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Abstract

In this paper sparserepresentatior{factorization)of a datamatrix is
first discussed An overcompletebasismatrix is estimatedoy usingthe
K —meansmethod. We have proved that for the estimatedovercom-
pletebasismatrix, the sparsesolution(coeficient matrix) with minimum
I' —normis uniquewith probability of one,which canbe obtainedusing
alinear programmingalgorithm. The comparisonf the |' —norm so-
lution andthe I°—norm solutionare also presentedyhich canbe used
in recoverability analysisof blind sourceseparatiof{BSS).Next, we ap-
ply the sparsematrix factorizationapproacho BSSin the overcomplete
case. Generally if the sourcesare not sufficiently sparse we perform
blind separationin the time-frequeng domainafter preprocessinghe
obsened datausingthe wavelet pacletstransformation.Third, an EEG
experimentaldataanalysisexampleis presentedo illustratethe useful-
nessof the proposedapproachand demonstratéts performance.Two
almostindependentomponentobtainedby the sparserepresentation
methodare selectedor phasesynchronizatioranalysis,andtheir peri-
odsof significantphasesynchronizatiorare found which arerelatedto
tasks. Finally, concludingremarksreview the approachand stateareas
thatrequirefurtherstudy

1 Introduction

Sparseaepresentatior sparsecodingof signalshasreceied a greatdealof attentionin
recentyears. For instance,sparserepresentatiomf signalsusing large-scaldinear pro-
grammingundergiven overcompletebaseqe.g.,wavelets)wasdiscussedn [1]. Also, in
[2], asparsemagecodingapproachusingthewaveletpyramidarchitecturavaspresented.
Sparsaepresentatiosanbe usedin blind sourceseparationj3][4]. In [3], atwo stageap-
proachwasproposedthatis, thefirst is to estimatethe mixing matrix by usinga clustering
algorithm,the seconds to estimatethe sourcematrix. In our opinion, therearestill three
fundamentaproblemselatedto sparsgepresentationf signalsandBSSwhich needto be



furtherstudied:1) detailedrecoverability analysis;2) high dimensionalityof the obsered
data;3) overcompletecasein which the sourcesaumberis unknown.

Thepresenpapeffirst considersparseepresentatioffactorization)of adatamatrixbased
onthefollowing model

X = BS, (1)
wherethe X = [x(1),---,x(N)] € R™Y (N > 1) is a known datamatrix, B =
[by---by] isan x m basismatrix, S = [s1,---,sn5] = [si;]mxn IS acoeficient ma-

trix, alsocalleda solutioncorrespondingo the basismatrix B. Generallym > n, which
impliesthatthe basisis overcomplete.

Thediscussiorof this paperis underthefollowing assumptionsn (1).

Assumption 1: 1. The numberof basisvectorsm is assumedo be fixedin advanceand
satisfieghe conditionn < m < N. 2. All basisvectorsarenormalizedto be unit vectors
with their2—normsbeingequalto 1 andall n basisvectorsarelinearly independent.

Therestof this paperis organizedasfollows. Section2 analyzeshe sparseaepresentation
of adatamatrix. Section3 presentghe comparisorof the |° norm solutionand!! norm
solution. Section4 discusse®lind sourceseparatiorvia sparserepresentationAn EEG
dataanalysisexampleis givenin Section5. Concludingremarksin Section6é summarize
theadwantage®f the proposedapproach.

2 Sparserepresentation of data matrix

In this section,we discusssparsaepresentationf the datamatrix X usingthe two-stage
approachproposedn [3]. At first, we apply analgorithmbasedon K —meansclustering
methodfor finding a suboptimabasismatrix thatis composedf the clustercentersof the
normalized known datavectorsasin [3]. With this kind of clustercenterbasismatrix, the
correspondingoeficient matrix estimatecdy linear programmingalgorithmpresentedn
this sectioncanbecomevery sparse.

Algorithm outline 1. Stepl. Normalizethe datavectors. Step2. Begin a K —means
clusteringiterationfollowedby normalizatiorto estimatethe suboptimabasismatrix. End

Now we discusghe estimationof the coeficient matrix. For agivenbasismatrix B in (1),
the coeficient matrix canbe found by solving the following optimizationproblemasin
mary existing referencege.g.,[3, 5]),

m N
minz Z |sij], subject to BS = X. (2
i=1j=1
It is not difficult to prove that the linear programmingproblem(2) is equivalentto the
following setof IV smallerscalelinearprogrammingproblems:

minz |sij|, subject to Bs; =x(j), j=1,---,N. 3)
i=1
By settingS = U — V, whereU = [uj;]lmxn = 0, V = [v]lmxny = 0, (3) can
be corvertedto the following standardinear programmingproblemswith non-neative
constraints,

min Z(uif + v;5), subject to [B, —B}[u;‘r,va]T =x(j), u; >0, v; >0, (4)

=1

wherej =1,---, N.



Theorem 1 For almostall basesB € R"*™, the spaise solution (I* —norm solution) of
(1) is unique Thatis, the setof basesB, underwhich the spaise solution of (1) is not
unique is of measue zen. Andthere are at mostn nonzeo entriesof the solution.

It follows from Theoreml thatfor ary givenbasis thereexistsa uniquesparsesolutionof
(2) with probability of one.

3 Comparison of thel® norm solution and I' norm solution

n N
Usually I° norm Jo(S) = > 3 |si;]° (the numberof nonzeroentriesof S) is usedasa
i=1j=1
sparsitymeasuref S, sinceit ensureshesparsessolution.Underthis measurethesparse
solutionis obtainedby solvingthe problem

m N

minz Z |si;]°, subject to BS = X. 5)

i=1 j=1

In [5], is discussedptimally sparseepresentatiom generalnon-orthogonalflictionaries
vial' —normminimization,andtwo sufficientconditionsareproposednthenonzercentry
numberof the I°—norm solution,underwhich the equi/alencebetweeri(’—norm solution
andl* —normsolutionholdsprecisely However, theseboundsarevery smallin realworld

situationsgenerally if the basisvectorsare far awvay from orthogonality For instance,
the boundis smallerthan 1.5 in the simulationexperimentsshovn in the next section.
This implies that the 1°—norm solution allows only one nonzeroentry in orderthat the
equivalenceholds.In thenext, we will alsodiscusgheequivalenceof thel® normsolution
andl! normsolutionbut from the viewpoint of probability.

First, we introducethetwo optimizationproblems:

m
(Py) min Y |s;]°, subject to As = x,
i=1

m
(P1) min Y |s;|, subject to As =x.
i=1

whereA € R™*™, x € R™ areaknown basismatrix anda datavector, respectiely, and
s € R™, n < m. Supposehats. is asolutionof (F,), ands,.. is asolutionof (P;).

Theorem 2 The solutionof (Py) is not robust to additive noise of the model, while the
solutionof (P;) is robustto additivenoise at leastto somedegree

Althoughthe problem(F,) providesthe sparsessolution,it is notanefficientway to find
the solution by solving the problem (FP,). Thereasonsre: 1) if ||so«|lo = n, thenthe
solutionof (FPy) is not uniquegenerally;2) until now, an effective algorithmto solve the
optimization problem (P,) doesnot exist (it hasbeenproved that problem (Py) is NP
hard); 3) the solutionof (P) is not robustto noise. In contrast,the solutionof (P;) is
uniquewith a probability of oneaccordingto Theoreml. It is well known thatthereare
mary efficient optimizationtools to solve the problem(P;). From the abore mentioned
factsarisesnaturallya problem: whatis the conditionunderwhich the solutionof (P;) is
oneof the sparsessolutions,thatis, the solutionhasthe samenumberof nonzeroentries
asthesolutionof (P)? In thefollowing, we will discussheproblem.

Lemmal Suppos¢hatx € R™andA € R™"*™ areselectedandomly If x is represented
by a linear combinationof & columnvectos of A, thenk > n geneally, that is, the
probability thatk < n is zei.



Theorem 3 For the optimizationproblems(P,) and (P;), supposehat A € R™*™ is
selectedrandomly x € R"™ is genematedby As.,, | = |[s.|lo < n, andthatall nonzeo
entriesof s, are alsoselectedandomly We have

1. s, is the unique solution of (P,) with probability of one thatis, sp. = s.. And
if ||s14]l0 < n, thens;, = s, with probability of one 2. The probability P(s1, =
s.) > (P(1,1,n,m))}, whee P(1,1,n,m) (1 < | < n) are n probabilities satisfying
1=P(1,1,n,m) > P(1,2,n,m) > --- > P(1,n,n,m) (their explanationsare omit-
ted here dueto limit of space). 3. For givenpositiveintegers I, and no, if I < Iy, and
m —n < ng, then liI_P P(s1. =s.) = 1.

Remarks 1: 1. From Theorem3, if n andm arefixed, and! is sufiiciently small, then
s1« = s, With ahigh probability 2. For fixed! andm — n, if n is sufficiently large, then
s1.=s, With ahigh probability Theorem3 will beusedin recoverability analysisof BSS.

4 Blind source separation based on spar serepresentation

In thissectionwediscusslind sourceseparatioasedn sparseepresentationf mixture
signals.Theproposedipproachis alsosuitablefor thecasen which thenumberof sensors
is lessthanor equalto the numberof sourcesyhile the numberof sourceis unknavn. We
considerthefollowing noise-freamodel,

Xi:ASi,izl,'--7N, (6)

where the mixing matrix A € R™*™ is unknawvn, the matrix S = [sy,---,sn] €
R™*N s composedoby the m unknawvn sources,and the only obsered data matrix
X = [x1,--,xy] € RPN thathasrows containingmixturesof sourcesp < m. The
task of blind sourceseparationis to recover the sourcesusing only the obserable data
matrix X.

We alsousea two-stepapproachpresentedn [3] for BSS.Thefirst stepis to estimatethe
mixing matrix using clusteringAlgorithm 1. If the mixing matrix is estimatedcorrectly
anda sourcevectors, satisfiesthat|[s.||[o = [ < n, thenby Theorem3, s, is the I°-
norm solutionof (6) with probability one. And if the sourcevectoris sufiiciently sparse,
e.g.,l is sufficiently smallcomparedvith n, thenit canberecoreredby solvingthelinear
programmingproblem (P;) with a high probability Consideringthe sourcenumberis
unknavn generally we denotethe estimatedmixing matrix A = [A, AA] € Rrxm/
(m’ > m). Weintroducethe following optimizationproblem(P]) anddenoteits solution
s =[s7,AsT]T € R™,

ml —

(P{) min Y. |s;|, subject to As = x.
=1

We canprove thefollowing recoverability result.

Theorem 4 Supposéhat the sub-matrix A (of the estimatedmixing matrix A) is sufi-

ciently closeto the true mixing matrix A negglectingscalingand permutationambiguities,
and that a source vectoris suficiently sparse Thenthe source vector can be recorered
with a high probability (closeto one)by solving(P;). Thatis, § is suficiently closeto the
original sourcevector and As is closeto zeo vector

To illustrate Theoren partially, we have performedtwo simulationexperimentsn which
the mixing matrix is supposedo be estimatedcorrectly Fig. 1 shavs the probabilities
that a sourcevector can be recovered correctly in different cases,estimatedin the two



simulations. In the first simulation,n and m are fixed to be 10 and 15, respectiely, [
denotesthe numberof nonzeroentriesof sourcevectorand changesrom 1 to 15. For
every fixed nonzeroentry numberl, the probabilitiesthat the sourcevectoris recovered
correctlyis estimatedhrough3000 independentepeatedtochastiexperimentsjn which
themixing matrix A andall nonzeroentriesof the sourcevectors, areselectedandomly
accordingto the uniform distribution. Fig. 1 (a) shovs the probability curve. We cansee
thatthesourcecanbe estimatectorrectlywheni = 1, 2, andthe probabilityis greaterthan
0.95 wheni < 5.

In the secondsimulationexperiment,all original sourcevectorshave 5 nonzeroentries,
thatis, | = 5; andm = 15. The dimensionn of the mixture vectorsvariesfrom 5 to
15. As in the first simulation,the probabilitiesfor correctly estimatedsourcevectorsare
estimatedhrough3000 stochastiexperimentsandshavedin Fig. 1 (b). It is evidentthat
whenn > 10, the sourcecanbeestimatedcorrectlywith probability higherthan0.95.

[}

P
Potty

Figure 1: (a) the probability curve that the sourcevectorsare estimatedcorrectly as a
functionof [ obtainedn thefirst simulation;(b) theprobabilitycurve thatthesourcevectors
areestimatedcorrectlyasa functionof n obtainedn thesecondsimulation.

In orderto estimatethe mixing matrix correctly the sourceshouldbe sufiiciently sparse.
Thussparsenessf the sourceplaysanimportantrole not only in estimatingthe sources
but alsoin estimatinghe mixing matrix. However, if thesourcesarenotsuficiently sparse
in reality, we canhave a wavelet pacletstransformatiorpreprocessingn thefollowing, a
blind separatioralgorithmbasedon preprocessings presentedor densesources.

Algorithm outline 2:

Stepl. Transformthen time domainsignals(n rows of X, to time-frequeng signalsby a
wavelet pacletstransformationandmake surethatn wavelet pacletstreeshave the same
structure.

Step2. Selectthesenodesof wavelet pacletstrees,of which the coeficientsareassparse
aspossible.The selectechodesof differenttreesshouldhave the sameindices. Basedon
thesecoeficient vectors,estimatethe mixing matrix A € R"*™" usingthe Algorithm 1
presentedh Section2.

Step3. Basedon the estimatedmnixing matrix A andthe coeficientsof all nodesobtained
in stepl, estimatethe coeficientsof all the nodesof the wavelet pacletstreesof sources
by solvingthe setof linear programmingproblems(4).

Step4. ReconstrucsourcesisingtheinversewaveletpacletstransformationEnd

We have successfullyseparatedpeectsourcesn anumberof simulationsn overcomplete
case(e.g.,8 sourcesd sensorsysingAlgorithm 2. In the next section,we will presentan
EEGdataanalysisexample.

Remark 2: A challengegproblemin thealgorithmabove is to estimatehemixing matrixas
preciselyaspossible.ln our mary simulationson BSSof speechmixtures,we use7—level
wavelet pacletstransformatiorfor preprocessingWhen K —meansclusteringmethodis
usedfor estimatingthe mixing matrix, the numberof clusters(the numberof columnsof
the estimatedmixing matrix) shouldbe setto be greatetthanthe sourcenumberevenif the



sourcenumberis known. In this way, the estimatedmatrix will containa submatrixvery
closeto theoriginal mixing matrix. From Theorerm4, we canestimatethe sourceusingthe
overestimateanixing matrix.

5 Anexamplein EEG data analysis

The electroencephalogra(EEG) is a mixture of electricalsignalscomingfrom multiple
brainsourcesThisis why applicationof ICA to EEGrecentlyhasbecomepopular yield-
ing new promisingresults(e.g.,[6]). However, comparedwvith ICA, the sparseepresenta-
tion hastwo importantadvantagesi) sourcesarenotassumedo be mutuallyindependent
asin ICA, even be not stationary;2) sourcenumbercan be larger than the numberof
sensors.We believe that sparserepresentatios a complementaryand very prospectie
approachin theanalysisof EEG.

Herewe presentheresultsof testingthe usefulnesef sparseepresentatiom theanalysis
of EEG databasedon temporalsynchronizatiorbetweencomponents.The analyzedl4-
channelEEG wasrecordedin an experimentbasedon modified Sternbeg memorytask.
Subjectswereaskedto memorizenumberssuccessiely presentedit randompositionson
the computermonitor. After 2.5 s pausefollowing by a warningsignal,a “test number”
waspresentedIf it wasthe sameasoneof the numbersn the memorizedset,the subject
hadto pressthe button. This cycle, including alsoresting(waiting) period, wasrepeated
160 times(about24 min). EEGwassampledat 256 Hz rate. Herewe describe mainly, the
analysisresultsof onesubjects data.

EEG wasfiltered off-line in 1 — 70 Hz rangetrials with artifactswererejectedby visual
inspectionandadatasetincluding 20 trials with correctresponseand20trials with incor
rectresponsewasselectedor analysiq1 trial=2176points). Thuswe obtaina 14 x 87040
dimensionaldatamatrix, denotedby X. Using the sparserepresentatiomlgorithm pro-
posedin this paper we decomposethe EEG signalsX into 20 components Denotethe
20x 87040 dimensionatomponentsnatrix S, which contain®20trialsfor correctresponse,
and20trials for incorrectresponserespectiely.

At first, we calculatecthecorrelationcoeficientmatricesof X andsS, denotecby R” and
R?, respectiely. We foundthat R, € (0.18,1] (the medianof |[R{ ;| is 0.5151).

the caseof componentsthe correlatloncoef|0|entswereconS|deranyower (the medlan
of |R; | is 0.2597). And thereexist mary pairs of componentsvith small correlation
coeﬂments e.g.,R3,; = 0.0471,Rg ;3 = 0.0023, etc. Furthermorewe foundthatthe
hlgherordercorrelauoncoeﬁments of thesepairsare alsovery small (e.g., the median
of absolutevalue of 4th ordercorrelationis 0.1742). We would like to emphasizehat,
althoughtheindependencerinciplewasnot used mary pairsof componentsverealmost
independent.

Accordingto modernbraintheoriesdynamicsof synchronizatiorof rhythmic actiities in

distinct neuralnetworks playsa very importantrole in interactionsbetweenthem. Thus,
phasesynchronizatiorin apair of two almostindependentomponentss? , si ;) (Rs1,14 =
0.0085, fourth correlationcoeficient0.0026) wasanalyzedusingmethoddescribedn [7].

The synchronizationndex is definedby SI(f,t) = max(SPLV(f,t) — Ssur,0), where
SPLV(f,t) is asingle-trialphasdocking valueat thefrequeny f andtime ¢, which has
beensmoothedoy a window with a lengthof 99, and Ssur is the 0.95 percentileof the
distribution of 200 surrogates(the 200 pairsof surrogatedataare Gaussiaistributed).

Fig. 2 shawvs phasesynchrory analysisresults. The phasesynchrory is obserned mainly
in low frequeny band(1 Hz-15Hz) anddemonstrateé tendeng for task-relatedvaria-
tions.Thougtonly tentrials arepresente@amongthe 40 trials dueto pagespace 32 of 40
trials shows similar characteristics.



In Fig. 3 (a), two averagedsynchronizationndex curvesarepresentedwhich areobtained
by averagingsynchronizationndex ST in therangel-15Hz andacros20trials, separately
for correctandincorrectresponse Note the time variationsof the averagedsynchroniza-
tion index andits highervaluesfor correctresponsesgspeciallyin the beginningandthe
end of the trial (preparationand responseperiods). To testthe significanceof the time
and correctnesffects, the synchronizatiorindex was averagedagain for each128time
points(0.5s) for removing artificial correlationbetweemeighboringpointsandsubmitted
to FriedmannonparametridNOVA. The testshaved significanceof time (p=0.013)and
correctnes$p=0.0017)effects. Thus,the phasesynchronizatiorbetweerthetwo analyzed
componentsvas sensite bothto changesn brain activity inducedby time-varying task
demandsandto correctness-relatecariationsin the brain state. The highersynchroniza-
tion for correctresponsesould be relatedto higherintegrationof brain systemsequired
for effective information processing.This kind of phenomenalso hasbeenseenin the
sameanalysisof EEG datafrom anothersubject(Fig. 3 (b)).

A substantiapartof synchronizatiorbetweerraw EEG channelsanbe explainedby vol-
ume conductioneffects. Large cortical areasmay work as stableunified oscillating sys-
tems,andthis may accountfor otherlarge partof synchronizatiorin raw EEG. This kind
of strongsynchronizatioomay malke invisible synchronizatiorappearingor brief periods,
which is of specialinterestin brainresearchTo studytemporallyappearingsynchroniza-
tion, componentgelatedto the actiity of more or lessunified brain sourcesshouldbe
separatedrom EEG. Our first resultsof applicationof sparseepresentatioto real EEG
datasupportthatthey canhelpusto revealbrief periodsof synchronizatiorbetweerbrain
“sources”.
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Figure2: Time courseof EEG synchrory in singletrials. 1strow: time-frequenyg charts
for 5 singletrials with correctresponseSynchronizatiorindex valuesareshavn for every

frequeng andtime samplepoint (f, k). 2ndrow: meansynchronizatiorindex averaged
acrosdrequenciesn rangel-15Hz, for the sametrials asin the 1strow. 3d and4th rows:

samefor five trials with incorrectresponse.In eachsubplot,the first line refersto the

beginning of presentatiof numberdo bememorizedthe secondine refersto the endof

testnumber

6 Concluding remarks

Sparsaepresentationf datamatricesandits applicationto blind sourceseparatiorwere
analyzedbasedn a two-stepapproactpresentedn [3] in this paper Thel! normis used



Figure3: Time courseof EEG synchroly, averagedacrosdrials. Left: samesubjectasin
previous figure; right: anothersubject. The curvesshav meanvaluesof synchronization
index averagedn the rangel-15Hz andacross20 trials. Black curvesarefor trials with
correctresponsered dottedcurvesrefersto trials with incorrectresponse.Solid vertical
lines: asin the previousfigure.

asa sparsitymeasurewhereasthe|® normsparsitymeasurés consideredor comparison
andrecoverability analysisof BSS.Fromequialenceanalysisof thel' normsolutionand
1° normsolutionpresentedn this paperit is evidentthatif a datavector(obsenedvector)
is generatedrom a sufiiciently sparsesourcevector then, with high probability, the I
norm solutionis equalto the I° norm solution, the former in turn is equalto the source
vector which can be usedfor recoverability analysisof blind sparsesourceseparation.
This kind of constructthat employs sparserepresentatiorcan be usedin BSSasin [3],
especiallyin casesn which fewer sensorsxist thansourceswhile the sourcenumberis
unknavn, and sourcesare not completelyindependent.Lastly, an applicationexample
for analysisof phasesynchroly in real EEG datasupportsts validity and performanceof
the proposedapproach.Sincethe componentseparatedy sparserepresentatiomre not
constraineddy the conditionof completeindependencethey canbe usedin the analysis
of brain synchroly maybemore effectively than componentseparatedy generallCA
algorithmsbhasednindependencerinciple.
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