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Abstract

In this paper, sparserepresentation(factorization)of a datamatrix is
first discussed.An overcompletebasismatrix is estimatedby usingthe
K−meansmethod. We have proved that for the estimatedovercom-
pletebasismatrix,thesparsesolution(coefficientmatrix)with minimum
l1−normis uniquewith probabilityof one,which canbeobtainedusing
a linear programmingalgorithm. The comparisonsof the l1−norm so-
lution andthe l0−norm solutionarealsopresented,which canbe used
in recoverabilityanalysisof blind sourceseparation(BSS).Next, weap-
ply thesparsematrix factorizationapproachto BSSin theovercomplete
case. Generally, if the sourcesarenot sufficiently sparse,we perform
blind separationin the time-frequency domainafter preprocessingthe
observeddatausingthewaveletpacketstransformation.Third, anEEG
experimentaldataanalysisexampleis presentedto illustratetheuseful-
nessof the proposedapproachanddemonstrateits performance.Two
almost independentcomponentsobtainedby the sparserepresentation
methodareselectedfor phasesynchronizationanalysis,andtheir peri-
odsof significantphasesynchronizationarefound which arerelatedto
tasks. Finally, concludingremarksreview the approachandstateareas
thatrequirefurtherstudy.

1 Introduction

Sparserepresentationor sparsecodingof signalshasreceiveda greatdealof attentionin
recentyears. For instance,sparserepresentationof signalsusing large-scalelinear pro-
grammingundergivenovercompletebases(e.g.,wavelets)wasdiscussedin [1]. Also, in
[2], asparseimagecodingapproachusingthewaveletpyramidarchitecturewaspresented.
Sparserepresentationcanbeusedin blind sourceseparation[3][4]. In [3], a two stageap-
proachwasproposed,thatis, thefirst is to estimatethemixing matrixby usingaclustering
algorithm,thesecondis to estimatethesourcematrix. In our opinion,therearestill three
fundamentalproblemsrelatedto sparserepresentationof signalsandBSSwhichneedto be



furtherstudied:1) detailedrecoverability analysis;2) high dimensionalityof theobserved
data;3) overcompletecasein which thesourcesnumberis unknown.

Thepresentpaperfirst considerssparserepresentation(factorization)of adatamatrixbased
on thefollowing model

X = BS, (1)

where the X = [x(1), · · · ,x(N)] ∈ Rn×N (N � 1) is a known datamatrix, B =
[b1 · · ·bm] is a n × m basismatrix, S = [s1, · · · , sN ] = [sij ]m×N is a coefficient ma-
trix, alsocalleda solutioncorrespondingto thebasismatrixB. Generally, m > n, which
impliesthatthebasisis overcomplete.

Thediscussionof thispaperis underthefollowing assumptionson (1).

Assumption 1: 1. Thenumberof basisvectorsm is assumedto befixed in advanceand
satisfiestheconditionn ≤ m < N . 2. All basisvectorsarenormalizedto beunit vectors
with their2−normsbeingequalto 1 andall n basisvectorsarelinearly independent.

Therestof this paperis organizedasfollows. Section2 analyzesthesparserepresentation
of a datamatrix. Section3 presentsthe comparisonof the l0 norm solutionand l1 norm
solution. Section4 discussesblind sourceseparationvia sparserepresentation.An EEG
dataanalysisexampleis given in Section5. Concludingremarksin Section6 summarize
theadvantagesof theproposedapproach.

2 Sparse representation of data matrix

In this section,we discusssparserepresentationof thedatamatrix X usingthe two-stage
approachproposedin [3]. At first, we applyanalgorithmbasedon K−meansclustering
methodfor finding a suboptimalbasismatrix thatis composedof theclustercentersof the
normalized,known datavectorsasin [3]. With this kind of clustercenterbasismatrix, the
correspondingcoefficient matrix estimatedby linearprogrammingalgorithmpresentedin
thissectioncanbecomeverysparse.

Algorithm outline 1: Step1. Normalizethe datavectors. Step2. Begin a K−means
clusteringiterationfollowedby normalizationto estimatethesuboptimalbasismatrix. End

Now wediscusstheestimationof thecoefficientmatrix. For agivenbasismatrixB in (1),
the coefficient matrix canbe found by solving the following optimizationproblemas in
many existing references(e.g.,[3, 5]),

min

m∑

i=1

N∑

j=1

|sij |, subject to BS = X. (2)

It is not difficult to prove that the linear programmingproblem(2) is equivalent to the
following setof N smallerscalelinearprogrammingproblems:

min
m∑

i=1

|sij |, subject to Bsj = x(j), j = 1, · · · , N. (3)

By settingS = U − V, whereU = [uij ]m×N ≥ 0, V = [vij ]m×N ≥ 0, (3) can
be convertedto the following standardlinear programmingproblemswith non-negative
constraints,

min
m∑

i=1

(uij + vij), subject to [B,−B][uT
j ,vT

j ]T = x(j), uj ≥ 0, vj ≥ 0, (4)

wherej = 1, · · · , N .



Theorem 1 For almostall basesB ∈ Rn×m, the sparsesolution(l1−norm solution)of
(1) is unique. That is, the setof basesB, underwhich the sparsesolutionof (1) is not
unique, is of measurezero. Andthereareat mostn nonzero entriesof thesolution.

It follows from Theorem1 thatfor any givenbasis,thereexistsauniquesparsesolutionof
(2) with probabilityof one.

3 Comparison of the l0 norm solution and l1 norm solution

Usually, l0 normJ0(S) =
n∑

i=1

N∑
j=1

|sij |
0 (thenumberof nonzeroentriesof S) is usedasa

sparsitymeasureof S, sinceit ensuresthesparsestsolution.Underthismeasure,thesparse
solutionis obtainedby solvingtheproblem

min

m∑

i=1

N∑

j=1

|sij |
0, subject to BS = X. (5)

In [5], is discussedoptimallysparserepresentationin general(non-orthogonal)dictionaries
via l1−normminimization,andtwo sufficientconditionsareproposedonthenonzeroentry
numberof the l0−normsolution,underwhich theequivalencebetweenl0−normsolution
andl1−normsolutionholdsprecisely. However, theseboundsarevery small in realworld
situationsgenerally, if the basisvectorsare far away from orthogonality. For instance,
the boundis smaller than 1.5 in the simulationexperimentsshown in the next section.
This implies that the l0−norm solution allows only one nonzeroentry in order that the
equivalenceholds.In thenext, wewill alsodiscusstheequivalenceof the l0 normsolution
andl1 normsolutionbut from theviewpointof probability.

First,we introducethetwo optimizationproblems:

(P0) min
m∑

i=1

|si|
0, subject to As = x,

(P1) min
m∑

i=1

|si|, subject to As = x.

whereA ∈ Rn×m, x ∈ Rn area known basismatrix anda datavector, respectively, and
s ∈ Rm, n ≤ m. Supposethats0∗ is asolutionof (P0), ands1∗ is asolutionof (P1).

Theorem 2 Thesolutionof (P0) is not robust to additivenoiseof the model,while the
solutionof (P1) is robustto additivenoise, at leastto somedegree.

Althoughtheproblem(P0) providesthesparsestsolution,it is not anefficient way to find
the solutionby solving the problem(P0). The reasonsare: 1) if ||s0∗||0 = n, thenthe
solutionof (P0) is not uniquegenerally;2) until now, aneffective algorithmto solve the
optimizationproblem(P0) doesnot exist (it hasbeenproved that problem(P0) is NP
hard); 3) the solutionof (P0) is not robust to noise. In contrast,the solutionof (P1) is
uniquewith a probabilityof oneaccordingto Theorem1. It is well known that thereare
many efficient optimizationtools to solve the problem(P1). From the above mentioned
factsarisesnaturallya problem:what is theconditionunderwhich thesolutionof (P1) is
oneof thesparsestsolutions,that is, thesolutionhasthesamenumberof nonzeroentries
asthesolutionof (P0)? In thefollowing, wewill discusstheproblem.

Lemma 1 Supposethatx ∈ Rn andA ∈ Rn×m areselectedrandomly. If x is represented
by a linear combinationof k columnvectors of A, then k ≥ n generally, that is, the
probability thatk < n is zero.



Theorem 3 For the optimizationproblems(P0) and (P1), supposethat A ∈ Rn×m is
selectedrandomly, x ∈ Rn is generatedby As∗, l = ||s∗||0 < n, and that all nonzero
entriesof s∗ arealsoselectedrandomly. Wehave

1. s∗ is the uniquesolution of (P0) with probability of one, that is, s0∗ = s∗. And
if ||s1∗||0 < n, then s1∗ = s∗ with probability of one. 2. The probability P (s1∗ =
s∗) ≥ (P (1, l, n,m))l, where P (1, l, n,m) (1 ≤ l ≤ n) are n probabilitiessatisfying
1 = P (1, 1, n,m) ≥ P (1, 2, n,m) ≥ · · · ≥ P (1, n, n,m) (their explanationsare omit-
ted here dueto limit of space). 3. For givenpositiveintegers l0 and n0, if l ≤ l0, and
m − n ≤ n0, then lim

n→+∞

P (s1∗ = s∗) = 1.

Remarks 1: 1. From Theorem3, if n andm arefixed, and l is sufficiently small, then
s1∗ = s∗ with a high probability. 2. For fixed l andm − n, if n is sufficiently large,then
s1∗=s∗ with ahighprobability. Theorem3 will beusedin recoverabilityanalysisof BSS.

4 Blind source separation based on sparse representation

In thissection,wediscussblindsourceseparationbasedonsparserepresentationof mixture
signals.Theproposedapproachis alsosuitablefor thecasein whichthenumberof sensors
is lessthanor equalto thenumberof sources,while thenumberof sourceis unknown. We
considerthefollowing noise-freemodel,

xi = Asi, i = 1, · · · , N, (6)

where the mixing matrix A ∈ Rn×m is unknown, the matrix S = [s1, · · · , sN ] ∈
Rm×N is composedby the m unknown sources,and the only observed data matrix
X = [x1, · · · ,xN ] ∈ Rn×N that hasrows containingmixturesof sources,n ≤ m. The
task of blind sourceseparationis to recover the sourcesusing only the observable data
matrixX.

We alsousea two-stepapproachpresentedin [3] for BSS.Thefirst stepis to estimatethe
mixing matrix usingclusteringAlgorithm 1. If the mixing matrix is estimatedcorrectly,
anda sourcevector s∗ satisfiesthat ||s∗||0 = l < n, thenby Theorem3, s∗ is the l0-
normsolutionof (6) with probabilityone. And if thesourcevectoris sufficiently sparse,
e.g.,l is sufficiently smallcomparedwith n, thenit canberecoveredby solvingthelinear
programmingproblem(P1) with a high probability. Consideringthe sourcenumberis
unknown generally, we denotethe estimatedmixing matrix Ā = [Ã,4A] ∈ Rn×m′

(m′ > m). We introducethefollowing optimizationproblem(P ′

1) anddenoteits solution
s̄ = [s̃T ,4s

T ]T ∈ Rm′

,

(P ′

1) min
m′∑
i=1

|si|, subject to Ās = x.

Wecanprove thefollowing recoverability result.

Theorem 4 Supposethat the sub-matrixÃ (of the estimatedmixing matrix Ā) is suffi-
cientlycloseto thetrue mixingmatrixA neglectingscalingandpermutationambiguities,
and that a source vector is sufficiently sparse. Thenthe source vectorcan be recovered
with a high probability (closeto one)by solving(P ′

1). That is, s̃ is sufficientlycloseto the
original sourcevector, and4s is closeto zero vector.

To illustrateTheorem4 partially, wehaveperformedtwo simulationexperimentsin which
the mixing matrix is supposedto be estimatedcorrectly. Fig. 1 shows the probabilities
that a sourcevector can be recoveredcorrectly in different cases,estimatedin the two



simulations. In the first simulation,n andm are fixed to be 10 and15, respectively, l
denotesthe numberof nonzeroentriesof sourcevectorandchangesfrom 1 to 15. For
every fixed nonzeroentry numberl, the probabilitiesthat the sourcevector is recovered
correctlyis estimatedthrough3000 independentrepeatedstochasticexperiments,in which
themixing matrixA andall nonzeroentriesof thesourcevectors0 areselectedrandomly
accordingto theuniform distribution. Fig. 1 (a) shows theprobabilitycurve. We cansee
thatthesourcecanbeestimatedcorrectlywhenl = 1, 2, andtheprobabilityis greaterthan
0.95 whenl ≤ 5.

In the secondsimulationexperiment,all original sourcevectorshave 5 nonzeroentries,
that is, l = 5; andm = 15. The dimensionn of the mixture vectorsvariesfrom 5 to
15. As in the first simulation,the probabilitiesfor correctlyestimatedsourcevectorsare
estimatedthrough3000 stochasticexperimentsandshowedin Fig. 1 (b). It is evidentthat
whenn ≥ 10, thesourcecanbeestimatedcorrectlywith probabilityhigherthan0.95.
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Figure 1: (a) the probability curve that the sourcevectorsare estimatedcorrectly as a
functionof l obtainedin thefirst simulation;(b) theprobabilitycurvethatthesourcevectors
areestimatedcorrectlyasa functionof n obtainedin thesecondsimulation.

In orderto estimatethemixing matrix correctly, thesourcesshouldbesufficiently sparse.
Thussparsenessof thesourcesplaysan importantrole not only in estimatingthesources
but alsoin estimatingthemixing matrix. However, if thesourcesarenotsufficiently sparse
in reality, we canhave a waveletpacketstransformationpreprocessing.In thefollowing, a
blind separationalgorithmbasedonpreprocessingis presentedfor densesources.

Algorithm outline 2:

Step1. Transformthen timedomainsignals,(n rowsof X, to time-frequency signalsby a
waveletpacketstransformation,andmake surethatn waveletpacketstreeshave thesame
structure.

Step2. Selectthesenodesof waveletpacketstrees,of which thecoefficientsareassparse
aspossible.Theselectednodesof differenttreesshouldhave thesameindices.Basedon
thesecoefficient vectors,estimatethe mixing matrix Ā ∈ Rn×m′

usingthe Algorithm 1
presentedin Section2.

Step3. Basedon theestimatedmixing matrix Ā andthecoefficientsof all nodesobtained
in step1, estimatethecoefficientsof all thenodesof thewaveletpacketstreesof sources
by solvingthesetof linearprogrammingproblems(4).

Step4. Reconstructsourcesusingtheinversewaveletpacketstransformation.End

Wehavesuccessfullyseparatedspeechsourcesin anumberof simulationsin overcomplete
case(e.g.,8 sources,4 sensors)usingAlgorithm 2. In thenext section,we will presentan
EEGdataanalysisexample.

Remark 2: A challengeproblemin thealgorithmaboveis to estimatethemixing matrixas
preciselyaspossible.In ourmany simulationsonBSSof speechmixtures,weuse7−level
wavelet packetstransformationfor preprocessing.WhenK−meansclusteringmethodis
usedfor estimatingthemixing matrix, thenumberof clusters(thenumberof columnsof
theestimatedmixing matrix)shouldbesetto begreaterthanthesourcenumberevenif the



sourcenumberis known. In this way, theestimatedmatrix will containa submatrixvery
closeto theoriginalmixing matrix. FromTheorem4, wecanestimatethesourceusingthe
overestimatedmixing matrix.

5 An example in EEG data analysis

Theelectroencephalogram(EEG) is a mixture of electricalsignalscomingfrom multiple
brainsources.This is why applicationof ICA to EEGrecentlyhasbecomepopular, yield-
ing new promisingresults(e.g.,[6]). However, comparedwith ICA, thesparserepresenta-
tion hastwo importantadvantages:1) sourcesarenotassumedto bemutuallyindependent
as in ICA, even be not stationary;2) sourcenumbercan be larger than the numberof
sensors.We believe that sparserepresentationis a complementaryandvery prospective
approachin theanalysisof EEG.

Herewepresenttheresultsof testingtheusefulnessof sparserepresentationin theanalysis
of EEG databasedon temporalsynchronizationbetweencomponents.The analyzed14-
channelEEG wasrecordedin an experimentbasedon modifiedSternberg memorytask.
Subjectswereaskedto memorizenumberssuccessively presentedat randompositionson
the computermonitor. After 2.5 s pausefollowing by a warningsignal,a “test number”
waspresented.If it wasthesameasoneof thenumbersin thememorizedset,thesubject
hadto pressthe button. This cycle, including alsoresting(waiting) period,wasrepeated
160 times(about24min). EEGwassampledat256Hz rate.Herewedescribe,mainly, the
analysisresultsof onesubject’s data.

EEGwasfilteredoff-line in 1 − 70 Hz range,trials with artifactswererejectedby visual
inspection,andadatasetincluding20trialswith correctresponse,and20trialswith incor-
rectresponse,wasselectedfor analysis(1 trial=2176points).Thusweobtaina14×87040
dimensionaldatamatrix, denotedby X. Using the sparserepresentationalgorithmpro-
posedin this paper, we decomposedtheEEGsignalsX into 20 components.Denotethe
20×87040 dimensionalcomponentsmatrixS, whichcontains20trialsfor correctresponse,
and20 trials for incorrectresponse,respectively.

At first, we calculatedthecorrelationcoefficient matricesof X andS, denotedby R
x and

R
s, respectively. We found that Rx

i,j ∈ (0.18, 1] (the medianof |Rx
i,j | is 0.5151). In

thecaseof components,thecorrelationcoefficientswereconsiderablylower (themedian
of |Rs

i,j | is 0.2597). And thereexist many pairs of componentswith small correlation
coefficients,e.g.,Rs

2,11 = 0.0471,Rs
8,13 = 0.0023, etc. Furthermore,we found that the

higher order correlationcoefficients of thesepairs are also very small (e.g., the median
of absolutevalueof 4th ordercorrelationis 0.1742). We would like to emphasizethat,
althoughtheindependenceprinciplewasnot used,many pairsof componentswerealmost
independent.

Accordingto modernbraintheories,dynamicsof synchronizationof rhythmic activities in
distinct neuralnetworks playsa very importantrole in interactionsbetweenthem. Thus,
phasesynchronizationin apairof two almostindependentcomponents(si

1, s
i
14) (Rs1,14 =

0.0085, fourthcorrelationcoefficient0.0026) wasanalyzedusingmethoddescribedin [7].
Thesynchronizationindex is definedby SI(f, t) = max(SPLV (f, t) − Ssur, 0), where
SPLV (f, t) is a single-trialphaselocking valueat thefrequency f andtime t, which has
beensmoothedby a window with a lengthof 99, andSsur is the 0.95 percentileof the
distributionof 200 surrogates(the200pairsof surrogatedataareGaussiandistributed).

Fig. 2 shows phasesynchrony analysisresults.Thephasesynchrony is observed mainly
in low frequency band(1 Hz-15 Hz) anddemonstrateda tendency for task-relatedvaria-
tions.Thoughonly tentrials arepresentedamongthe40 trials dueto pagespace,32 of 40
trials showssimilar characteristics.



In Fig. 3 (a), two averagedsynchronizationindex curvesarepresented,whichareobtained
by averagingsynchronizationindex SI in therange1-15Hz andacross20trials,separately
for correctandincorrectresponse.Note the time variationsof theaveragedsynchroniza-
tion index andits highervaluesfor correctresponses,especiallyin thebeginningandthe
end of the trial (preparationand responseperiods). To test the significanceof the time
andcorrectnesseffects,the synchronizationindex wasaveragedagain for each128 time
points(0.5s) for removing artificial correlationbetweenneighboringpointsandsubmitted
to FriedmannonparametricANOVA. The testshowedsignificanceof time (p=0.013)and
correctness(p=0.0017)effects.Thus,thephasesynchronizationbetweenthetwo analyzed
componentswassensitive both to changesin brain activity inducedby time-varying task
demandsandto correctness-relatedvariationsin thebrainstate.Thehighersynchroniza-
tion for correctresponsescouldberelatedto higherintegrationof brainsystemsrequired
for effective informationprocessing.This kind of phenomenaalsohasbeenseenin the
sameanalysisof EEGdatafrom anothersubject(Fig. 3 (b)).

A substantialpartof synchronizationbetweenraw EEGchannelscanbeexplainedby vol-
umeconductioneffects. Large cortical areasmay work asstableunified oscillatingsys-
tems,andthis mayaccountfor otherlargepartof synchronizationin raw EEG.This kind
of strongsynchronizationmaymake invisible synchronizationappearingfor brief periods,
which is of specialinterestin brainresearch.To studytemporallyappearingsynchroniza-
tion, componentsrelatedto the activity of more or lessunified brain sourcesshouldbe
separatedfrom EEG.Our first resultsof applicationof sparserepresentationto real EEG
datasupportthatthey canhelpusto revealbrief periodsof synchronizationbetweenbrain
“sources”.
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Figure2: Time courseof EEGsynchrony in singletrials. 1st row: time-frequency charts
for 5 singletrialswith correctresponse.Synchronizationindex valuesareshown for every
frequency andtime samplepoint (f, k). 2nd row: meansynchronizationindex averaged
acrossfrequenciesin range1-15Hz, for thesametrials asin the1strow. 3d and4th rows:
samefor five trials with incorrectresponse.In eachsubplot, the first line refersto the
beginningof presentationof numbersto bememorized,thesecondline refersto theendof
testnumber.

6 Concluding remarks

Sparserepresentationof datamatricesandits applicationto blind sourceseparationwere
analyzedbasedon a two-stepapproachpresentedin [3] in this paper. The l1 normis used
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Figure3: Time courseof EEGsynchrony, averagedacrosstrials. Left: samesubjectasin
previous figure; right: anothersubject.The curvesshow meanvaluesof synchronization
index averagedin therange1-15Hz andacross20 trials. Black curvesarefor trials with
correctresponse,red dottedcurvesrefersto trials with incorrectresponse.Solid vertical
lines: asin thepreviousfigure.

asa sparsitymeasure,whereas,the l0 normsparsitymeasureis consideredfor comparison
andrecoverability analysisof BSS.Fromequivalenceanalysisof the l1 normsolutionand
l0 normsolutionpresentedin thispaper, it is evidentthatif adatavector(observedvector)
is generatedfrom a sufficiently sparsesourcevector, then, with high probability, the l1

norm solution is equalto the l0 norm solution, the former in turn is equalto the source
vector, which can be usedfor recoverability analysisof blind sparsesourceseparation.
This kind of constructthat employs sparserepresentationcanbe usedin BSSas in [3],
especiallyin casesin which fewer sensorsexist thansourceswhile the sourcenumberis
unknown, and sourcesare not completelyindependent.Lastly, an applicationexample
for analysisof phasesynchrony in realEEGdatasupportsits validity andperformanceof
the proposedapproach.Sincethe componentsseparatedby sparserepresentationarenot
constrainedby the conditionof completeindependence,they canbe usedin the analysis
of brain synchrony maybemore effectively than componentsseparatedby generalICA
algorithmsbasedon independenceprinciple.
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