response
result in true solutions (original sources), and those equilibria
resulting in spurious solutions are unstable (saddle points). Furthermore, it also follows that all the stationary points of the criterion with respect to the equalizer coefficients are described by
the stationary points of the criterion with respect to the composite impulse response. However, if the systems are ill-conditioned, this kind of one-to-one relationship between the two sets
of stationary points does not exist: one set corresponds to the
equalizer coefficients, the other set corresponds to the composite
impulse response. In [26], if the channels are assumed to be invertible (sufficient-order case), a local extremum of the criterion implies a single source is extracted; otherwise, the local extremum only results in a new mixture of several sources, and the
criterion is not a contrast of which the global extremum can not
be ensured. Above all, if we use a kurtosis-based cost function,
the global convergence of the corresponding algorithm cannot
be ensured, and iteration may become stuck in a local extremum,
which may result in a spurious solution. This can lead to the unfavorable position in which we cannot judge which extremum
would result in a true solution. However, if we use the criterion
in (8), though the global convergence of the corresponding algorithm also cannot be ensured, the true solution is the global
) with local stability, and
minimum of the cost function (
it is easy to judge whether or not we have obtained the true solution.

(8)

(9)
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Under the conditions in Theorem 4, blind extraction based
on model (3) can be implemented by solving the following constrained minimization problem:

. We will
assume that is a filtered source, denote
minimize the following cost function for deconvolution:
(14)

subject to

(10)

Since
in (5) is of full rank, blind source extraction
based on model (6) can be carried out by solving the unconstrained minimization problem

.
where is sufficiently large and
As a measure of extraction performance, we use the inter) defined by
symbol interference (

(11)
Define an

dimensional column vector

(15)
where
(
) are defined in (3). Obviously,
if and only if
has only one nonzero entry in the first row.
In the blind deconvolution, we use the following index
as a measure of performance

(12)
The following Gauss–Newton algorithm can be used to solve
the optimization problems (10) and (11) for blind source extraction, as shown in (13) at the bottom of the page, where and
are positive constants,
, and is the
identity
matrix.
As in [16], we can compute and its partial derivatives with
using observable (
).
respect to variables
Note that every expectation involved the computation in (13) is
approximated by a corresponding mean of a record of samples.
In our experience, if the sources are independent sequences generated as in the example of this paper, the record length of 5000
is sufficient.
Once the iterative procedure for solving (10) is complete, it
. If
,
is important to check whether
and
, then one should choose another
or
initial value of and begin the iteration again.
If a filtered source is extracted, then we can use a deconvolution filter for deconvolution of the signal to obtain a signal
source. Of course, if a new convolved mixture of several inseparable sources is extracted, then it is impossible to obtain a signal
source using any deconvolution algorithm. In the following, we

(16)
where
that

. Obviously,
implies
is a single source up to a scale and a time delay.
IV. SIMULATION RESULTS

In this section, we present a simulation example to illustrate
the proposed algorithm.
,
Consider three sub-Gaussian sources
,
,
where
, ,
and
are independent uniform
white noises with values in [0, 1]. The kurtosis values of ,
,
are
,
, and
, respectively. The
mixing filter bank is shown in (17) at the bottom of the page.
Now, we employ the proposed extraction approach to extract
a single source. Clearly, the conditions in Theorem 1 are satisfied and a filtered signal of the source can be extracted.
in (3) as 7 and the initial
Let the length of double-sided
as shown in the last equation at the bottom
value of
of the page. Note that if the performance index
decreases

(13)

(17)
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Fig. 1. Simulation results in the blind extraction and deconvolution.

fast and tends to zero during the iteration, then we think that the
are set appropriately.
length and the initial value of
Using the algorithm (13), we can solve the optimization
. The
problem (10) and obtain the extraction filter bank
are
three entries of the first row of
shown in (18) at the bottom of the page.
Note that the maximum of the absolute values of coeffiis much greater than those of
and
cients of
in (18). (This is also shown in the subplot in the fourth
row and first column of Fig. 1). We can see that can be taken
as a convolutive signal from source only.
In the next step, blind deconvulution is performed to
. Let the length of deconvolution
recover the source
be 11, and the initial value of
be
double-sided filter
. Using the
Gauss–Newton algorithm to minimize the cost function (14),
we can obtain the deconvolution filter

Fig. 1 shows the simulation results. In the first row, the three
subplots represent the three sources , , and . The two subplots of the second row are the convolutive mixtures and .

In the third row, the first two subplots are the extracted signal
and the remaining signal , and the third subplot is deconvolved signal . The two subplots of the fourth row show the
iterative behaviors of
and
. From (18) and Fig. 1, we
is extracted, but also
is
can see that not only the filtered
recovered nearly up to a scale and a time delay.

V. CONCLUDING REMARKS
Based on two blind extraction models, an extraction approach
is presented for blind deconvolution of convolutive mixtures
in ill-conditioned MIMO channels. Extractability is characterized with a necessary and sufficient condition. The sequential
blind extraction approach can extract all potentially separable
sources (at most equal to the number of sensors) from convolutive mixtures in ill-conditioned channels. The extraction is implemented by minimizing a cumulant-based cost function using
the Gauss–Newton algorithm. A simulation example is given to
illustrate the extraction approach.
Many avenues are open for further investigations. In view that
all sources are assumed to be sup-Gaussian (or sub-Gaussian)
for the cost function herein and the learning algorithm is an
existing general-purpose optimization procedure, the remaining

(18)

1820

IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: REGULAR PAPERS, VOL. 51, NO. 9, SEPTEMBER 2004

tasks include the development of more effective cost functions
and more efficient algorithms.

From (23) and (26), we have
(27)

APPENDIX
Set
A. The Proof of Theorem 1
matrix such that
Necessity: If there is a full rank
has nonzero entries
,
the first row of
) of has only one nonzero
and the th column (
. Without loss of generality, suppose that
entry

..
.

..
.

..

(28)

..
.

.

from (27), then
..
.

..

.

..
.

..
.

..

..
.

.

..
.

..

..
.

.

..
.

..

..
.

.

(19)
where
..
.

..

.

..
.

..
.

..

..
.

.

(20)

Thus, there exists a full rank blind extraction matrix in (4)
such that a convolutive mixture of sources can be extracted.
The sufficiency is obtained.
Multiplying the in (28) by the least common denominator
of its entries, we can take a new one to replace with its each
entry being an FIR filter.
B. Proof of Theorem 3

In view of (19) and full rank of

Without loss of generality, assume that
(21)
(22)
The necessity is obtained.
Sufficiency: Without loss of generality, suppose that
, and suppose that
full row rank, that is,

is of
and

in (20) satisfy
,
. In the
matrix such that
following, we construct a full rank
the first row of
has nonzero entries
, and
) of has only one nonzero entry
the th column (
[see (19)].
, we have
From that

Since
singular
form:

..
.

..

.

..
.

..

.

are in

Furthermore, since

..
.

..
.

..

..
.

.

, by Theorem 1, there is a nonsuch that
has the following

matrix

..
.

(23)
where

..
.

..
.

..

..
.

.

.
, the

rows of

early dependent. Therefore, there is a row vector of
, such that
to be

are lin-

Obviously

supposed
..
.

..

..
.

.

(24)
where
Since

are functions in
.
is assumed to be of full row rank, we have

..
.
(25)

From (23), it is easy to obtain

..

(29)

..
.

.

Denote
..
.

(26)

..
.

..

.

..
.

..
.

..

.

..
.
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is of full rank,
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. From (29)

and

Thus
.
By Theorem 1, there is a nonsingular
blind extraction matrix
such that
has a similar form
.
as
By repeating the above process times, we can obtain nonsingular, blind extraction matrices
, with their dimenrespectively;
sions being
and .
they have similar characteristics as
Let

then
..

.

(30)

identity matrix,
,
where is an
is an
matrix.
and
If there are
sources that can be extracted sequentially,
in (30) satisfies the conditions in Theorem 1, and there
then
submatrices of
with their ranks being
are
. Since is nonsingular, has
–dimensional submatrices with their ranks being
, which contradicts the conditions of this theorem. Thus, there
are at most sources that can be extracted.
From this proof, we can see that the number of extractable
sources is less than or equal to .
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