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Blind Source Extraction From Convolutive Mixtures
in I1I-Conditioned Multi-Input Multi-Output Channels

Yuangqing Li, Jun Wang, Senior Member, IEEE, and Andrzej Cichocki

Abstract—This paper presents a new approach to blind source
extraction from convolutive mixtures in multi-input multi-output
(MIMO) channels. Two ill-conditioned cases are considered:
the number of sensors is less than the number of sources and
the number of sensors is greater than or equal to the number
of sources but the system is noninvertible. Although there exist
several works related to ill-conditioned dynamic MIMO channels,
especially on blind channel identification, how to obtain a true
source only from observable convolutive mixtures is still an open
problem. In this paper, beginning with introducing two blind ex-
traction models for blind deconvolution in ill-conditioned MIMO
channels, we discuss the extractability issue. Results from our
extractability analysis (a necessary and sufficient condition) show
that it is possible to extract individual sources from the outputs.
Furthermore, all potentially separable sources (at most equal to
the number of sensors) can be extracted sequentially based on
these extraction models. A cost function based on cross cumulant
is discussed along with the Gauss—Newton algorithm. Finally, a
simulation example is presented for illustration.

Index Terms—Blind extraction, convolutive mixtures, ex-
tractability, multichannel deconvolution.

1. INTRODUCTION

LIND deconvolution recovers unknown sources from

convolutive mixtures without the information about the
signal channels. It has significant potential for applications in
numerous technical areas such as array processing, speech and
image enhancement, digital communications [1]-[6], to name
a few.

Blind deconvolution of multi-input multi-output (MIMO)
dynamic channels has received considerable attention in recent
years. Many studies on blind deconvolution of MIMO systems
have been reported; see the references herein. For example,
in [5], [7]-[13], various algorithms (e.g., cumulant-based
super-exponential algorithm, adaptive algorithms, Godard cost
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function, etc.) are developed to recover sources sequentially or
simultaneously from convolutive mixtures. [14], [15] explore
the geometrical structures of the manifold of finite-impulse
response (FIR) filters and develop a natural gradient algorithm
for blind deconvolution. Independent component analysis
(ICA) techniques has also been used in blind deconvolution.
For instance, in [17], several blind source separation (BSS)
techniques are extended to blind deconvolution. Most of these
studies assume that the number of sources is less than or equal
to the number of sensors, and the MIMO system is invertible.
From the discussions in [18], we also can see that this assump-
tion plays important roles.

Incidentally, several papers discuss related issues for MIMO
static systems with more sources than senors; e.g., [19] and
[20]. In [19], by resorting to higher order statistics and mul-
tiway array decomposition, it was proved that static MIMO sys-
tems with fewer outputs than inputs can be identified; an ef-
fective algorithm was proposed to extract three digital sources
[e.g., binary phase-shift keying (BPSK) or quadrature phase
shift keying (OPSK) sources] from the two observations using
the discrete distribution of the sources. Since separability (or
extractability) conditions are weaker for a system with digital
sources than for analog sources in general [23], the algorithms
different from that in [19] should be developed for blind sepa-
ration or extraction of analog sources from their ill-conditioned
mixtures. In [20], it is discussed that the identification of static
systems with n sources and two sensors using a joint character-
istic function of the random variables (observations); but they
did not discuss how to obtain these sources after the systems are
identified. In [22], blind identification of multichannel moving
average parameter matrices was discussed using higher-order
statistics. Five or six assumptions regarding the channels are
presented related to channel identification. Similar to [20], there
was no discussion about how to estimate the sources.

There exist classical methods for blind separation for ill-con-
ditioned systems with n sources and m sensors (here, n > m).
That is, only m sources are extracted or separated using general
approaches (e.g., in [24]-[26]); the other n —m sources are con-
sidered to be noise and are not extracted. In [26], if the system
is ill-conditioned (undermodeled case), a local extremum of the
criterion only results in a new mixture of several sources. In fact,
if an ill-conditioned system is assumed to be an invertible one,
and n — m sources are assumed to be noise, then the estimated
m signals are, theoretically, new mixtures of n —m + 1 sources
instead of separated sources, of which the signal-to-noise ratios
may be very low.

Blind source extraction is an effective method for recovering
sources from instantaneous mixtures in ill-conditioned cases

1057-7122/04$20.00 © 2004 IEEE



LI et al.: BLIND SOURCE EXTRACTION FROM CONVOLUTIVE MIXTURES

[27]. In this paper, we will show that it is also effective for re-
covering sources from convolutive mixtures in ill-conditioned
MIMO dynamic systems. The aim of this paper is to analyze
blind source extraction from convolutive mixtures in ill-condi-
tioned MIMO channels in which the signal channel is not invert-
ible; that is, the number of sources is greater than the number of
sensors, or the Z-transform matrix of the system is column-rank
deficient when the number of sources is less than or equal to the
number of sensors. We present two models and an optimiza-
tion algorithm to extract sequentially at most m analog sources
under extractability conditions. Although theoretically at least
n — m sources can not be extracted, the extracted signals are
filtered versions of true sources (these sources can then be ob-
tained individually by a [single-input single-output (SISO) de-
convolution filter], not the mixtures of one source and the in-
tractable n — m sources.

In the remainder of this paper, we first introduce two blind
extraction models for ill-conditioned MIMO dynamic channels,
and present the extractability conditions in Section II. The ex-
tractability results imply that it is possible to extract an indi-
vidual filtered source using the two models. Furthermore, all po-
tentially separable sources (at most m) can be theoretically ex-
tracted one by one. In Section III, we discuss realization issues
of the extraction including a cost function and its corresponding
optimization algorithm. Finally, we present an illustrative sim-
ulation example in Section I'V.

II. BLIND EXTRACTION MODELS AND
EXTRACTABILITY ANALYSIS

In this section, two blind extraction models are first proposed
for blind source extraction in ill-conditioned MIMO dynamic
channels. The subsequent extractability analysis demonstrates
the theoretical effectiveness of the two models for blind source
extraction from convolutive mixtures in ill-conditioned chan-
nels.

Consider the blind deconvolution for the following n-input
m-output dynamic channel

Zh ) * s;(k),

Jj=1

where s1(k),...,s,(k) are n sources at time k, as-
sumed to be independent random sequences with zero
means; z1(k),...,xm(k) are m observed convolutive mix-
tures; * denotes the linear convolution operator; hz’j(k)
(@ = m,7 = 1,...,n) are linear time-invariant filters
that may be of nonminimum phase.

In the frequency domain, (1) can be written as

.....

Xz =H("HS(z™h )
where 27! is the delay operator, S(z7!) =
[S1(z71),...,Sn(z71)]T is the z—transform vector of
n source signals, X(z7!) = [Xi(z71),...,Xn(z"Y)]"

is the z-transform vector
H(z"%) =
and rational fractions of 2~ ! (4,5 = 1,...,
polynomials of 21

of m observed mixtures,
[Hij(z7Y)]mxn, Hij is the z—transform of h;;,
n), S; and X are
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First, we introduce several notations. Define the set

I
6() = { Lre).ate)

are real coefficient polynomials of variable z} .

Obviously, G(z) is a field of rational fractions. G"(z) denotes
the set of n—dimensional vectors with entries in G(z), which is a
rational space [31]. "™ (z) denotes the set of m X n matrices
with entries in G(z).

Next, we define an m-input m-output blind extraction model
as follows:

Ms

yi(k) = > bij(k) * z;(k)

b;;(k [Z hji(k) = si( ]

Cil(k) * Sl(k‘),

<.
Il
-

I
Ms

<.
Il
—

i=1,....m (3

[
NE

Il
—

where y1(k), ..., ym(k) are model outputs in which y; corre-
sponds to the extracted source and ys, ..., ¥y, do not contain
any source contained in y1; b;; (k) (i, = 1 ,m) are causal
FIR filters; and c;i(k) = 3271, bij(k) * hjl(k). Since the fil-
ters h;; in (1) may be of nonminimum phase, b;; should be
double-sided.

In the frequency domain, (3) can be written as

V(™) =B("N)X(271) = Bz )H(21)S(=7)
=C0(z7")8(z7h) “)
where Y (z71) = [Y1(271), ..., Vi (271)]7 is the z—transform

vector of (y1,...,ym)’; B(z7Y) = [Bij(z7")]mxm and
B;j(z71) is the z—transform of b;; (i,j = 1,...,m).

In fact, the MIMO model (3) or (4) is often used as a separa-
tion model for well-posed dynamic channels [25] in which the
separation principle is based on mutual independence of all out-
puts, and all the outputs are separated sources theoretically. In
this paper, we use (3) for blind source extraction, where only the
first output corresponds to an extracted source signal, the other
m — 1 outputs do not contain any components of the first output,
and are considered as new mixtures. The blind extraction prin-
ciple is based on the pairwise independence of the first output
with other m — 1 outputs. Additionally, we do not use any mul-
tiple-input—single-output (MISO) extractor for ill-conditioned
dynamic channels. The main reason for this is because it is dif-
ficult to establish an optimization criterion with each stable local
extremum leading to a single source, as will be discussed in Sec-
tion III.

In addition to the general extraction filter bank B(z~1!) in
model (4), motivated by the Gaussian elimination procedure, we
introduce the nonsingular B(z~1) with fewer adaptive parame-
ters than those used in (4), as shown in (5) at the bottom of the
next page. Model (4) then becomes

Yl(z_l) :Xl(z_l)
. Blm(z

— Bia(z7 ") Xa(27")
Xz



Y2(Z_1) :Xg(z_l) — Bgl(z_l)Yl(z_l)

Y (2™ =X (27 = Bpa(z7H)Yi(27h). (6)

From the following extractability theorem, we can see that it
is possible to extract individual sources from the outputs of an
ill-conditioned channel using the above models.

Theorem  I: There exists a full rank matrix
B(z™Y) €  Gm™X™(z71) such that the first row
of C(z7Y) = B(z7Y)H(z7!) has p nonzero en-

tries 0111(2_1)7"'701117(2_1) (1 < p < n,
1 <7 < - < Il < mn),and the l;th ¢ = 1,...,p)
column has only one nonzero entry C1;,(z71) (see (19)), if
and only if there exists an m X p submatrix denoted as H
composed of p columns of H with rank 1, and the submatrix

denoted as H composed of the remaining columns satisfies

rank(H) < rank(H). Moreover, each entry of B can be a
causal FIR filter.
Proof: See the Appendix.

If H is an m X m nonsingular matrix or an m X n rectangular
matrix with full column rank, then obviously the conditions of
Theorem 1 are satisfied by setting p = 1. Consequently, a fil-
tered version of a single source can be extracted. That is to say,
the two models above are also suitable for invertible channels.

Remark 1: From the proof of Theorem 1, we can see the
following.

1) If p = 1, then the extracted signal y; is a convolution of
the source s;, and the impulse response of the filter C1, .
In this case, s;, is a separable source. If p > 1, then y; is
a new convolutive mixture of some inseparable sources,
and ¥, . .., ¥m do not contain these sources.

2) After a filtered source is extracted, the source can be re-
covered using a deconvolution algorithm for SISO sys-
tems.

3) The number of the sources is not necessarily known. Thus,
Theorem 1 is suitable for the case in which the number of
sources is unknown.

Remark 2: Model (4) is effective provided that the ex-
tractability conditions in Theorem 1 hold. One drawback is that
there are many adaptive parameters [mn>?¢ where / is the length
of every filter in B(z~1)] that entails extensive computation.
Model (6) is less complex than (4) in terms of number of
adaptive parameters. As seen in the second part of the proof of
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Theorem 1 in the Appendix , there always exists a row of H in
(1) that satisfies (24) and (25) under the conditions of Theorem
1. If (24) and (25) are satisfied for the first row of H, model (6)
can be used. Otherwise, we can exchange X; (e.g., X2) and X3
in (6) and then continue the blind extraction.

In the above theorem, matrix B is assumed to be of full rank.
The following theorem shows that the assumption does not af-
fect extractability.

Theorem 2: 1If there is a row vector (i.e., an MISO extractor)

denoted as By (z7') = [B11(z71), ..., Bim(271)], such that
B1H has only one nonzero entry (without loss of generality,
B1H is denoted as [go(z71),0,...,0]), then there is a nonsin-

gular m X m matrix B(z7!) € G™*™(2~1) such that only one
nonzero entry in the first row and the first column of BH .
Proof: Consider the linear equation with variables

617"'7€m

Hi1& + Hubo+ -+ Hpiém = 0. )

There are m — 1 linear independent row vectors that satisfy
(7). Based on the conditions in the theorem, H11B11 + --- +
H,,1 B1,, = go; hence B; is independent of all solutions to (7).
Thus, we can obtain a nonsingular m X m matrix B with first
row being B, and the remaining m — 1 rows being the m — 1
linear independent solutions of (7), which satisfies Theorem 2.
O

If the mixture matrix H (z~') does not satisfy the conditions
in Theorem 1, then, it is impossible to extract any filtered source
or a convolutive mixture of several sources using any nonsin-
gular extraction matrix B. Theorem 2 implies that it is also im-
possible to extract a single source from the mixtures using any
1 xm matrix (MISO extractor).

To obtain more than one source, sequential blind extraction
can be performed by taking ¥, ..., ¥, as new inputs of the
blind extraction model, similar to (4) or (6). The following the-
orem implies that we can obtain close to the best result using
the sequential blind extraction approach.

Theorem 3: 1If there are at most ¢ m x (n — 1) submatrices
of H, denoted as Hy, ..., H,, such that rank(H;) < rank(H)
(z» = 1,...,q), then there are at most ¢ sources that can be ex-
tracted one by one via sequential blind extraction. Furthermore,
the number of extractable sources is less than or equal to m.

Proof: See Appendix.
From Theorem 3, we have the following corollary.

B 1 —B; Z_l) —Blm(Z_l
—321(2 1) 1+ 321(27 )Blg(zil) Bm(z*l)Blm(z*l)
- | | ©)
_—Bm1(2_1> Bml(z )Blg(z_1> 1+ Bml(z_l)Blm(z_l)
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Corollary 1: If H is of full-column rank or nonsingular, then
all sources can be extracted sequentially as their filtered ver-
sions.

Although only real-valued signals are considered in this sec-
tion, all variables involved above can be complex-valued, and
the extractability results can be applied directly in complex-
valued signals.

III. COoST FUNCTION AND OPTIMIZATION ALGORITHM

In the preceding section, two blind extraction models and cor-
responding extractability analysis are presented. From the dis-
cussions, we can see that theoretically it is possible to extract
true sources from ill-conditioned convolutive mixtures using
the two extraction models. This section will introduce a camu-
lant-based cost function and the Gauss—Newton algorithm to ex-
tract filtered sources. For the extracted signals, we also propose
another cost function for SISO systems to obtain the source.

We consider the case in which all entries of H are causal FIR
filters only. From Theorem 1, we can choose a blind extraction
filter bank B with all its entries being causal FIR filters.

Consider model (3) or its equivalent in the frequency do-
main (4). Suppose that sq,...,s, are n (n > 2) non-Gaussian
random sequences that are temporally and spatially indepen-
dent. According to Theorem 1 in [12], for all k, [, if the output
y1(k) is pairwise independent to y;(l), then Cj,(271) = 0
when there is a C1, (27') £ 0, = 2,...,m. That is, if there
is a cix, (lo) # 0, then ¢j, (1) = 0forallland j = 2,...,m
Thus, the pairwise independence of one output with other m — 1
outputs can be used as a blind extraction principle.

Following the idea in [33], [34], etc., next, we introduce a cost
function based on cross cumulant as a criterion for blind source
extraction, as shown in (8) at the bottom of the page, where
{ is sufficiently large and represents the length of entries of C
(=BH),k > {.

Obviously, if y; (k) and y;(k — [) are pairwise independent
forl=0,...,4—-1,7=2,...,m,then J = 0.

If complex-valued sources and channels are considered, then
the following cost function based on fourth-order cumulant
should be introduced as in [5], as shown in (9) at the bottom
of the page, where y; denotes a complex conjugate of y;.
Under the assumption that all sources are mutually independent
sequences, .J is a real-valued function with the real parts and
imaginary parts of the extractor coefficients. Let /o denote the
number of all extractor coefficients, then J can be seen as a
real-valued function of 2/, real variables (real parts and imagi-
nary parts of all extractor coefficients). Thus, the optimization
procedure of .J is similar to the real-valued case.
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Based on the properties of cumulant, it is not difficult to prove
the following result.

Theorem 4: Suppose that s1(t),.. ., $n(t) are sup-Gaussian
(or sub-Gaussian) spatially 1ndependent random sequences with
zero means. For the blind extraction model (3) or (4), if there is
a filter bank b;; (1,5 = 1,...,m) with full rank z—transform
matrix B(z~1) such that .J = 0 and y; Z 0, then y; is a filtered
version of a single source, or new convolutive mixture of sev-
eral inseparable sources; the other outputs of the model do not
contain any component of y;.

In many studies (e.g., [5], [24], and [26]) kurtosis-based cri-
teria are used instead of cross-cumulant based criteria, as in (8).
In [24], several contrast functions are obtained, of which their
global maximum is the true solution under the assumption of
invertible channels (full-column rank). However, if the systems
are ill-conditioned, conditions F1 and F2 in [24] cannot be sat-
isfied simultaneously, and there is no trivial matrix sequence
H (k) such that the equality of C2 holds. Thus it is very difficult
to construct a kurtosis-based contrast for ill-conditioned sys-
tems. In [5], under the condition of invertible channels, several
kurtosis-based criteria are established. It has been proved that all
stable equilibria with respect to the composite impulse response
result in true solutions (original sources), and those equilibria
resulting in spurious solutions are unstable (saddle points). Fur-
thermore, it also follows that all the stationary points of the cri-
terion with respect to the equalizer coefficients are described by
the stationary points of the criterion with respect to the com-
posite impulse response. However, if the systems are ill-condi-
tioned, this kind of one-to-one relationship between the two sets
of stationary points does not exist: one set corresponds to the
equalizer coefficients, the other set corresponds to the composite
impulse response. In [26], if the channels are assumed to be in-
vertible (sufficient-order case), a local extremum of the crite-
rion implies a single source is extracted; otherwise, the local ex-
tremum only results in a new mixture of several sources, and the
criterion is not a contrast of which the global extremum can not
be ensured. Above all, if we use a kurtosis-based cost function,
the global convergence of the corresponding algorithm cannot
be ensured, and iteration may become stuck in a local extremum,
which may result in a spurious solution. This can lead to the un-
favorable position in which we cannot judge which extremum
would result in a true solution. However, if we use the criterion
in (8), though the global convergence of the corresponding al-
gorithm also cannot be ensured, the true solution is the global
minimum of the cost function (J = 0) with local stability, and
it is easy to judge whether or not we have obtained the true so-
lution.

—1 m
T =Y [Cum3 o (y1 (k), y;(k — 1)) + Cum3 o(y; (), y1(k —1))] ®)
1=0 j=2
£—1 m
T =Y [Cum® (yy (k), yi (k) y;(k — 1),y (k — 1)) + Cum?®(y; (), v} (), ya (k — 1), 55 (k = 1))] ©)

1=0 j=2
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Under the conditions in Theorem 4, blind extraction based
on model (3) can be implemented by solving the following con-
strained minimization problem:

min J subject to rank(B(z7')) = m. (10)

Since B(z71) in (5) is of full rank, blind source extraction
based on model (6) can be carried out by solving the uncon-
strained minimization problem

min .J. (11
Define an m?2¢; dimensional column vector
b=1[b11(0),...,b11(f1 —1),...,b1m(0),... bim(fy — 1),
., ba1(0 ) ..... a1 (€1 —1 ) oy bmm (0),
.,bmm(el— T, (12)

The following Gauss—Newton algorithm can be used to solve
the optimization problems (10) and (11) for blind source extrac-
tion, as shown in (13) at the bottom of the page, where 1 and 3
are positive constants, 3 < 1, and I is the m2/; x m2/; identity
matrix.

As in [16], we can compute .J and its partial derivatives with
respect to variables b;; (k) using observable z; (i = 1,...,m).
Note that every expectation involved the computation in (13) is
approximated by a corresponding mean of a record of samples.
In our experience, if the sources are independent sequences gen-
erated as in the example of this paper, the record length of 5000
is sufficient.

Once the iterative procedure for solving (10) is complete, it
is important to check whether |B(z~!)| = 0. If |[B(271)| = 0,
ory; = 0 and |B(z71)| # 0, then one should choose another
initial value of B and begin the iteration again.

If a filtered source is extracted, then we can use a deconvo-
lution filter by for deconvolution of the signal to obtain a signal
source. Of course, if a new convolved mixture of several insepa-
rable sources is extracted, then it is impossible to obtain a signal
source using any deconvolution algorithm. In the following, we
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assume that ¥ is a filtered source, denote u; = bg * y1. We will
minimize the following cost function for deconvolution:

lo—1

Ji = Z Cumg’z(ul(k),m(k =1)) (14)
1=0

where { is sufficiently large and k& > /.

As a measure of extraction performance, we use the inter-
symbol interference (ISI;) defined by

Z leaill” = max {Jlexill”}

mas (lewl?)

where c1; (1 = 1,...,n) are defined in (3). Obviously, IST; = 0
if and only if C(z 1) has only one nonzero entry in the first row.

In the blind deconvolution, we use the following index ISI»
as a measure of performance

IST, = (15)

£y
~1N2 2
3 6B s {Je(h))
Pl = {e)P} (1o
12ngg, U
where & = by * (c11 + - - - + ¢15). Obviously, ISI; = 0 implies

that u; = bg*y is a single source up to a scale and a time delay.

IV. SIMULATION RESULTS

In this section, we present a simulation example to illustrate
the proposed algorithm.

Consider three sub-Gaussian sources [s1,s2,53]%,
where s1(t) = 3sin(ni(t) — 0.5), s2 = 2cos(na(t)7),
s3(t) = 3ns3(t) — 1.5, ny, no and n3 are independent uniform
white noises with values in [0, 1]. The kurtosis values of sq,
S2, s3 are —0.5685, —6.1574, and —0.7067, respectively. The
mixing filter bank is shown in (17) at the bottom of the page.

Now, we employ the proposed extraction approach to extract
a single source. Clearly, the conditions in Theorem 1 are satis-
fied and a filtered signal of the source s; can be extracted.

Let the length of double-sided b;; in (3) as 7 and the initial
value of B(z~1) as shown in the last equation at the bottom
of the page. Note that if the performance index ISI; decreases

-1 m T
b(k 1) = b Z 9 dCumy »(y1(k), y;(k — 1)) [5CUH12,2(?J1(13)7Z/](/€ - l))}
i~ b b
= J_
T -1
+8Cllnl272(yj(7})7 yl(k — l)) |:0Cum272(yj(/f), yl(k B l)):| + /L/BkI 8_{ (13)
b b b
1y [1405271 +0.2272 0.3+ 0.4z71 0.1+0.3z71
A=) = [ 0 0.340.61z71 +0.28272 0.1 4 0.47z71 +0.28272 {17

0.840.62714+0.227240.2273
03401271 4+0.22"240.1273

—0.74+0327140.22724+0.2273
0.84+0.2z71

+0.227240.127° ]
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Fig. 1. Simulation results in the blind extraction and deconvolution.

fast and tends to zero during the iteration, then we think that the
length and the initial value of B(z~!) are set appropriately.

Using the algorithm (13), we can solve the optimization
problem (10) and obtain the extraction filter bank B(z~1!). The
three entries of the first row of C(271) = B(z~1)H(271) are
shown in (18) at the bottom of the page.

Note that the maximum of the absolute values of coeffi-
cients of c11(2~1) is much greater than those of c12(z~1) and
c13(2’_1) in (18). (This is also shown in the subplot in the fourth
row and first column of Fig. 1). We can see that y; can be taken
as a convolutive signal from source s; only.

In the next step, blind deconvulution is performed to
recover the source s;. Let the length of deconvolution
double-sided filter by be 11, and the initial value of by be
[0,—0.1,0,—0.1,-0.2,1,—-0.2, —0.1,0, —0.1,0]. Using the
Gauss—Newton algorithm to minimize the cost function (14),
we can obtain the deconvolution filter

by = [0.0642, —0.0074, —0.0550,0.1198, —0.0514, 0.2661,
—0.1975,0.0658,0.0670, 0.0385, —0.0466].
Fig. 1 shows the simulation results. In the first row, the three

subplots represent the three sources s, s2, and s3. The two sub-
plots of the second row are the convolutive mixtures x; and 5.

50 100 150 200 250

In the third row, the first two subplots are the extracted signal
y1 and the remaining signal 2, and the third subplot is decon-
volved signal u1. The two subplots of the fourth row show the
iterative behaviors of ISI; and ISIs. From (18) and Fig. 1, we
can see that not only the filtered s; is extracted, but also s; is
recovered nearly up to a scale and a time delay.

V. CONCLUDING REMARKS

Based on two blind extraction models, an extraction approach
is presented for blind deconvolution of convolutive mixtures
in ill-conditioned MIMO channels. Extractability is character-
ized with a necessary and sufficient condition. The sequential
blind extraction approach can extract all potentially separable
sources (at most equal to the number of sensors) from convolu-
tive mixtures in ill-conditioned channels. The extraction is im-
plemented by minimizing a cuamulant-based cost function using
the Gauss—Newton algorithm. A simulation example is given to
illustrate the extraction approach.

Many avenues are open for further investigations. In view that
all sources are assumed to be sup-Gaussian (or sub-Gaussian)
for the cost function herein and the learning algorithm is an
existing general-purpose optimization procedure, the remaining

[0.00952% — 0.08902% — 0.11072% + 0.5739z + 0.6564 + 0.20212~!

[0.04322% 4 0.07142° + 0.024522 — 0.0135z — 0.0462 — 0.0545z 1

611(2_1) =

—0.0223272 — 0.0418273 — 0.00862 4],
012(2}71) =

—0.0589272 — 0.0140273 + 0.0111274],
013(21_1) =

[0.01442* + 0.061223 + 0.029722 + 0.0075z — 0.0973 — 0.06912~!
—0.0376272 — 0.0153273 + 0.011127%]

(18)



1820

tasks include the development of more effective cost functions
and more efficient algorithms.

APPENDIX

A. The Proof of Theorem 1

Necessity: 1If there is a full rank m X m matrix B such that
the first row of C' = BH has nonzero entries Cyy,,...,Cuy,,
and the /;th column (z = 1,...,p) of C has only one nonzero

entry C;,. Without loss of generality, suppose that

Cl DR Cp 0 ... 0
X * 0 -+ 0 cyptr Con
BH = [BH|BH] = #+)
o --- 0 Cm(p+1) Cmn
(19)
where
Hll Hlp N H1(1)+1)7 te Hln
=1 Ll oH=|
Hml Hmp Hm(p+1) Hmn
(20)

In view of (19) and full rank of B

*

rank(H) =rank(B ﬁ) < rank(BH) =rank(H) (21)
rank(ﬁ]) = rank(BI:I) =1. (22)
The necessity is obtained.

Sufficiency: Without loss of generality, suppose that H is of
full row rank, that is, rank(H) = m, and suppose that H and

H in (20) satisfy rank(H) = 1, rank(H) < rank(H). In the
following, we construct a full rank m X m matrix B such that
the first row of C' = B H has nonzero entries C11, .. ., C1p, and

the ith column (z = 1,...,p) of C has only one Inonzlero entry
C1; [see (19)].

From that rank(ﬁ ) = 1, we have

[Hn; .- '7Hml]T 292[H127 .. '7Hm2]T

= :.qP[H11)7"'7HmP]T (23)

where go,. .., g, # 0 are in G(z71).

Furthermore, since rank(H) < m, the m rows of H are lin-
early dependent. Therefore, there is a row vector of H supposed
to be [Hy(p41), - - -, Hin], such that

[Hl(p+1)7 K] Hln] = kZ[H2(p+1)7 s 7H2n]

+o k[ Hompgr)s o Hmn]  (24)
where ko, . .., ky, are functions in G(z71).
Since H is assumed to be of full row rank, we have
bi=Hu—-Y kiHjy#0,1=1,..p (25)
j=2
From (23), it is easy to obtain
b1 = gsz == gpbp. (26)
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From (23) and (26), we have

Hj Hjp ,
by b, T o™ @7
Set
1 _kz _km
_Hnooq 4 @]@ ﬁkm
B _ .bl .bl by (28)
Hyy  Hp Hypy
— b, TkQ 1 + Tkm
from (27), then
by by 0 e 0
0 0 H2 +1 H2n
BH = . (f, )

Thus, there exists a full rank blind extraction matrix B in (4)
such that a convolutive mixture of p sources can be extracted.
The sufficiency is obtained.

Multiplying the B in (28) by the least common denominator
of its entries, we can take a new one to replace B with its each
entry being an FIR filter. O

B. Proof of Theorem 3

Without loss of generality, assume that

[ Hyp Hy,
Hi=| ],
L Hpno Hpn
[ Hiz Hyg-1) Higg41) Hip)
Hy=| : : :
[ Hima Hun(g-1) Hm(g+1) Hipn

Since rank(H;) < rank(H), by Theorem 1, there is a non-
singular m X m matrix B; such that By H has the following
form:

c1 ~0 o ~0
0 Hoy Hy,
B{H = . .
0 gm? F]mn
Obviously
r No ~0
_ Hy - Hy,
BiH = . .
-IN{mQ tT IN{mn
[c1 ~0 . ~0
_ 0 Hey - Hy,
BiHy = . . (29)
L 0 ﬁlm?) : ﬁmn
Denote
ﬁ22 ﬁZn FI23 : ﬁzn
Hi=| : L Ha=| :
gm? F[mn gm3 gm'n



LI et al.: BLIND SOURCE EXTRACTION FROM CONVOLUTIVE MIXTURES

Since Bj is of full rank, rank(By H) = rank(H ). From (29)

rank(H) =rank(ByH) = 1 + rank(B, H;)
=1+ rank(fil)
and rank(Hs) =rank(ByH,) = 1 + rank(H,)
<rank(H) = 1 + rank(H,).

Thus rank(ffg) < rank(f{;l).

By Theorem 1, there is a nonsingular (m — 1) x (m — 1)
blind extraction matrix B> such that Bzﬁ' 1 has a similar form
as B1H.

By repeating the above process ¢ times, we can obtain ¢ non-

singular, blind extraction matrices B1, . .. B, with their dimen-

sions beingm xm, ..., (m—q+1) x (m—q+1) respectively;
they have similar characteristics as B; and Bs.
Let
= 1 I, 1 I,
b= |ta a ... B
[ B, } [ By1 ] [ By } '
then
1
BH = (30)
Cq
Hy
where I; is an (i — 1) x (¢ — 1) identity matrix, i = 2,...,q,

and Hy is an (m — q) X (m — ¢) matrix.

If there are ¢ + 1 sources that can be extracted sequentially,
then Hy in (30) satisfies the conditions in Theorem 1, and there
are ¢+ 1 m x (n — 1) submatrices of bH with their ranks being
rank(bH) — 1. Since b is nonsingular, H has ¢ + 1 m x (n —
1)—dimensional submatrices with their ranks being rank(H) —
1, which contradicts the conditions of this theorem. Thus, there
are at most ¢ sources that can be extracted.

From this proof, we can see that the number of extractable
sources is less than or equal to m.

O
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