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SUMMARY In this paper we consider blind source separa-
tion (BSS) problem of signals which are spatially uncorrelated of
order four, but temporally correlated of order four (for instance
speech or biomedical signals). For such type of signals we propose
a new sufficient condition for separation using fourth order statis-
tics, stating that the separation is possible, if the source signals
have distinct normalized cumulant functions (depending on time
delay). Using this condition we show that the BSS problem can
be converted to a symmetric eigenvalue problem of a generalized
cumulant matrix Z(%) (b) depending on L-dimensional parameter
b, if this matrix has distinct eigenvalues. We prove that the set
of parameters b which produce Z*%) (b) with distinct eigenvalues
form an open subset of IRY, whose complement has a measure
zero. We propose a new separating algorithm which uses Jacobi’s
method for joint diagonalization of cumulant matrices depending
on time delay. We empasize the following two features of this
algorithm: 1) The optimal number of matrices for joint diago-
nalization is 100 - 150 (established experimentally), which for
large dimensional problems is much smaller than those of JADE;
2) It works well even if the signals from the above class are, ad-
ditionally, white (of order two) with zero kurtosis (as shown by
an example).

key words: Independent component analysis, blind source sep-
aration, eigenvalue decomposition, cumulant functions, join di-
agonalization.

2. Introduction

The interest of blind signal processing, especially, the
problem of Independent Component Analysis (ICA)
and Blind Source Separation (BSS) has been increased
recently, due to its potential applications in many areas,
including brain signal processing and other biomedical
signal processing, speech enhancement, wireless com-
munication, geophysical data processing, data mining,
etc.

The problem is formulated as follows: we can ob-
serve sensor signals x (k) = [x1 (k) , ..., 2, (k)]" which
are modeled as
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x (k) =Hs (k) + n(k), (1)

where H is n X n non-singular unknown mixing matrix,
s(k)=[s1(k),...,sn (k)" is a vector of unknown zero
mean source signals and n(k) is a vector of additive zero
mean noise. Our objective is to estimate the mixing
matrix H and/or a separating matrix W = H~! and
source signals assuming that they are uncorrelated or
statistically independent.

In this paper we consider two general cases or mod-
els of source signals and additive noise. In the first
model we assume that source signals are spatially un-
correlated and colored, and the noise is white with arbi-
trary distribution. In the second model we assume that
source signals are statistically independent (or more
generally, spatially uncorrelated of order 4) and col-
ored in order 4, and the noise is white of order 4. Both
models are applicable to speech and biomedical signals.
More specifically, the second model is applicable to sig-
nals, which are spatially uncorrelated of order 4, but
temporally uncorrelated of order 2 and correlated of
order 4. Such type of signals arise in digital communi-
cations (see for instance [23]) and recently are consid-
ered in [20], where a blind deconvolution algorithm for
such type of signals is developed.

We introduce a new sufficient condition for blind
separation (see condition (DNCF(P)) below) requir-
ing the sources to have different normalized cumulant
functions of fourth order (depending on time delay) on
a given set of delays P. This condition can be con-
sidered as a generalization of those ones described in
[9] and [25] for second order statistics and used in [8].
It is interesting to mention that a related condition,
sufficient for deconvolution problems, using only sec-
ond order correlation functions and expressed by power
spectral matrices is proposed in [19].

The use of second order statistics approach for
blind separation of temporally correlated sources has
been developed and analyzed by many researchers, in-
cluding [1], [3, 4], [8-12], [18-19], [21], [24-25], etc.

We present two approaches to the BSS problem.
The first one has an unified form for the second order
statistic and high order statistics, and uses Eigen-Value
Decomposition (EVD) of sum of covariance or cumulant
matrices. Even for second order statistics this approach
has some advantages that may not be found in others
known results at the same time. It allows us to control
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successfulness of the separation by observing the distri-
bution of the eigenvalues; it provides relative fast con-
vergence (since several algorithm has been developed
for the EVD with cubic convergence [15], [16]); it can
solve large scale problems due to efficiency of available
EVD algorithms; it extracts the components simultane-
ously; does not need the sources to be stationary; does
not need that all but one signal to be Gaussian; and
it is robust with respect to additive noise what often
leads to smaller errors (cross-talking between estimated
sources).

Such an approach (symmetric EVD) is suitable if
the source signals are uncorrelated enough (for second
order statistic approach) or are independent enough
(for four order statistic approach). If not, more suitable
are joint diagonalization of covariance matrices (SOBI
algorithm) and joint diagonalization of cumulant ma-
trices (JADE algorithm).

Here we propose a joint diagonalization of cumu-
lant matrices of fourth order depending on time delays
- this is our second approach to the BSS problem for
colored signals of order four, allowing to extract signals
even with zero kurtosis, which are white of order two.
The computer experiments showed that the new algo-
rithm is quite promising in high dimensional problems,
when JADE algorithm fails due to high computation
time. For small dimensions its performance is compa-
rable with those of JADE and in some cases is better
(for signals with kurtosis near to zero).

3. Covariance and Cumulant Matrices

We shall consider a concrete form of fourth order cu-
mulants and note that generalizations to high order cu-
mulants is straightforward.

Define a covariance matrix of the sensor (resp.
source) signals by

Rx(p) = E{xx, }, (2)

(resp. Rs(p) = E{ss} }), (3)
where

xp = X(t —p), sp=s(t—p), (4)

and F is the mathematical expectation.
Define a fourth order cumulant matrix Ci’ip of the
sensor signals as follows:

C)Z(ﬁ(p = E{XXTXIT;XP} — E{XXT}trE{prg}
—2B{xx, } E{x,x"} (5)

and similarly, a fourth order cumulant matrix C22 = of
the source signals s;,7 = 1,...,n. It is easy to see that
the (i, 7)-th element of Ciﬁp is

C23 (i,§) =Y cum{a;(t), 2;(t), a(t — p), z:(t — p)}
=1
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(see [5] for more general cumulant matrices).

For a given set P = {p1, ..., pr} of time delays and
vectors b = (by,...,br)” € R” define the following ma-
trices

L
X®(b) = > biRx(pi), (6)
=1
L
XW(b)=> bC2%L (7)
=1

and similarly for the source signals

L
S®(b) =Y biRs(pi); (8)
=1
L
SW(b) =) bn,C22 . (9)
=1

4. Robust Orthogonalization

In our method below we need the global mixing matrix
to be orthogonal. The standard whitening procedure
[18] is not acceptable, since it enhances the noise, espe-
cially when the number of sensors is equal to the num-
ber of sources and the problem is ill conditioned. We
propose a preprocessing procedure, which is not sen-
sitive to additive white noise. This orthogonalization
procedure allows us to define a new orthogonal mix-
ing matrix for the preprocesed data. The idea is to
use time-delayed cumulant (resp. covariance) matrices
which are not sensitive to additive white noise of order
4 (resp. of order 2) and construct a positive definite
matrix from their linear combination (for sufficiently
large number of samples). Such a problem for white
noise of order 2 is solved in [3] by a finite-step global
convergence algorithm [26].
Denote

cumg, (p) = cum{s;(t), s;(t), s;i(t — p), s;(t —p)}

and assume that the vectors

n

{ (Cumsi (pl)v .oy CUML; (pL)) }izl

(resp.  vectors (E{s;(t)s;(t — p1},..., E{si(t)si(t —
pL)})ZL:l) are linearly independent. These conditions
are necessary in order to be realized the finite-step
global convergence algorithm [26] in Step 1 of the algo-
rithm below.

We summarize two robust orthogonalization algo-
rithms: for cumulant matrices (which is new) and for
covariance matrices (considered in [3]).

Algorithm Outline: Robust Orthogonalization
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1. Find by the finite-step global convergence algo-
rithm [26] a set of parameters {a; }£_, such that the

matrix Cy(a) = ZiLzl O‘ici’ip-

ZiL=1 @;Rx(p;)) is positive definite.

2. Perform an eigenvalue-decomposition of Cx (),
Cx(a) = UxA, UL where the entries of diag-
onal matrix Ay are the positive eigenvalues of
Cx(a) and compute the preprocessing matrix Q =
AxPUT.

3. Compute the pre-processed data z(k) = Qx(k) =
QHs(k).

Remark 1: In practice instead of Ry(p;) and C22

X,Xp,

(resp. Cx(a) =

it is better to use

Ry(pi)) = %(Rx(pi) + Rx(Pz‘)T)

and ) .

~2,2 2,2 2,2

Cx’,xpi = i(cx',xpi + (Cx,xpi> )
respectively (due to computational errors, which could
destroy symmetricity of Rx(p;) and Ciip_ ).

By defining a new mixing matrix as A = QHD%,
where D = Zle aicgﬁpi (resp. D = Ele a;Rs(p;))
is a diagonal (scaling) matrix with positive entries,
we see that C,(a) = AAT = I, (unit matrix),
so, the matrix A is orthogonal. This orthogonal-
ity condition is necessary for performing separation
of signals using either symmetric EVD, or joint di-
agonalization. It should be noted that in contrast
to the standard prewhithening procedure for our ro-
bust orthogonalization generally E{zz”} # I,, but
we have 25:1 aicgﬁp

Yy iC22 =1, (vesp. Y., ;Rs(p;) = I, and

Z,Zyp,

L
> im1 @Ry (pi) = 1)
So, our model is

- 1
= I,,, where s = D™ 2s and

z=A§+Qn, where §=D 7s. (10)

Note that using the standard pre-whitening procedure
[18], we have the model (10) with D = E{ssT}.
Further we shall use the following notation

L L
Z?(b) =Y bR,(pi), ZW(b)=> b:C)
i=1 i=1
and similarly for the source signals
. L . L
S?(b) = Y biRs(p): SP(b) =D bCEE
i=1 i=1

5. Sufficient Conditions for Simultaneous Blind
Source Separation

Let P = {p1,...,pr} be a set of positive integers with
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L elements. We introduce the following conditions:
Vi, j # 1 Hli)j S {1, ,L} :
E{si()5i(t —pu, )} # E{3;()5;(t — i, )}
(DNAF(P))

i.e. the sources have different normalized autocorrela-
tion functions on P;

Vi, j#i 3y €{1,...,L}: cumg, (py, ;) # cumg,(py, ),
(DNCF(P))
where

cumg, (p) = cum{s;(t), 5;(¢), 3:(t — p), 8:(t — p)}

i.e. the sources have different normalized cumulant
functions of fourth order on the set P.

We recall that the source signals are uncorrelated,
if Rs(p) are diagonal matrices for every p > 0. If
the source signals are statistically independent, then
this condition is satisfied, but the converse assertion
is not always true. Note that the diagonal elements of
R (p) are E{s;(t)s;(t—p)}. We say that the source sig-
nals are colored, if for some py > 1 the matrix R4(pp)
has a nonzero diagonal element. We shall say that the
source signals are uncorrelated of order 4, if Cgﬁp are
diagonal matrices for every p > 0 with diagonal ele-
ments cumyg, (p). If the source signals are statistically
independent, then this condition is satisfied, but the
converse assertion is not always true. We shall say
that the sources are colored of order 4, if for some
po > 1, and some index ip, cums, (po) is nonzero. So,
if s;,4 = 1,...,n are uncorrelated of order 4 and colored
of order 4, then for some py > 1, the matrix Cgﬁpo is a
nonzero diagonal matrix.

Assume that the additive noise n has independent
components with zero means, which are independent
also with s;,7 = 1,...,n. Recall that a signal s is white
(resp. white of order 4) if

E{s(t)s(t —p)} =0,

(resp.cum{s(t — p1), s(t — p2), s(t — p3),s(t —ps)} =0

for every p; > 1,1 =1,...,4) (see [22]).
The proof of the following lemma is straightfor-
ward and is omitted.

Vp>1

Lemma 1: Assume that the model (10) is satisfied,
the noise n is white with zero mean, and S®(b) is a
diagonal matrix (resp. the noise n is white of order 4
and zero mean, and S (b) is a diagonal matrix).
Then the matrix Z®(b) (resp. Z® (b)) is
symmetrical and can be decomposed as Z?)(b) =
ASP(b)AT = UAUT (resp. ZW(b) =
ASW(b)AT = UAUT), where U is an orthogonal
matrix and A is a diagonal matrix. If the diagonal
elements of A are distinct, then the mixing matrix can
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be estimated as A = U up to multiplication with ar-
bitrary permutation and diagonal nonsingular scaling
matrices.

Theorem 1: Assume that the model (10) is satisfied,
and (i): the source signals are colored and uncorre-
lated, the noise n is white with zero mean and con-
dition (DNAF(P)) is satisfied (resp. (ii): the source
signals are colored of order 4 and uncorrelated of order
4, condition (DNCF(P)) is satisfied and the noise n is
white of order 4 with zero mean). Then

(a) there exists a vector b € IR* such that the
matrix Z® (b) (resp. Z® (b)) has distinct eigenval-
ues. Furthermore, the set B(L) of all vectors b € R”
with this property form an open subset of IR”, whose
complement has a measure zero.

(b) If U is given from an EVD of the matrix
Z2)(b) (resp. the matrix Z* (b)) for some b € B(L),
ie. Z?)(b) = UAUT, (resp. Z*(b) = UAUT), then
the estimating mixing matrix is A = U and the sepa-
rating matrix is W = AT = U7 (up to multiplication
with arbitrary permutation and diagonal nonsingular
scaling matrices).

Proof. We shall prove the theorem under condi-
tion (i) (the proof is similar under condition (ii)).

(a) Since 3;,i = 1,...,n are uncorrelated, S (b)
is a diagonal matrix and by Lemma 1, Z?(b) =
AS®@) (b)AT. Observe that the matrices Z( (b) and
S@)(b) have the same eigenvalues. It is easy to see
that the complement of B(L) is a finite union of sub-
spaces of IR”. If we prove that B(L) is nonempty, then
every of these subspaces must be proper (i.e. different
from IRY), consequently, with a measure zero (with re-
spect to IR”), therefore the complement of B(L) must
have a measure zero too.

Let {o;(b)}?_ be the diagonal elements of the ma-
trix S(g)(b), where b € R”. Assume that two diagonal
elements of the matrix S (b) are equal, for example
o1(b) = o2(b). Let b(1,2) be a vector, which is differ-
ent from b only in the component by, , (/12 is defined
by the condition (DNAF(P))). Then o1(b(1,2)) #
02(b(1,2)), because of the condition (DNAF(P)). If
all diagonal elements of S®)(b(1,2)) are different, we
finish the proof. If not, suppose that o;(b(1,2)) =
0j(b(1,2)) for some indexes 7 and j. We can change a
little the component b;, ; of the vector b(1,2) (keeping
the other components the same) such that for the new
vector b(i,j) to be satisfied o;(b(4,5)) # o;(b(i,]))
(because of condition (DNAF(P)) and o1(b(i,5)) #
o2(b(i,7)). Continuing in such a way, for any cou-
ple (k,r),k # r for which ox(b(K',7")) = o.(b(K',r"))
(where b(k’, ') is the vector considered in the previous
step), we make small change of b;, , keeping the pair-
wise difference of the diagonal elements considered in
the previous steps and obtain vector b(k,r) for which
or(b(k,r)) # o.(b(k,r)). So, after finite number of
steps we obtain a vector b* for which the diagonal el-
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ements of S®(b*) are distinct. This proves the non-
emptiness of the set B(L) and finishes the proof of (a).

(b) This follows from the well known facts of linear
algebra [16]. =

Corrolary 1: Under assumption (ii) of Theorem 1,
an estimation of the mixing matrix is possible from the
EVD of the cumulant matrix C2:2 | if the sources have

different cumulants of fourth order for a fixed time delay
p, i.e., if

(11)

for every i # j. When p = 0, (11) means that the
source signals have different kurtosis; in this case the
conclusion is also true, if the noise is Gaussian.

Remark 2: In case of usual pre-whitening, the ma-
trix D in (10) is equal to E{ss”} and, when all source
signals are colored of order 2, we recover the identifia-
bility conditions presented in [25], Theorem 2.

Remark 3: Theorem 1 gives another proof of the
mathematical foundation of the SOBI algorithm [4].

Remark 4: If the matrix Z)(b) (resp. Z® (b)) is
non-symmetric (due to some numerical errors and fi-
nite number of samples) the following procedure can
be applied. Construct symmetric matrix: M) (b) =
HZP (b) + 23 (b)T] (resp. MP(b) = $[ZH (b) +
Z® (b)T]) and work with it instead of Z()(b) (resp.
Z™(b)).

Remark 5: In practical situations, when the sources
are supposed to be very different (i.e. to have different
autocorrelation (resp. cumulant) functions for almost
all delays p), the set P can be chosen to consist of
only one element and to take trials for different p, until
obtaining distinct eigenvalues of the matrices Z(*)(b)
(resp. Z*)(b)).

6. Joint diagonalization of cumulant matrices
depending on time delays - simulation re-
sults

We use the Jacobi algorithm for joint diagonalization of
several matrices (see [6], [7], [5]) but here we use time-
delayed cumulant matrices C3% = defined by (5) (after
standard prewhitening).

Our algorithm, called JADETD' was tested on
several benchmarks and below we present three of them.
We use the package “ICALAB for Signal Processing”
developed at the laboratory for Advance Brain Signal
Processing, BSI, RIKENTT. As a measure of efficiency

fmatlab code available upon request
"free downloaded at http://www.bsp.brain.riken.go.jp
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of an algorithm we use the following performance in-
dex [10], which measures how close is the global matrix
G = WH (W separating matrix, H mixing matrix) to
a (scaled) permutation matrix:

n

_ 1 - 9o
Pr= n—lz{;maxjgfj 71}

=1 =

We noticed by several experiments that the opti-
mal number of cumulant matrices for joint diagonaliza-
tion giving best result measured by this performance
index is between 100 and 150.

The first benchmark consists of five signals (see
ICALAB for Signal Processing in http://www.bsp.
brain.riken.go.jp, benchmark Gnband.mat), spatially
uncorrelated of order 4, white of order 2, colored of
order 4, two of them with kurtosis near to zero (dis-
played in Fig.1), mixed with a random matrix. This
matrix is not given, since for another random matrices
produced in ICALAB for Signal Processing, the results
are approximately the same (the reader could repeat
this experiment). Our algorithm gives smallest perfor-
mance index on this benchmark compared with other
algorithms.

Performance Index

JADETD (Joint Approximate Diagonalization of 100
cumulant matrices Cif(p,p =1,...,100):
0.0287627730

JADETD (120 cumulant matrices):
0.0271277802

JADETD (148 cumulant matrices):
0.0305472923

Fixed Point Algorithm [17]: 0.2811041266

JADE [6]: 0.2571942434

Natural Gradient (online) [2]: 0.3052515540
Natural Gradient (flexible ICA) [13]: 0.2354635225
AMUSE [24]: 0.5096235026

SOBI [4]: 0.3611529007

The second benchmark consists of five signals
(see ICALAB for Signal Processing in http://www.bsp.
brain.riken.go.jp, benchmark nband.mat), which are
spatially uncorrelated of order 4, colored of order 4,
with kurtosis very near to zero, mixed with a random
matrix. We compare high order statistics algorithms
on this benchmark.

Performance Index

JADETD: 0.0052936352
JADE [6]: 0.3318943056

Fixed Point Algorithm [17]: extracted only 1 compo-
nent;

Natural Gradient (online) [2]: 0.3453449005
Natural Gradient (flexible ICA) [13]: 0.2499995186
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Fig.1 Independent signals which are white of order 2, but col-
ored of order 4, two of them with kurtosis near to zero
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Estimated sources (independent components)

y5.
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0 200 400 600 800 1000 1200 1400 1600 1800 2000

Fig.3 Estimated Signals with JADETD

0.000273 0.064520 0.045010 1.000000 0.008955

0.035699 0.003790 1.000000 0.060756 0.050668

0.018038 0.006279 0.037302 0.015311 1.000000

0.003512 1.000000 0.015473 0.075739 0.013013

1.000000 0.045697 0.040565 0.013871 0.020882

Fig.4 Normalized global matrix G = WH: each squared ele-
ment is divided by the maximal squared element of the row
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We note that second order statistics algorithms
AMUSE and SOBI give better performance index
(0.0006042555 and 0.0005480406 respectively) since the
signals are colored of order two and uncorrelated.

The third benchmark® consists of 50 speech sig-
nals. They were mixed with a random matrix and the
algorithm JADETD was run. The running time was
284.19 sec. (processor Pentium III, 750 Mhz), the per-
formance index was 0.07340976173257005. JADE for
the same benchmark run more than 3 hours and since
there was no result (133 sweeps) it was stopped.

As we mention before, in lot of the experiments
which we produced, the optimal number of matrices
for joint diagonalization in JADETD was between 100
and 150. This number, for high dimensional problems,
is much less than the number of the matrices used
in the original JADE algorithm.This observation sug-
gests that for high dimensional problems the proposed
JADETD is a suitable replacement of the JADE algo-
rithm.

7. Conclusion

We develop an unified approach by second and high or-
der statistics to BSS problem, converting it to a sym-
metric eigenvalue problem. This approach is very suit-
able for high dimensional problems when the source sig-
nals are independent enough, since the symmetric EVD
algorithms are very fast. Moreover, we can control
the successfulness of the separation by monitoring the
eigenvalues of the cumulant matrices. If the source sig-
nals are not independent enough, we propose joint diag-
onalization algorithm for cumulant matrices depending
on time delays. This separating algorithm could be con-
sidered as a replacement of JADE for high dimensional
problems, since it gives similar or better performance
as JADE (for small dimensional problems), while for
high dimensional problems (i.e. for n > 30) JADE is
not suitable, due to the big computational time. Other
advantages of our approach are the robustness to ad-
ditive noise and the possibility to separate signals with
zero kurtosis, which are white of order two but colored
of order four.
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