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Natural Gradient Learning for Spatio-temporal
Decorrelation: Recurrent Network*

Seungjin CHOI', Nonmember, Shunichi AMARI'T, and Andrzej CICHOCKI!", Members

SUMMARY  Spatio-temporal decorrelation is the task of
eliminating correlations between associated signals in spatial do-
main as well as in time domain. In this paper, we present a simple
but efficient adaptive algorithm for spatio-temporal decorrela-
tion. For the task of spatio-temporal decorrelation, we consider
a dynamic recurrent network and calculate the associated natu-
ral gradient for the minimization of an appropriate optimization
function. The natural gradient based spatio-temporal decorre-
lation algorithm is applied to the task of blind deconvolution of
linear single input multiple output (SIMO) system and its perfor-
mance is compared to the spatio-temporal anti-Hebbian learning
rule.

1. Introduction

Spatial decorrelation is useful for numerous problems
in speech processing, communications, signal and im-
age processing. Spatial decorrelation is also known
as data sphering or data whitening. The task of spa-
tial decorrelation is to eliminate cross-correlations be-
tween associated signals. In other words, spatial decor-
relation aims at finding a linear transformation from
given multivariate data x(k) = [z1(k)---2,(k)]T to
y(k) = [y1(k) - - - yn(k)]T such that the correlation ma-
trix of y(k) becomes the identity matrix, i.e., Ry, =
E{y(k)yT(k)} = I. Various adaptive algorithms for
spatial decorrelation have been developed. They in-
clude principal component analysis (PCA) neural net-
works [1],[2], the linear anti-Hebbian rule [3], the
Almeida-Silva algorithm [4]. Recently local and global
adaptive algorithms for spatial decorrelation was ana-
lyzed in [5].

The linear anti-Hebbian rule [3] might be one of
well-known adaptive spatial decorrelation algorithms.
In contrast to the Hebbian rule, the anti-Hebbian rule is
known to be a energy minimizer [6]. The minimization
of output energy leads to uncorrelated output variables.
In [3], a linear feedback network was considered for spa-
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tial decorrelation task and the associated algorithm was
derived heuristically. We revisit the anti-Hebbian rule
and reveal how it is related to the energy minimizer.
Moreover we employ the natural gradient adaptation
method [7] and derive an efficient spatial decorrelation
algorithm.

The task of temporal decorrelation is to eliminate
cross-correlations between z;(k) and z;(k — p) for any
p # 0. The conventional linear prediction method (for
example, Levinson-Durbin algorithm) or a gradient de-
scent based method [8] have been developed. Recently
the temporal decorrelation method was applied to the
task of blind equalization of SIMO channels [8], [9].

The goal of spatio-temporal decorrelation is to per-
form spatial decorrelation and temporal decorrelation
simultaneously for multivariate data. In the task of
spatio-temporal decorrelation, it is desired to design a
multivariate filter such that the filter output y(k) sat-
isfies

E{y(k)y" (k —p)} = I5,, Vp, (1)

where ¢, is the Kronecker delta equal to 1 if p = 0, oth-
erwise it is zero. Recently the anti-Hebbian rule was
extended to the task of spatio-temporal decorrelation
[10],[11]. The conventional gradient descent method
was used to derive the spatio-temporal anti-Hebbian
rule [10], [11].

The natural gradient adaptation was recently pro-
posed by Amari [7],[12] and was shown to be efficient
for on-line learning. It was shown that the natural
gradient finds the steepest descent direction when the
parameter space belongs to the Riemannian manifold,
which is often encountered in many problems. In this
paper we consider a dynamic recurrent network for the
task of spatio-temporal decorrelation and calculate the
associated natural gradient for the minimization of an
appropriate optimization function [13]. A new spatio-
temporal decorrelation algorithm based on the natural
gradient is derived and its performance is compared to
the spatio-temporal anti-Hebbian rule in the task of
blind deconvolution of SIMO channels.

The rest of paper is organized as follows. After
brief review of the linear anti-Hebbian rule, we derive
the natural gradient based spatial decorrelation algo-
rithm in Section 2. For the task of spatio-temporal
decorrelation, a dynamic recurrent network is intro-
duced and the associated natural gradient is calculated
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in Section 3. As an example to illustrate the useful-
ness of the proposed algorithm, we consider the task
of blind deconvolution of linear SIMO systems in Sec-
tion 4. The performance of the natural gradient based
spatio-temporal decorrelation is compared to that of
the spatio-temporal anti-Hebbian rule. Finally conclu-
sions are drawn in Section 5.

2. Spatial Decorrelation

Let us consider a linear feedback network whose output
y(k) is described as

y(k) = x(k) + Wy(k)
= [I-W] " (k). (2)

where x(k) is an n-dimensional input vector to the net-
work and W is a synaptic weight matrix whose (i, j)-
element w;; represents the connection strength between
yi(k) and y; (k).

Spatial decorrelation aims at finding a linear trans-
formation from given multivariate data x(k) to y(k)
such that the correlation matrix of y(k) becomes the
identity matrix (or invertible diagonal matrix), i.e.,
R,, = E{y(k)yl(k)} = I. First we briefly review
Foldiak’s first model and second model for the anti-
Hebbian rule. Then we present a spatial decorrelation
algorithm based on the natural gradient.

2.1 Linear Anti-Hebbian Rule

In the Foldidk’s first model, the linear feedback net-
work (without self-feedback connections) was consid-
ered. The ith network output y;(k) is written as

yi(k) = zi(k) + ) wijy; (k). (3)
J#i
The synaptic weight w;; is updated in such a way that
cross-correlation between y;(k) and y;(k) is minimized.
Foldidk [3] suggested that the synaptic weight at time
k+ 1, w;;(k + 1) is updated using the synaptic weight
at time k, w;; (k) and signals y;(k), y;(k), Le.,

wij(k + 1) = wi; (k) — nryi(k)y;(k), (4)

where 1, > 0 is a learning rate. When the convergence
of the algorithm (4) is achieved, the correlation matrix
of the network output y(k) becomes diagonal.

Foldidk suggested a further model (F6ldidk’s sec-
ond model) by allowing all neurons to receive their own
outputs. The fully-connected linear feedback network
given in (2) was considered. The updating algorithm
for the self-feedback connections {w;;} was given by

wi; (k + 1) = wii (k) + me {1 — yi(k)yi (k) }. (5)

In a compact form, the learning algorithm in Foldidk’s
second model is given by

Wi(k+1) =W (k) +m {I-yk)y"(k)}.  (6)

2.2 The Spatial Decorrelation Algorithm: Natural
Gradient

Linear anti-Hebbian rule was shown to be an energy
minimizer [6], in contrast to Hebbian rule where the
objective is the maximum transfer of information , or
maximization of the correlation between inputs and as-
sociated outputs. The minimization of energy can be
viewed as the minimization of the Kullback-Leibler di-
vergence between two zero-mean Gaussian distributions
with covariances E{yyT} and I, respectively [14]. As
n [14], we consider the risk R(W') given by

R(W) = B{L(W))
= 3> B

where L(W) is the loss function and some irrelevant
terms (which do not depend on the parameter matrix
W) were omitted. The loss function L(W) is

Zyz

We now derive an spatial decorrelation algorithm
from the minimization of the loss function (8) using the
natural gradient method. The derivation of the algo-
rithm is just outlined here because Section 3 describes
the detailed derivation of the spatio-temporal decorre-
lation algorithm using the natural gradient.

Simple algebraic and differential calculus yields

1o .
d{ijyf} =y'dvy 9)
i=1

d{log|det I-wj! |} = tr (dV), (10)

—log|det [T —W]™'], (7)

log | det [T — W] ™. (8)

where dV is a modified differential matrix defined by
AV = [I - W] " dw, (11)

and tr(-) denotes the trace operator.
Then, the total differential dL(W) is

dL(W) =yTdVy —tr (dV). (12)

The spatial decorrelation algorithm using the natural

gradient has the form
AW (k) = W(k+1)—W(k)

— - wn) (-0 )

T —y(k)y" (k)}. (13)

= Mk [I — W(
Remarks

e The conventional gradient descent method for the
minimization of the loss function (8) gives the fol-
lowing learning algorithm for W
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AW (k)
= [I-W(k)] " {I-yk)y"(k)}. (14)

Thus the linear anti-Hebbian rule in Foldidk’s
second model can be viewed as the approxi-
mated version of (14) (with neglecting the term
- W) ™).

e The algorithm (14) requires the matrix inversion at
every iteration, which is cumbersome in the view-
point of computation. However, the natural gradi-
ent based algorithm (13) is computationally sim-
ple, compared to (14).

3. Spatio-temporal Decorrelation

The spatio-temporal decorrelation requires spatial
decorrelation as well as temporal decorrelation, simul-
taneously. For the task of spatio-temporal decorrela-
tion, we consider a dynamic recurrent network (see Fig.
1) whose output y(k) is defined as

L
y(k) = a(k) +Y_ Woy(k —p)

— (k) + W (y(k)
- W) ), (15)

where W (z) is a polynomial matrix in 2~}

L
W)=Y W,z 7, (16)
p=0

where 27! is the time-shift operator, i.e., 2 ty(k) =
y(k—1).

In this section, we first review the spatio-temporal
anti-Hebbian rule [10],[11] which is the direct exten-
sion of the linear anti-Hebbian rule in Féldidk’s second
model. A proper optimization function for the task of
spatio-temporal decorrelation is presented. Then, we
calculate the natural gradient for the dynamic recur-
rent network and derive a new efficient spatio-temporal
decorrelation algorithm.

3.1 The Spatio-temporal Anti-Hebbian Rule

Let us consider the dynamic recurrent network de-
scribed in (15). A simple extension of the linear anti-
Hebbian rule in Foéldidk’s second model suggests the
following learning algorithm for updating {W,}

AW (k) = ni {I6, — y(k)y" (k —p)} . (17)

The algorithm (17) is the spatio-temporal anti-
Hebbian rule. Several variants of the algorithm (17)
have been applied to multichannel signal separation
[15], blind deconvolution of SIMO channels [10], blind
deconvolution of MIMO channels [16]. An information-
theoretic derivation is given in [11].

3.2 The Spatio-temporal Decorrelation Algorithm:
Natural Gradient

Let us consider n observations: x1(k),...,x,(k) over
a (N + 1)-point time block and the corresponding n
outputs: y1(k), ... ,yn(k) over the same time block, de-
fined by the following vectors:

2" (V)7
sy ()T (18)

X = [27(0),zT(1),...

Yy = [yT(O)ayT(l)a s
Both input and output vectors, (k) and y(k) are zeros
for k < 0.

In terms of X and ), we can write the collection
of n inputs over a (!N + 1)-point time block as

X =W)Yy, (19)
where
I-W, 0 0
-W, I-w, - 0
W = . . (20)
-Wn —Wn_ I-W,

The length of delay, L in the dynamic recurrent network
is less than IV, i.e., W41 = -+ = Wy = 0. The joint
density of the observation A and the joint density of Y
has the following relation

1
P = Gaa —woaor )

(21)

Note that det(W) = det(I — W)Vt because of the
triangular structure of the matrix W.

As in the case of spatial decorrelation, the opti-
mization function that we consider is the energy of the
network output that results from the Kullback-Leibler
divergence between jointly zero-mean Gaussian distri-
bution and the product of zero-mean marginal Gaus-
sian distributions with unit variance. Only difference
compared to the case of spatial decorrelation is that we
consider a block of data because the temporal decorre-
lation should be incorporated. The risk R(W (z)) that
we consider here is the normalized Kullback-Leibler
divergence between p(Y) and [[;, H;CVZO pi(yi(k)) =
[T, pﬁv"'l(yi), where p()) is the jointly zero-mean
Gaussian probability density function and p;(y;(k)) is
the zero-mean Gaussian probability density function
with unit variance.

Then the risk R(W(z)) is given by

R(W(2))

= B{L(W(2))}

_ ! p(Y)
et v

where L(W (z)) is the loss function.

dy, (22)
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Fig.1 The dynamic recurrent network for spatio-temporal decorrelation.
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Fig.2 The dynamic recurrent network for blind deconvolution of SIMO channel.
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Thus, invoking (21), the loss function L(W (z)) is
L(W(2)) = —log|det(I — W)™}

1 n
i=1

where an irrelevant term ﬁ log p(X') was omitted and

pi(yi) = \/%—ﬂe’%yiz was used.

Now we derive the natural gradient algorithm for
spatio-temporal decorrelation. We employ the similar
technique that was used to derive the natural gradient
based spatial decorrelation algorithm (13). In order to
derive an adaptive algorithm for minimizing the loss
function (23), we calculate an infinitesimal increment,

dL(W (2)) = L(W (2) + AW (2)) - LW (2)), (24)

corresponding to an increment dW(z) = dW, +
dWiz7t + ...
Simple algebraic and differential calculus yields
1 n
d{izy?} =y" (k)dy(k), (25)
i=1

where dy(k) is given by

dy(k) = [I-W(2)] dW () [I - W ()] (k)
[~ W(2)] " dW (2)y(k). (26)

Define a modified differential dV'(z) as
AV (z) = [I - W(2)]"" dW (2). (27)

With this definition, we have

d{g;y} = 4" (W)aV (2)y (k). (28)

Similarly, it can be shown that (see Appendix for de-
tailed derivation)

d {log|det(I — W)} =tr{dV,}. (29)
Thus, combining (28) and (29) gives
dL(W (2)) = y* (k)dV (2)y(k) — tr {dVo}.  (30)

This gives the following learning algorithm in terms of
dV (z) for the minimization of the loss function (23),

dL(W (2))
av,

= {I6, —y(k)y" (k —p)} . (31)

Note that dV (z) is a linear combination of the differen-
tials dW;;(z). Thus dV (z) represents a valid search di-
rection to minimize (23), because dV (z) spans the same
tangent space of matrices as spanned by dW (z). Then,
the learning algorithm for updating {W} is given by

AV, (k) =~

5
L
AW (k) = AV (k) =Y W (k)AV (k)
= i {18, — y(k)y" (k —p)
W, (k) +Y,(k)}, (32)
where Y, (k) (n x n matrix) is defined as
L
Y, (k) =) W, (kyk)y" (k—p+r). (33)
r=0

Note that the pth coefficient matrix update in (32)
depends on future outputs of the network, y(k + r)
through the definition of Y, (k) in (33). Thus we delay
Y ,(k) by L samples and assume that W (k) does not
change much during L iterations. Therefore, the practi-
cal implementation of the learning algorithm takes the
form

AW (k) = n(k) {16, —y(k)y" (k —p)
~Wy(k) +Y (k- L)}, (34)
where

Y,k - L)

L
=Y Wi (kylk-Ly"(k—p-r).
r=0
(35)

A slightly modified version of the algorithm given
in (34) and (35) is also presented. The algorithm given
in (34) and (35) decorrelate multivariate input data in
spatio-temporal domain and normalize the output vari-
ance to be unity. It is often useful to decorrelate the
data without normalization in overdetermined problem
[17]. For this case, it was suggested in [17] to replace
the identity matrix I in Eq. (31) by the diagonal ma-
trix Ay, (k) which is defined by

Ay (F)
= diag {y1 (k)y: (k —p), .-
Then, we have
AV (k) = mi {Apdp —y(kK)y" (k—p)} . (37)
From this, the learning algorithm for {W} is given by

AW (k) = (k) {Ap(k), — y(k)y" (k —p)
Wy (k)Ao(k) + Y (k= L)}. (38)

s Yn(K)yn(k — p)} (36)

4. Illustration: Blind Deconvolution of Linear
SIMO Systems

We illustrate the useful behavior and high performance
of the natural gradient based spatio-temporal decorre-
lation algorithm for blind deconvolution of linear SIMO
systems.
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Blind deconvolution is a fundamental problem
which is encountered in numerous applications such as
digital communications, cable HDTV, global position-
ing system, and biomedical processing. In the context
of blind deconvolution of linear SIMO systems, it is as-
sumed that the ith sensor output z;(k) is generated
from a linear time-invariant filter as

M
wi(k) =Y hijs(k — )
j=0
= H;(z)s(k), fori=1,2,... n, (39)

where s(k) is the unobserved zero-mean uncorrelated
source signal, H;(z) = Z]‘\io hijz 7 is the transfer func-
tion of the ith channel.

The task of blind deconvolution of SIMO channel is
to design a multiple input single output (MISO) system
(see Fig. 2) so that its composite output g(k) = y1 (k) +
---yn(k) is possibly scaled and/or delayed estimate of
the original source signal s(k), i.e., §(k) = As(k — d),
where A is some scaling factor and d is a delay. The
term “blind” means that the problem should be solved
without the knowledge of channels {H;(z)} and source
signal s(k).

In general, the blind deconvolution task resorts to
higher-order statistics. However, the spatial diversity
(from multiple sensors) in blind deconvolution of SIMO
systems, allows us to identify the channels [18],[19]
or estimate source signal [8],[11] by only second-order
statistics, provided that multiple channels do not have
common zeros (except for zeros at origin). In [10], [11],
it was shown that spatio-temporal decorrelation of the
network output can deconvolve the channels blindly. It
was shown [10],[11] that if E{y(k)yT(k —p)} = 0 for
p=1,...,L, then the composite output §(k) becomes
7(k) = as(k—d) for some scaling factor a and unknown
delay d. The spatio-temporal anti-Hebbian learning al-
gorithm given in Eq. (17) was employed in [10], [11].
In this section, we compare the natural gradient based
spatio-temporal decorrelation algorithm to the spatio-
temporal anti-Hebbian rule.

In simulation, source signal s(k) is assumed to be
temporally uncorrelated and to consist of random vari-
ables that are uniformly distributed over the binary set
{+1,—1}. Two sensor signals z1(k) and z2(k) are as-
sumed to be generated by

1 (k) = Hi(z)s(k), (40)
z2(k) = Ha(2)s(k), (41)
where Hi(z) = .4983 + 2491273 + 830525 and

Hy(z) = 3714 + 742823 + 557124,

Here, the synaptic weight matrix W was set as
zero matrix since the decorrelation between y(k) and
y(k—p) for p=1,... L is sufficient to deconvolve the
channels (see [11] for more details). The length L in the
dynamic recurrent network was chosen as L = 10. The

learning rate n; = 0.001 was used in the simulation.
We have tested the spatio-temporal anti-Hebbian rule
(17) and the natural gradient based spatio-temporal
decorrelation algorithm (38). The composite output
9(k) = y1(k) + y2(k) is shown in Fig. 3. We can eas-
ily see that the natural gradient based spatio-temporal
decorrelation algorithm has faster convergence and bet-
ter performance than the spatio-temporal anti-Hebbian
rule.

The mean square error (MSE) was calculated by
sample averaging over a 30-point rectangular window,
after the arbitrary delay was removed. The time evo-
lution of MSE is shown in Fig. 4.

5. Conclusions

In this paper we have considered (dynamic) recur-
rent networks for the task of spatial decorrelation and
spatio-temporal decorrelation. The natural gradient
adaptation method was employed to derive efficient al-
gorithms. This paper addressed two fundamental con-
tributions:

(1) In the task of spatial decorrelation, we have re-
vealed how Foldiak’s anti-Hebbian rule is related
to energy minimizer. Moreover, we have calculated
the natural gradient for the recurrent network and
have derived an efficient spatial decorrelation algo-
rithm.

(2) In the task of spatio-temporal decorrelation, an
appropriate optimization function was introduced.
We have also calculated the natural gradient for
the dynamic recurrent network for the minimiza-
tion of the risk and have derived an efficient spatio-
temporal decorrelation algorithm.

In order to illustrate the useful behavior of the natu-
ral gradient based spatio-temporal decorrelation algo-
rithm, we have applied it to the problem of blind decon-
volution of linear SIMO systems. The performance of
the proposed algorithm was compared to that of the
spatio-temporal anti-Hebbian rule. Rigorous deriva-
tions of the algorithms were presented and computer
simulations verified the high performance of the pro-
posed algorithms.
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