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Abstract—in this paper we present an iterative inversion array of sensors provides a vector &f observed signals
(1 approach to blind source separation (BSS).. It consists of a x[k] = [z1[k], z2[K], ..., xAr[k]]T that are linear mixtures
quasi-Newton method for the resolution of an estimating equation of N unobserved random processeft], i = 1,2,..., N

obtained from the implicit inversion of a robust estimate of T . .
the mixing system. The resulting learning rule includes several termed sources. The exact probability density function (pdf)

existing algorithms for BSS as particular cases giving them a novel Of the sources is unknown. We will only assume that they
and unified interpretation.It also provides a justification of the are real-valued (although we will later relax this assumption),

Cardoso and Laheld step size normalization [12]. The Il method zero-mean, non-Gaussian distributed and mutually indepen-
is first presented for instantaneous mixtures and then extended dent. Additionally, we will assume that they are temporally

to the problem of blind separation of convolutive mixtures. . . . L - .
Finally, we derive the necessary and sufficient asymptotic stability independent and identically distributed (i.i.d.) and spatially

conditions for both the instantaneous and convolutive methods to independent. When considering convolutive mixtures, the
converge. observations are related to the sources as follows:

Index Terms—Adaptive signal processing, blind source separa- i
tion (BSS), equivariant learning algorithms, higher order statistics, x[k] = H[k] * s[k] = Z H[m]s[k — m] (1)
independent component analysis (ICA), multichannel blind decon- m=—oo

volution (MBD).
(MED) where s[k] = [s1[k], s2[k], ..., sn[E]]* is the vector of

sources an@[k] is the sequence a¥ x N impulse response
. INTRODUCTION matrices corresponding to the mixing system. To recover the

LIND source separation (BSS) is the problem of estfources, the observations are processed by a linear multiple
mating unobserved signals (sources) from observatiofgut—multiple output (MIMO) system with memory to produce
(sensor signals) of linear mixtures of them. It is an impofhe outputs
tant problem in signal processing because it can be solved L,
using a mi_ni_mum amou_nt _of pri_or information [19], namely y[k] = W[k] « x[k] = Z W(m]s[k — m] 2)
that the mixing system is invertible and that the sources are m——1,,

non-Gaussian and mutually independent. It is thus useful in a is th . finite | |
large number of extremely diverse applications such as ari)eré Wikl is the sequence @ x N finite impulse response

processing, multiuser communications, voice restoration afffptrices corre;pondmg to the separating system of leigth:
biomedical engineering [37], [38], [29]. In addition, BSS playgl,w + 1. We will denote byG[k] = WU?]_* HIk] to thg ma-

an important role in neural network theory because separatidf impulse response of the overall mixing (convolutive) and
is carried out with a linear system that can be interpreted as ftfParating (deconvolutive) system. The mixing and demixing
synaptic weights of a single layer neural network. Thus, it @odels are considerably simplified when instantaneous mix-

recognized that adaptive algorithms for BSS adequately wd{€S are considered. Inthis cakEk] = H[0]5[+] andW [k] =
as unsupervised learning rules for neural networks. WI0]é[+], and equations (1) and (2) reduce to

The BSS separation problem for noiseless situations x = Hs A3)
is typically formulated as follows. Let us assume that an v = Wx. @)

. : , The aim in BSS is to estimate the demixing and deconvolutive
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timation, different approaches have been proposed: minimizingThis paper is structured as follows. Section Il presents the
the mutual information of the outputs (Ml criterion [19]), maxi-new guiding principle to perform BSS that will be termed the
mizing the likelihood of the observations (ML criterion [34]) oriterative inversion (II) method. Section Il presents some results
maximizing the information transfer of a neural network (INfeferred to the local stability of the resulting Il algorithms. Sec-
FOMAX criterion [7]). The cost function®(Y') associated to tion IV analyzes the step size normalization to achieve a fast
the previous criteria [13], [39] are obtained in terms of the Kulleonvergence. Section V shows how several existing algorithms
back—Leibler divergenc®(:||-) between the joint prabability for BSS can be interpreted as Il algorithms. Section VI extends
density function (pdf) of the outputgy (y), and another dis- the method and the stability results to the convolutive mixtures
tribution with factorized componentggz(z) = Hf\;l pz, (%), case.Section VIl presents the results of several computer simu-

ie., lations and, finally, Section VIII is devoted to the conclusions.
al Il. THE ITERATIVE INVERSION APPROACH FORINSTANTANEOUS
U(Y) =-D | py)|[[pz (=) ®) MIXTURES
=1

o _ _ Let us consider again the necessary condition for BSS given
In the MI criterionpz, (%) is the marginal pdf of the outputs, by (6). This condition can be rewritten in the form of the fol-
py; (¥:), whereas in the ML and INFOMAX criteria is the mar-ljowing estimating equation:

ginal pdf of the sourcegg, (s;). A necessary condition to obtain

the estimate of the separation syst&¥, is [6] W, = R;i (W.0). @)
oU(Y) o It is interesting to see from this equation that when the model
oW ‘w—w = (Rya =W h)lw=w. =0 (6) s correct ¢(-) = «(-)) the nonlinear correlation function
— R..(W,.) can be interpreted as an estimate of the mixing
where () = System, H. Note §1I§o that'when th.e model is not correct
[ (dlog pz, (z1)/dz1) , ..., —(dlog pzy(2n)/dzy)|F isa (¥ # ) the implicit equation (7) still gives a valid criteria

component-wise nonlinear function alt,, = E[y(y)x?] is for BSS_. becau_se _it aims the diagona_lization of a nonlinear

the correlation matrix between a nonlinear function of thgorrelation matrix, i.e Ry, (W.) = I This only occurs when

outputsi(y) and the inputx. the outputs are mutually independent and, therefore, when the
However, the exact knowledge @f(-) is not available in SOurces are recovered. o _

many situations and we should replace this desired function by'@king into account that statistical independence yields

an estimate)(-). As a consequence, the contrast) should SOUrce separation, we suggest the following estimating equa-

be replaced by the approximate contrést). This is the case tion to solve the BSS problem

when the marginal pdf of the sources is approximated by the W. — ﬂ—l(W ) ®)

truncated Edgeworth [19] or Gram—Charlier [39] expansion in * *

the MI criterion or when the priori model for the pdf of the This equation can be interpreted as a generalization of (7) and

sources is not accurate [13] in the ML and INFOMAX criteriarepresents the implicit inversion of the mixture system estimate

Due to these mismatches, the maximization of the approximqﬁw)_ Let us define, now, two functions of the outputs that

contrast by means of gradient approaches such as the ordingfiycomponent-wise on their elemefity) andg(y), and the

gradient or the natural gradient (NG) may fail to converge to thellowing implicit function F(y) = W~f(y). We also suggest

separation solution becguse the mismatch can make this solutigat the estimate of the mixing system be given by the nonlinear

not to be a maximum o¥(-). Since the unknown function(-)  correlation matrix

is infinity dimensional we face up a semiparametric estimation R

problem that is extremely difficult to solve. In order to circum- H(W) = Ry, (W) = E[F(y)g” ()] )

vent this difficulty, Amari and Cardoso [4] suggest to use t

method of estimating functions and estimating equations.
In fchis paper we _vviII f_ollow this_ latter approa_ch a_ngl _obtain_ a W.H(W,) = R}y (W,) =1L (10)

special class of estimating equations from the implicit inversion

of an approximate estimate of the mixing system. We will sholtis apparent from this equation that (9) is a valid estimator of

that under certain conditions the iterative inversion of the esthe mixing system because the diagonalizatiodRgf, is only

mate leads to the blind separation solution. We will also propog#iained at separation.

two quasi-Newton algorithms that perform the iterative inver- ) ) )

sion of the estimate. These two algorithm provide us a unifié First lterative Inversion Algorithm

perspective to BSS: different adaptive algorithms for BSS canUnfortunately, the implicit inversion (8) cannot be carried out

be interpreted as particular cases of the resultant iterative inveirectly since we do not have access to the estiﬂ%ﬁtw )atthe

sion algorithms. This enables us to explain their convergenseparating solutioWV ... Instead, we consider an special class of

behavior and derive a specific normalized step size that yieldstimates denoted asbust estimated.et W—! be the actual

to high convergence speed and numerical stability. Finally, vestimate of the mixing system. We will defingbust estimates

will present a straightforward and simple extension of the algof the mixing system as those functioﬁ$W) that always give

rithms to the convolutive case. a good reference to the update®f—! in the direction of the

hFhus, the estimating equation (9) reduces to
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mixing system H) and that at the separation solution coincide X II-\I(W)
exactly with it.
An interesting property of theobust estimateis that the im-

plicit inversion (8) can be solved by means of an iterative in- H

version procedure similar to that used by Bussgang methods for W

blind deconvolution [8]. Here iterative inversion means the it-

erative correction of the current estimate of the mixing systemy. 1. Direction of update given by the robust estimate of the mixing system

W1 inthe direction of the robust estima# W) (see Fig. 1), compared with the optimal update.

ie.,
B. Second lterative Inversion Algorithm

W) — w4 g (ﬂ(n) — Wfl(n+1)) . (11 When condition (15) is satisfied we can express the inverse

in (14) as an infinite expansion [22] and make the following

approximation:

(e (1) = 5 (0 (2 1))

~ I=—0 () (R;’g - I) . (16)

Defining » = n/(1 + n) we can rewrite the above implicit
iteration in an explicit form as

WLt — (1 — pyw Lt [qH o), (12)

Note from (12) t.h aw =Lty can be' interpreted as an efs'FinaIIy, substituting (16) into (14) we arrive at teecond iter-
timate of H™ with an exponential window. Moreover, it 'Sative inversion(112) algorithm

also possible to obtain this iteration from the application of a g

quasi-Newton method to find the zeros of the_z estimatin_g func- wn+l) — wn) _ p (W(n)I:I(n) _ I) w® (17)

tion F(W~1) = H(W) — W~ (see Appendix I). Rewriting

(12) in terms of the separation system we obtain that can also be interpreted as an iterative version of a classical
quasi-Newton algorithm for the inversionH(™ (see[32], [28]

for more details). It is straightforward to show that the 111 and
112 algorithms exhibit the equivariant property [12] in the ab-
. sence of noise.

whereH™ = Ry, (W). We can avoid the calculation ofthe The most crucial question now is to determine what pairs of

WD _ (I ny (W(n)ﬂ(n) _ I))’lww (13)

implicit function F(y ) if we take into account tha¥ W H =  functionsf(y) andg(y) provide robust estimates of the mixing
RSZ;) and rewrite (13) as system. In the next section we perform an analysis of the local

stability of the Il algorithms and obtain an answer to this ques-
1 tion: the functions that verify the asymptotic stability conditions
wt — (I +u (R;’;) — I)) w), (14) for the algorithms to converge provide local robust estimates.

This recursion will be termefirst iterative inversion(l11) algo- [ll. STABILITY ANALYSIS
i imak™) i ' - . . - .
rithm. Note that when the estimal#"" is accurate this algo- |, yhig section we perform a local stability analysis of the 111

rithm is of the quasi-Newton type and, therefore, exhibits a vegy 11 aigorithms. We will obtain the necessary and sufficient

fast convergence. ) . . conditions that the nonlinearities must satisfy in order to ensure
Let us consider now the selection of the step-size. It is dgr+ ihe separating solutions are stable points.

sirable for derivative-based optimization methods to restrictthel_et us adopt the following notationf, = [f(s)];

algorithm to work in a domain where the functidi( W 1) f = [0f(s)/s)i, 9 = [g(S): g8 = [Og(s)/s]yi. We

and its derivative are continuous. Assuming thEt is a suf- | i assume that the sources are properly scaled and the

ficiently smooth function, the only discontinuities occur at thg, . -tions f(s) and g(s) adequately chosen in order that the
points where the sep_aratlon math 1S smgular._Therefore,_Conditions for the separation solution be an stationary point,
constraining the algorithm to work in a closed region that avoigg,

the singularity of the separating matri¥y, discontinuities on

the estimating function will not occur. A sufficient condition to Elfig;]=1 and E[f;g;]=0 (18)
ensure that discontinuities are not crossed when upd&¥ifig o )
to W(+1) is that the step-size(™ satisfies are satisfied for all, jlix; = 1, ..., N.
Theorem 1: Assuming that
1 1) sis a vector of real and zero mean sources.
pt < T <l (15)  2) The functiond(-) andg(-) are component-wise and dif-
Hng -1 » ferentiable in the domain of support.

3) The step-size is small enough.
where]|-||, denotes the p-norm of a matrix. This way we prevenhe 112 algorithm with a constant step-size

matrix I + u(RSZ‘) — I) from being singular and guarantee its N
invertibility. WO — W (R )W (19)
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contains an asymptotically stable point at the separation solutimm the whole support domain of the sources guarantee the sta-

if and only if the following conditions are satisfied: bility of the algorithm. As an example of application, if we as-
sume that the sources never take zero valed choose the
Elflsig)+ E[fisigi] >0 (20) nonlinearity as the signum functigriy;) = sign(y;) we guar-
E[f{1E[s;9;] + E[f!]Elsig:] > 0 (21) antee, in the vicinity of the separation, thf| 2g!] and E[g}]

y y / / are both null and, therefore, the asymptotic stability conditions
EIfi]EL[;)Elsi9:]Els;9;] > Elg:]Elg;] Elsi i1 Els; ) (29) and (30) are always true. Note also that in this case we will
(22) have thalR i, is a robust estimate for the mixing system. Since
o F(y) = x andg(y) is the signum functionR s, will be con-
foralls, jliz; =1,..., N. _ stant in a wide domain around the separation solution leading to
This theorem is proved in Appendix I1l. ~aquadratic convergence of the 111 and 112 algorithms.
The previous conditions are a generalization and extension ofy/hen the sources have even pdf and the nonlinearities are
the following stability conditions derived by Amagt al.in [S].  gtrictly monotonically increasing odd functions, (20) and (21)
Corollary 1: If the second function is linear, i.(y) =¥  are always satisfied. These assumptions, however, do not guar-
and assuming that the sources are properly scaled so that  5ntee that condition (22) is true. In this case, the following corol-
lary shows how to stabilize the algorithm.
Elfisi] =1 (23) Corollary 3: If
Igr alli =1, ..., N, the asymptotic stability conditions reduce E[fi/]E[f;]E[Sigi]E[Sjgj] < E[gg]E[g;»]E[sifi]E[sjfj]

(1)
12
Elfis]]+1>0 (24) an interchange d¥(-) andg(-) ensures the asymptotical stability
E[fi] >0 (25)  of the 112 algorithm.
E[fE[f/E[s]]E[s]] > 1 (26) Proof: If the pdf of the sources is even and the nonlin-
earities strictly odd F[f(s)] = 0 and E[g(s)] = 0. On the
forall i, jliz; = 1,..., N. other hand, when the nonlinearities are strictly monotonically
Proof: Note that wherg(y) = y the constrainE|[f;g,] = increasing odd function&[f!s;g;] > 0 and E[f;s;g}] > 0V,

0, Vi # jis always true at the correct equilibrium point sinceand condition (20) is true. For the same reasd#{g;] > 0 and
due to the independence and zero mean assumptions for Bje;¢;] > 0 Vi and (21) is also true. Finally, condition (22),
sourceskE[fig;] = E[f:|Elg;] = E[f:]E[s;] =0V4 # j. The when the equality does not hold, is not as critical since it can
conditions (24) and (26) are straightforwardly obtained frofe forced by just permuting the order of the functidg and

(20) and (22) taking into account (23) and the fact that s; g(+). ]
andg, = 1foralli =1, ..., N. On the other hand, condition This property has been previously observed in [36] for the
(21) is rewritten as Herault—Jutten algorithm and later in [5] for the special case of
g(y) = y. Our results, however, consider the general case of
E[f]|E[s]] + E[f/]E[s]] > 0. (27) two nonlinear functions.

Finally, the next corollary extends the previous results to the
Taking into account (26), it is easy to see that we need th#t algorithm.
sign(E[f]]) = sign(£[f}]) V14, j and, therefore, condition (27)  Corollary 4: The 111 algorithm
simplifies to (25). [ |
However, from Theorem 1 we can see that a different result Wt — W) (I +u (RSZ;) - I)) (32)
is obtained when the first function is linear.

Corollary 2: Ifthe first function is linear, i.ef(y) = y,and has the same asymptotical stability conditions given by

assuming that the sources are properly scaled so that (20)—(22) as the 112 algorithm.
Proof: In order to extend the previous results to the 111 al-
Els;g:] =1 (28) gorithm we will show that the local behavior of both algorithms
_ N N is equivalent. LeW ("™ andw "™ be the result of applying
foralls =1, ..., N, the asymptotic stability conditions reduc&ne |11 and 112 algorithms, respectively, to the same initial value
to W) It is apparent that if both algorithms were identical, the

) productWw{" VWY would be the identity matrix. This

1+ Elsigi] >0 (29) will not be the case since, due to the approximation in (16), al-
E[g)E[g}1E[s]]E[s7] <1 (30) gorithms 111 and 112 are different. However, it is straightforward
to show that the following equality holds true:

forall i, jliz; = 1,..., N.
Proof: This corollary is proved by substituting[s,g;] = Hw(n+1)w_1(n+1) 1l =2 HR(n) _ IH2 33
1andE[f/] = 1in (20)—(22). n 2 ! P e p (33)

An interesting consequence of this new corollary is that thoSers nypothesis is valid for several communications signals where the sym-
functionsg(y) whose derivative is continuous and almost nuHols do not lie on the principal axis of the constellation.
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This result means that both algorithms perform the same wh&m ensure the algorithm works in a continuous region we must
4t is small orR(’;) is very close to the identity matrix, i.e., thesatisfy condition (15). Accordingly we should modify the

algorithms are close to convergence. step-size and use
Moreover, a general bound in the difference of be- ) n (38)
havior can be obtained. Since we have hypothesized that 11 7gT()E)]

p < 1/|[REY — 1], then _ _ _
where0 < 7 < 1. Thus, the on-line stochastic normalized
ngnﬂ)wl—l(nﬂ) _ IH <1 implementation of the 111 algorithm is
p

. . . f T(y)-1
is an upper bound of the difference between both algoritmms. W@+ = w®) _ <77 (Y)gT(Y) ) wm o (39)
1+ ng"(y)f(¥)l
IV. PRACTICAL CONSIDERATIONS AND ALGORITHMS It is interesting to note that this recursion can be interpreted
NORMALIZATION as the 112 algorithm with the variable step-size normalization

The nonlinear autocorrelation mati™ used by the Il al- pt" = n/(1 +nlg" (y)E(y)]). This is the normalization sug-

f . .
gorithms is a statistical average that is ot known in practic3psted by Cardoset al.in [12] for the EASI algorithm. How-
r, we obtained it from the implementation of the II1 algo-

applications but can be estimated from the incoming data. Th(?j‘éB ) - :
are two possibilities: on-line adaptations in which the correl&thm and not from the 12 algorithm as it would appear at a first
e dlance. Since the convergence behavior of the 111 algorithm is

Better than that of the 112 algorithm when accurate estimates for
R;") ~ £(y[n)g” (y[n]) (34) the mixing system are used we obtain a first theoretical argu-
g ment that justifies the practical efficiency and fast convergence
and batch adaptations where, if we assume that the stationattigt it is achieved with this normalization.
and ergodicity properties hold on a blocklobbservations, we  For the batch adaptation we propose the following step size
can replace the statistical average by the temporal average which is a generalization of (38):

(n)

tion matrixR .’ is replaced by its single sample estimate, i.

L—1 (n) _ n
n 1 = (40)
Ry~ 2> f(y[R)g" (v[kD. (35) 1y R
k=0 p
Another major practical issue is the selection of the algsvhere 0 < 7 < 1. Note that whenp = 2 and

rithm step-size in order to ensure both numerical stability arRigc’;) ~ f(y[n))g?(y[n]) (40) reduces to (38). Taking
high convergence speed. WheneI?Ié_?“) = R;Tg) is an approxi-_ into account tha RSZ;) I <1+ HRSZ;) it is easy to
mately constant estimate of the mixing system, the l11 algorlthrrpww that the batch step é)ize (40) alwayspverifies condition
exhibits the fastest convergence whereas the 112 algorithm a %) for any givenp-norm. In practical implementations of
converges superlinearly. This fact explains why the II1 alg e batch algorithm we wi.II typically choosg close to unity
rithm performs better than the 112 algorithm for robust estimates.

In an adaptive filtering context, however, the direct implemer‘?—mCe we are interested in the algorithm to converge as fast

tation of the II1 algorithm is more complex than that of the Ilfls pQSS'ble' The sglectlon of the norm in (40) depends on
ractical considerations. In Appendix Il we demonstrate that

algorithm as a consequence of the matrix inversion. Notwitf)- . )
. i ) L ._the 2-norm provides the fastest convergence for a fixed
standing, we will show in the sequel that we can indirectly im= .
ther norms such as the 1-norm or tkenorm are easier to

plement the II1 algorithm by means of an iteration of the IIevaluate and therefore lead to more robust step-sizes. Never-

type together with a proper step—S|z_e normghzanon. theless, we can replace the 2-norm by coarse estimates, such
Let us start considering the on-line version of the 111 algo-

M), e R i
rithm with the one sample estimates as|R; ’[|> ~ max{|diag{R}'}|}, whose accuracy improves
as we approach to convergence.

WD = (L4 4 (£(y)g" (y) - 1)) W™ (36)
V. RELATION WITH EXISTING ALGORITHMS
Let us rewrite again (36) in terms gf= /(1 — 1) and apply

the Sherman—Morrison inversion formula [35] to obtain In this section we show how several existing algorithms for

BSS can be derived as particular cases of the on-line implemen-
f(y)gl(y) tation of the 111 algorithm given by (39). This enables us to in-
(n+1) — — (n)
w ={@+n <I i WL terpret them as quasi-Newton algorithms that iteratively invert

1+ ngT(y)f(y) : _ !
. . . , . _a nonlinear autocorrelation matrix.
When implementing on-line algorithms it is a common practice

to choose; <« 1 since the single sample estimatesfbjf’;) A. Generalized Learning Rule
introduce a lot of misadjustment noise into the algorithm. As
a consequence, we can neglect feand higher order terms
and arrive at

The algorithm (39) is the generalized learning rule derived

by Cichockiet al. [16], [17] from an heuristic principle. Here,

we have presented an alternative formal derivation and proposed

f(y)gl(y) -1 the normalized step-size (38) to considerably improve its con-
(n+1) _ win) _ (n)

w =W < 1 +ngT(y)f(y) we G0 vergence behavior.
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B. Decorrelation Algorithm Combining the decorrelation adaptation (41) and (43) so that

n n+1 n+1 . .
Choosingf(y) = g(y) = y, the adaptation rule (39) reducesW' +1.) = Wg "W and neglecting the high-order
to the normalized decorrelation algorithm proposed by Almeid&ms Inn we arrive at
[2] (see also [21]).

T_1 yy' -1 nf(y)g’(y) s’ (y)
Wet) —we _, Y T 1w 41) WE+D :<j[_77 _u
T+ nyTy 4D L+ayTy 2 1+ngt(ni(y)l
W
C. Natural Gradient or EASI Algorithm

Selectingg(y) = y andf(y) as an arbitrary nonlinear func-
tion, the 111 algorithm (39) converts into

which is the normalized version of the generalized EASI algo-
rithm.

WO _ W f(y)y? — I W 42) E. Herault—Jutten algorithm

1+nlyTt(y)l It is also possible to obtain the classical Herault-Jutten (HJ)
which is a normalized version of the natural gradient or EA{90rithm from the 1I1 algorithm. This is done under some
algorithm independently developed by Ametal. [6] and Car- simple hypothesis for WhICh th_e HJ algorithm is known to
doso and Laheld [12]. When this algorithm does not converg{ﬁ?”ve_rg_e properly. We will consider only two sources and that
Amari et al. [5] have suggested that the nonlinearities be intef1€ MIXing system is soft in the sense that there is a direct
changed [i.ef(y) = y andg(y)]. This interchange leads to ancomponent from the sources to the observations that is stronger

algorithm that is not of the natural gradient type because it ddi@n that of the interfering signals. This is the case when each
Sensor is placed close to a different source.

not follows the descent lines of a cost function. Note, howevet; . . }
that it can be interpreted as an iterative inversion algorithm. L&t us define the diagonal operafDr,, that keeps the diag-

It has been proved by Amari and Cardoso [4] that the modpal part of a matrixvI. Similarly,_ we define the off-diagonal
asymptotically efficient form of algorithm (39) is obtained whe/PPeratorOy that keeps the off-diagonal terms. Let us assume
one of the two functionst(y) or g(y), is linear. But, unfortu- also that at a given |terat|oln the inverse of the separating system
nately, this result only characterizes the local behavior so it dde& P& decomposed &¥ ™ ) = (I+C™) whereC™ has
not exclude the possibility of using two nonlinearities and obta#£" €léments at its diagonal. S
better global convergence properties. In fact, in this article we ConsiderW—1("*1) as the result of the iteration given by
will present some exemplary cases where algorithms with tff€ 11 algorithm. If we scale this matrix to preserve across the
nonlinearities exhibit faster convergence. Another argument/fgrations the identity atthe main diagonal we find the composite
favor of using two nonlinearities is the robustness to the noidgration
present in the mixture. It has been shown in [18] that two non-
linearities usually lead to a lower bias in the estimation. COT = Owir Dy 1y (44)

D. Generalized EASI Algorithm where the diagonal and off-diagonal partswf(»+1) are

The generalized EASI algorithm [24] is an extension of
the EASI algorithm [12] that considers two nonlinearities
instead of a single one. The generalized EASI algorithm isp ..\ =TI+ <DR<”> +Dcmo_) — I) (45)
known to perform adequately in practice [24] but has not been 9 R
interpreted from a information theoretic perspective yet. In the
sequel, we will derive this algorithm from the 111 recursion Owyy—1(ni1; =C™ + <C(") <DR<H> - I)
following a procedure similar to that described in [12]. Let ’e
us start decomposing the separating system in two stages,
i.e., W = W,W,. The first matrixW, will be selected to + 0R<fv;> + 0(c<n>oR(n>)> . (46)
decorrelate the input, i.e., to diagonalize the symmetric matrix fs

Ioiyy.hThishcanhbeddoEe with thde de%%;rela}hi? alglorithrg (41)40wever, for a sufficiently small step-size, (i.g.,< 1), it is
dig tor?acl)itzeerthea?nélttrigise.cg'rt:isn(])ab'ecl{i\\/lél ca(na Etaee;éiie\t;dppssmm to expandyy ..., In powers of and neglect the
9 atrb.rg. 1 ) _ higher order terms(;:) ~ 0 to arrive at the following result:

using the generalized learning rule (39). However, in order

to integrate both adaptations into a single recursion for the

overall separating systerWy, we need that they be orthogonal (n+1) _ cx(n) 41O

at a first order innp [12]. This can be accomplished if we Rig

replacef(y)g?(y) — I by its projection onto the space of

skew-symmetric matrices. Thus, the resulting algorithm is +u]O — C("’)D(cowo )
<C(”>OR(fn>> Rig

W <I _nf¥e"y) - g(Y)fT(Y)> W, (43)

2 14787 (y)i(y)] (47)
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Now we can realize that in the two sources ca¥e=£ 2) the which is the nonlinear PCA algorithm. Also, a new form of the
term O como ) vanishes becaus@<")OR<n> is diagonal. nonlinear PCA adaptation with a fast convergence is obtained if
Bre o we substitute the estimate (52) in the 111 algorithm, i.e.,
Therefore, the iteration can be rewritten in scalar form as

LD (1 _ c§?>c§?)) [R;,;)} @ Wt — (I + pf(y) (fT(Y) - XTW—1<n>))—1 W(n(; ,

X X ij

for s, jliz; = 1, 2. When assuming soft mixtures the followingNote that the stability conditions of the previous section do not
approximation is validl — cz(]n)cgr;) ~ 1. Finally, considering @PPly t0 (53) and (54) since the estimate given in (52) is not
the instantaneous stochastic approximation for the correlati®¥Cctly of the form of a nonlinear correlation matrix.
matrix we obtain the Herault—Jutten algorithm
VI. EXTENSION TO CONVOLUTIVE MIXTURES
n+1 n I 1 1 1
c§j+ ) ng) + uf (wilnDg(y,n]) (49) In thls_ section we extend the previous |deas_to the case of
convolutive mixtures of temporally i.i.d. and spatially indepen-

fori il — 1.2 dent sources. The approach consists in exploiting the i.i.d. as-
or i, jliz; = 1, 2. simption of the sources in order to asymptotically approach the

The previous analysis is reinforced by the fact that the Iocg nvolutive model by an instantaneous model of a much larger

stability conditions of the Il1 and HJ algorithms for the Of-r'd"dimension. We will solve the asymptotically equivalent instan-

agonal terms are equivalent. Indeed, under the given hypothe Reous problem and exploiting the special structure of the in-

thii:ﬁz‘?l Srtabl'léty conditions for the convergence of the HJ a\/'olved matrices we return to the convolutive notation to rewrite
90 are [15] the resulting adaptation.

Since we assume that the sequences of source samples are
E[f{]E[s292] + E[f3]E[s191] >0 (50) temporallyi.i.d. we can consider that the samples obtained from
E[fE[f))E[s191|E[s292] > E[g}]E[gh)E[s1f1]E[sof2].  the sources at different lags(k], £ = 0, ..., L. — 1) can be
(51) rearranged in the followingv L. x 1 vector of sources:

- _ s=[st,_1, .. 5] (55)
But these are also the necessary and sufficient asymptotic sta-
bility conditions (21) and (22) for the convergence of the off-diwheres;, = [s1[k], s2[k], -- -, sn[k]]F, k = 0, ..., L. — 1.
agonal terms oW ! in the 111 algorithm. Note that the addi- Note that all the components in this vector are mutually inde-
tional condition (20) does not apply here because is associapethdent. Analogously, we can rearrange the observations and
with the convergence of the diagonal termsWf-* which are the outputs as
always constant in the HJ algorithm.

X=[x], 1, x0]" (56)
F. Nonlinear PCA Algorithm =1, y1" (57)
The relationship between the nonlinear PCA algorithm _ : : 0T .
(developed by Oja and Karhunen in [31], [24]) and othevy;]derexf [_ [[If]l[k]’[]?[k]’ ""[ZﬁT[k]]k ’_ko_ 0 'L'"_Lf -1
approaches, such as those derived from the maximum likét2CY# = WilEl, v21v, - -, Un N

Let L, be the significant length of the impulse response
[k] = W][k] = H[k]. In order thatL, be finite we consider
AhhatH[k] is a stable mixing systems with roots distant from
L

possible to relate the II1 algorithm with the nonlinear PC S - L
algorithm. Note that the orthogonality of the mixing systerl e unit circle so as to guarantee a sufficient decaying impulse
: sponse. On the other hand, we have considered in (2) that

is not a limitation since is also assumed in the derivation : S
: ; . . [k] is a finite impulse response (FIR) system of lendth
the nonlinear PCA algorithm. Let us consider the followin : ’
nd symmetrically centered around the origin.

estimate for the mixing system: Let us define the set of lagd/y, = {k : Kk €
. [—Lg, -1]U[Le, Le + Ly — 1]} and assume that the
H(W)=W™ (I+Rs; —R; ;H'W™').  (52) sources and the observations satisfy the following conditions
B = {s; = xx = 0¥k € ANp}. Under these conditions,
A necessary condition for (52) to be a robust estimate is thatfie convolutive model described by (1) and (2) reduces to the
should exactly attain the value of the mixing system at sepatgincated model

hood criterion, has been first explored in [25]. Here we W"b
show that when the mixing systeH is orthogonal it is also

tion, i.e., H(W,) = H. Since at separatioR ;s andR s, are Lo_1
diagona HY W' = HTH = I which is equivalent to the or- x[k] = 3" Hlk - m]s[m] (58)
thogonality of the mixing system. By substituting the stochastic for
form of this estimate in the [12 algorithm we obtain and
L.—1

W(n-l-l) — W(n) + Nf(Y) (XT _ fT(y)W(n)) (53) Y[k] = Z W[k - m]x[m] (59)
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These equations can be rewritten in a Sylvester matrix represemereR - = Ef(»g”(¥)]- In addition, if (™ < ||R(?"_) -
g9

tation [27] as I||;* we arrive at the 112 algorithm
X :H_ 60 =~ (n =7 n =7\
x=Hs (60) W(+1):W()—u(")(R(__)—I)W( ) (68)
y=Wx (61) 77
where Note that the matriﬂ%) is asymptotically block Toeplitz (i.e.,
— — — R(_"_) i = R™[j — 4]) and has the same structure and dimen-
CHy He .. H Regghi = Ryy b =) and |
. — — sions asW. Finally, using this property and the convolution op-
: o Mz Mz ... [Hl, erator= we can rewrite the convolutive 1l algorithms (67) and
o (68) as
L [I_I_]Lcl [HEJ e [H]ﬁLc WD ] = WL 1]« (Ié[k]_,_u(n) (REZ;) [k]—Ié[k]))
(Wl [Whe ..o [W]he, (69)
_ Wl W]z ... [Wlar, and
W= (62) D[R] — W] — ™ (R[] — LW
: : ) : w K] =WY[k] — R [k] = I6[k] ) = W' [R]
LWl Wl .. Wli.r. (70)
These matrices are square block-Toeplitz of dimendidn. x  where
NL,., i.e, each block satisfies the following:
() = U (71)
— o S + | R |
[H];; = H[j - i] (63) |[Rss ],
[Wliy =WI[j —1]. (64)

withp =1 orp = o andn < 1.
Having in mind (60) and (61), the separation of a convolutive
mixture of N sources can be formulated as the separation of An Stability Analysis
instantaneous mixture @¥ x L. sources under the boundary The local stability analysis for the convolutive algorithms par-
condition given by3. This problem can be solved using the alallels that presented for the instantaneous case. It is possible
gorithms developed in Section Il by substituting the true contragtextend all the stability results obtained for the instantaneous
Y(Y) presented in (5) by the conditional contrast case by means of the following theorem.
Theorem 2: For temporally i.i.d. and spatially independent

sources and under the same assumptions of Theorem 1, the
B)> (65) 11 (69) and 112 (70) convolutive algorithms with a constant

step-size asymptotically exhibits a local stable point at the sep-

wherep—(7|B) andp (%:|B) denote the conditional pdf of _aration solution if and only if the conditions (20)—(22) are sat-

the outputs and sources ousr ISﬂEder(c))Z)?”?H?Li#tjfl;rle’rfl' |é ];Tt.rai htforward to prove since
As long as the set of boundary conditions refer to a finite set ) 9 P

of samples and the involved mixing and separation filter do n the neighborhood of the separatidy ~ 0 and we have

infinitely propagate their effect (i.e., that the significant Iengtﬁhown that the convolutive problem of temporally i.i.d. sources

of the overall systend, is also finite), border effects becomecan be asymptotically formulated as an instantaneous separa-

less important as the dimension of the modgl(.) increases, gonmprfoi?{:gzl a;?ér;h,{er::fg;i’quztcgfn;(:gm\:e c?nlggir:;[:r:gso},\grl:e
and the conditional pdf approaches asymptotically to the trﬁjngs);anaaneouz case y -
pdf [10]. Therefore '

N

[[7z.G:

i=1

v(Y|B)=-D <pv(?ll3’)

B. Convolutive Relations

- L.> L -
PY1B) —"(Y). (66) In this section we will show how the convolutive Il algorithms

provide a unified perspective of some existing and also novel
algorithms for BSS of convolutive mixtures.

X . . . When the functiong(-) is linear, the algorithm (70) reduces
At this point, we can follow the same analysis of Secuonllt?0 unction() is | gont (70) u

. ; S . . d . : the multichannel blind deconvolution algorithm derived by
obtain the iterative inversion algorithms as iterative techmqug@nari et al. [3] from an information theoretic perspective using

:rlat ;‘md.me sqllfgon of the estimating equation (8). Thus, tr}ﬁe natural gradient [6]. On the other hand, our approach can be
algorithm yields used to justify the nongradient algorithms obtained whehis
——1(n41)  =—1(n) ) ) nonlinear and also provides a step si#& that exhibits a fast
W =W (I +h (Rﬁ - I)) (67) convergence. Moreover, note that Theorem 2 is the convolutive

In particular, we can always assurhg >> L, in order that the
approximation becomes true.
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TABLE |
FILTER COEFFICIENTS OF THEMIXING SYSTEM H[k| FOR THEFIRST EXAMPLE
Filter\Lag | 8[k + 3] | 6]k +2] | é[k + 1) | O[k] | o[k —1] | 6]k — 2} | &[k — 3]
Hii (k] 0.1 0.2 0.6 1 0 0 0
His[k] 0.1 -0.3 0.5 -0.6 0.5 -0.3 0.1
Hy3[k] 0.1 -0.3 0.5 -0.6 0.5 -0.3 0.1
Hj (k) -0.1 0.2 -04 |(-05]| -04 0.2 -0.1
Ha (K] 0 0 0 1 0.6 0.2 0.1
Hygk) -0.1 0.2 -04 |-05| -04 0.2 -0.1
Hs, (k] 0.1 0.2 0.4 0.5 0.4 0.2 0.1
Hs,[k] 0.1 0.2 04 0.5 0.4 0.2 0.1
Hss k] 0 0 0 1 0.6 0.2 0.1

10 T T T T T T T T T

PERFORMANCE INDEX

0 5 10 15 20 25 30 35 40 45 50
ITERATIONS

Fig. 2. Performance index versus iterations of the batch 112 convolutive algorithm for the first example. Comparison between two differemitiesnioasa
a)f(y) = |y|?y andg(y) = sign(Re{y}) + jsign(Zm{y}) is the continuous line, case B)y) = |y|?>y andg(y) = y is the dashed line.

extension of the stability conditions presented by Anedral.

(). T(R)_ g
[4] for the instantaneous case. _n Ry, [+] - Ry, [-H] * W(n)[k]
Using a similar procedure to that shown in Section V-D, it 24 +772 HR(n)[k]H
is straightforward to extend the family of equivariant (EASI) = 79 p
algorithms to the convolutive case as (72)
forp=1o0rp = coandn < 1.
ey Under the assumption of two sources and convolutive soft
Ry [k] — I6[K] n p
n+1 _ vy
WD) = | 18[k] - " O™ mixture (i.e. 8[k] — ¢ [k] + <\ [K] ~ 6[k] for allé # j) we can
+77§k: H vy [ ]Hp obtain the Herault—Jutten convolutive algorithm [30] starting

from the convolutive version of the 111 algorithm. Following the
same steps as in Section V-E we find that the 111 algorithm with
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Fig. 3. Coefficients of the overall transfer syst€&jk] after convergence in the first computer experiment.
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Fig. 4. Coefficients of the mixing syste# [k] for the second computer experiment.

a sufficiently small step-size can be approximated by the fdbr ¢, j|,; = 1, 2; Yk. Nevertheless, when applying the soft

lowing recursion: mixture assumption, this result can be approximated by the con-
volutive Herault—Jutten algorithm [30]
(n+l) (n) (n) (n)
(] =5 Ik + 1 ( K= el 14 1) M = o+ e [REH] (74)
]

(")
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2" PERFORMANCE INDEX

60 80 100 120
ITERATIONS

Fig. 5. Performance index versus iterations for the second computer experiment. Comparison between two different nonlineariti&gy casd#fy and
g(y) = sign(Re{y}) + jsign(Zm{y}) is the continuous line, case B)y) = |y|?y andg(y) = y is the dashed line.

When the mixing system satisfies the following orthogonalitynplementation of the algorithm the cross-correlation sequence
conditionH? ™ [k] « H™[k] = I8[k] we can use the convolu- R, [k] was truncated and only its values inside the window
tive extension of the mixing system estimate (52) to obtainkac [—30, 30] were preserved.
novel convolutive form of the nonlinear PCA algorithm We defined the performance index of the separation system

in terms of the overall respon$&(k]| as
WU = WO + e (R~ R« W) pon<et

(75) iyl Gii[K]|?
. . o P =30 | 220 s e =
Finally, we wish to point out that Iterative Inversion convolu- i=l \j=1 & l,rn{| alm]|?}
tive algorithms are also well posed in the degenerate case where N /N
: . = |Gij (k]I
there is an unique source and the separation is performed only + Z Z 1. (77)
on the temporal domain. This case is usually terrkd de- =1 \i=1 & Lm {1Gi;[m]*}
convolutionand the derivation presented in Section VI is still ) o
valid since it does not make any assumption on the spatial ¥& set the step sizeg = 0.9, we chose the infinite
mensions of the mixing and separating systems. horm (p = o) and we considered two choices for
the nonlinearities: case a) in whic(y) = |y|*v and
VIl. COMPUTER SIMULATIONS g(y) = sign(Re{y}) + jsign(Zm{y}) and case b) where

) ) ) _ f(y) = |y|?y andg(y) = y. Fig. 2 plots the evolution of the
Computer simulations were carried out to illustrate thEeformance index versus the iterations for the two cases. We

performance of the Il algorithms. We considered three i.i.(a see that a better asymptotic performance is achieved in case
16-QAM complex sources. The Il algorithms can be extendg \hereas case a) exhibits a much faster convergence since
to the complex-valued signals case just replacing the transp@s€ aigorithm achieves its final state in less than 15 iterations.
operator by an Hermitian operator. In a first computer expefnis resylt is consistent with the conclusions obtained by
iment we considered a convolutive mixture obtained with the,4ri and Cardoso in [4] where they show that, regarding to
mixing system impulse response the local asymptotic behavior, the best estimating functions

Hi[k] Hiolk] His[k] (f(y)g* (y) — I) are obtained when one of the functioff(s)

HIK]) = | Ho[k] Hoo[k] Hosk] (76) ©Of g(+) is_ Iine_ar. Neve_rtheles_s, the simu_latior!s_ indicate that
other estimating functions with two nonlinearities may have

Hy k] Hsolk]  Haslk] preferred properties such as faster convergence.
where the filter coefficients are given in Table I. The separating Fig. 3 shows the overall transfer system after convergence for
system for this first experiment is a three-input—three-outptite case a). Since the overall system has converged to a scaled
system with nine FIR filters having 21 taps each. To adapt thersion of the identity matrix at zero lag and zero in the rest (i.e.,
separating system we used the 112 convolutive algorithm givé&i[%] =~ ~+I6[%]) the spatio-temporal separation of the sources
by (70) and (71) over a data window of 5000 samples. In thes been performed.



1434 IEEE TRANSACTIONS ON NEURAL NETWORKS, VOL. 11, NO. 6, NOVEMBER 2000

]
IS
]
N
(=]
~n
IS
i
&~
]
R
(=]
n
~
]
IS
|
n
o
N
IS

| nEE
lenes
L EER Y

KL 4.5 ANNE..
W * :
N L T X JEE. B L2 A 4

-1 0 1 - -1 0 1

Y‘1 Y2 Y3

Fig. 6. Constellation of the observations in the fist row and of the recovered sources in the second row, both for the second computer experiment.

In the second computer experiment we considered the samixtures. Finally, we obtain the necessary and sufficient
kind of sources but a different 8 3 mixing system with the conditions that ensure local convergence of the instantaneous
impulse response sequence of 55 taps length plotted in FigaAd convolutive |l algorithms and generalize the convergence
We considered the same parameters of the previous experintmtditions obtained by Amast al.in [5].
and a data window of 10000 samples. Due to the equivariant
property of the 112 convolutive algorithm we have implemented APPENDIX |
it for this second experiment in the way suggested by Cardoso QUASI-NEWTON RECURSION
in [14]:.inste'ad of evgluating the separating system, the OUtDUt%e can find the zeros of the following matrix functional:
of one iteration are directly computed from the previous outputs
using the following recursion: j:(w—l) = f{(w) —w-! (79)

y OOk = y ] - (R;’;) [k] - Ié[k]) «y™[k]. (78) with the following quasi-Newton recursion:

The advantage of this approach is that it greatly reduces the W1+ — w-1(») _ 7 (W—l(")) B™ (80)
number of operations. Since the separating systi&] will

not be computed we will use a different performance index givevhere B(™ is an approximation to the inverse of the deriva-
by p(n) = ||R§Z;) [k] — T8[k]||3- where]| - || » denotes de Frobe- tive matrixdF(W~1)/dW ! that must satisfy certain condi-
nius norm of a matrix. As in the previous experiment the convelions described in [26]. As can be seen from Fig. 1, the robust
gence of the algorithm with two nonlinearities is faster that withstimates of the mixing systek (™) verify that F(W=1) =

only one nonlinearity as can be seen from Fig. 5. Fig. 6 sholkE§ W) — W' forms an acute angle with the direction that
the observations of the three mixed sources and the resultirajnts to the solutiod — W—!. Therefore

outputs after convergence for the case a). Itis clearly seen from _ _

these constellations that the separation has been performed. FW™) cH-W" (81)

As a consequence
VIII. CONCLUSION

source separation algorithms from a novel perspective. This W)
unlfy!ng apprqach is termed I bgcause it cpns,lsts of aand we arrive again at (12).
guasi-Newton iterative procedure to invert a nonlinear correla-
tion matrix of the outputs. We determine the variable step-sizes
that convert conventional algorithms for BSS in algorithms of

the Newton type that exhibit a faster convergence. Although
initially presented for instantaneous mixtures, the method isIn this appendix we demonstrate that the Il algorithms using

also extended to consider the more realistic case of convolutihe step-size expression (40) achieves its faster convergence

-1
—1(n
In this paper we present an unified view of several blind <w> x —-T =B (82)

APPENDIX I
STEP-SIZE NORM
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when the 2-norm is used. Latbe an eigenvalue dlgc’;) whose Defining f; = [f(s)]:, f! = [£'(s)]«, the terms of the mean field
corresponding eigenvectorys Then can be written as
V| (83) M;;(I+e)= zk: E[fisrg;lea + zk: Elfiskgjlejn + oe).

(89)
Taking into account the independence assumptions for the

(n) i i
< . . . )
and|}| < ”ng | for any matrix norm. In our case, the matrlXsources at the separation solution and using the zero mean

RSZ;) will pe symmetric at convergence _and thus the 27norm Wiilssumption of the sourcés{s;] = 0V we obtain
asymptotically tend to the spectral ragif) of the matrix

— — (n) (n)
ALVl = I = [|R V| < |RE:

(Elfisigi] + E[fisigi])ei + o(e) ifi=y

| _ OMONES (n) E[fE[s;9:]ei; + Elf!si|Elg;]ess
RS, =P @R - e (RG). @) a1+ )= 4 EV [8191161/ [/1s1] [gJ]c/
+E[fisi|Elgileji + E[filE[s;9]]
Since the proposed step-size for the 112 algorithm is selected ac- “¢55 +0(¢) if ¢ # j.
cording to (40) the fastest convergence for a giyénobtained (90)

when the 2-norm is useg@ (= 2).
Next, let us rearrange the elements of the ma#ix= [G;;] in
APPENDIX I the following vector as:
STABILITY ANALYSIS OF THEII2 ALGORITHM

9: G G .... Gi,',G,'i,...T. 91
In this appendix we will prove that the conditions (20)—(22) (G o G s Gy Giio -] (°1)

ensure the asymptotic stability of the 112 algorithm under the k=2.. N, 1Si<j<h<N
assumptions of Theorem 1. Let us start multiplying both Sid(ﬁ]u
of (19) by the mixing matrix to express the [12 algorithm in
terms of the global transfer matri% as as

s, the ODE associated to the algorithm (85) can be rewritten

B (60, 29) ©2)
Gt — g — (ijy - I) G, (85) dt
werez(®) is the state vector. Let, denote the stationary point
Let C(Gs) = £(Gs)g?(Gs) — I. Condition (18) is necessaryOf the algorithm that gives the separation solution. The mean
= . : i i int i o) —
to allow the separation solutioG. = I to be an equilibrium vector f|e|d(t())f the algorithm at this point (34 (6. 21) =
point of the algorithm, i.e E[C(G.s)] = 0. E [z/’_ (¢, z()] and can be obtained from (QQ)_ -

The next step is to study the asymptotic stability of the algo- It is we_II known_that the asymptotlc stability condltlc_)n f_or
rithm at this point. Toward this aim we will study the behaviof € algorithm _aﬁ* IS th_at aII_ the elgenva_lges of the derlvatl\_/e
of the ordinary differential equation (ODE) associated to the f theamea; f|elc(139at this pimntahav;posgve real pactjrts. Notlng
gorithm at the separation solution [9]. Let us define the me at(_ .M( ; 2)/00)|o=s. = (. M(0; 2)/ e)|€=0.an using
field of the algorithm as\/(G) = E[C(Gs)G] and an arbi- 90) it is found that the gradient of the mean field at separa-

trary small perturbatior of the global transfer matrix at thet'(_)r;] t(?_kes a Y%rly sk|mf)le form: 'ft IS a block—tr(;angulazlthr_naftnx
separation solutio,. Then with diagonal block elements of size one and two. This fact,

that has been observed before in several BSS algorithms (see
for example [12], [31]), greatly facilitates the asymptotic sta-
M(I+c) = E[C(S—i—cS)(I—i—c)] = E[C(S—i—cS)]—i—O(c). (86) bility analysis.
One of the conditions for asymptotic stability is extracted
In order to find the linear approximation to the mean field ifrom the 1x 1 diagonal blocks
terms ofe, we will replace both functionfs+es) andg(s+es)

by its first-order Taylor expansion &, = T 3Mié(;+ o _ E[f!s:01] + Elfisiql] > 0. (93)
(s +cs) =1(s) + '(s)es + o(¢) The 2 x 2 diagonal blocks are of the form
g(s+ cs) =g(s) + 8/(s)es + o(c) (87)
8MU(I + (:) 8MU(I + (:)
wheref’(s) = 9f(s)/Js andg’(s) = dg(s)/Js are two diag- Jeij eji
onal matrices sincé(-) andg(-) act component-wise. Substi- OM;;(I+e OMu(I+e)
tuting (87) in (86) and having in mind th#[C(G.s)] = 0 we Oe;j O¢ji
can express the algorithm mean field as <E[fi/]E[3jgj] E[g;']E[Sifi]>
"~ \E[g]E[s;f;] Elf}E[s:9i]

M(I+¢) = E[f'(s)esg” (s)] + E[f(s)s” ¢ (&(s))" ] + o(e). _ <a b) (94)

(88) c d
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for all ¢« # j. The eigenvalues of this block matrices are[19]
the roots of the characteristic polynomial equatiBg\) =
A2 — (a+d)A + (ad — be). In order to check if the real part
of the eigenvalues is positive, we can use the necessary afm]
sufficient Hurwitz stability conditions [1], obtaining+d > 0

and ad — be > 0. Then, substituting:, b, ¢, d into these ex- [22]
pressions we arrive at the remaining necessary and sufficient
conditions for the asymptotic stability of the 112 algorithm  [23]

(20]

[24]
E[f]1E[s;g;] + E[f{]E[si9:] > 0 (95)

E[f1E[fiE[sigiE[s;9;] > E[g]E[g;] E[s: il E[s; £5]
(96)

(25]

(26]

., [27]
forall ¢ # j.
(28]

[29]
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