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Abstract

Most source separation algorithms are based on a model of stationary sources. However, it is a simple matter to take
advantage of possible non-stationarities of the sources to achieve separation. This paper develops novel approaches in this
direction, based on the principles of maximum likelihood and minimum mutual information. These principles are exploited
by efficient algorithms in both the off-line case (via a new joint diagonalization procedure) and in the on-line case (via a
Newton-like procedure). Some experiments are presented showing the good performance of our algorithms and evidencing an
interesting feature of our methods: their ability to achieve a kind of super-efficiency. The paper concludes with a discussion
contrasting separating methods for non-Gaussian and non-stationary models and emphasizing that, as a matter of fact,
‘what makes the algorithms work’ is —strictly speaking— not the non stationarity itself but rather the property that each
realization of the source signals has a time-varying envelope.
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I. INTRODUCTION

This paper is concerned with the problem of blind source separation. In its simplest form, the underlying
model is that of a sequence {X(¢)} of K-dimensional samples modeled as a linear mixture of K sequences

of ‘source signals’:

X(t) = AS(1) (1)
where A is a fixed unknown K x K invertible matrix, X(t) = [X1(t) --- Xg(t)]T is the vector of
observations, S(t) = [S1(t) --- Sk(t)]' is the vector of source sequences and the notation T denotes

transposition. The objective is to reconstruct the sources Sk (t) from the observations, exploiting only the
assumption of mutual independence between the sources without relying on any precise knowledge about
their distribution.!

This model has recently received a lot of attention, in particular because it can be used to process data
from multi-sensor measurements without requiring that the underlying physical phenomena be modeled
accurately; actually this approach requires no modeling at all for the mixing part of the model. This
is compensated by a strong assumption about the other part of the model: that the source sequences
are mutually independent. This assumption leaves a wide range of options for modeling each individual
source sequence; in this paper, we consider non stationary Gaussian source sequences.

Most of the approaches to blind source separation are based (explicitly or not) on a model where, for
each i, the sequence {S;(t)} is a sequence of independently and identically distributed (i.i.d.) variables
(see [1] for a review of this approach). In this case, blind identification of A is impossible if the sources
are normally distributed [2]. In contrast, if the source sequences are not i.i.d., it is possible to blindly
identify A even for Gaussian processes. For instance, blind identification is possible if the source processes
are stationary processes with different spectra (see e.g. [3], [4], [5]). This paper considers the case when
the second ‘i’ of ‘i.i.d.” is failing, that is, the non stationary case. Previous contributions [6], [7], [8],
[9], [10] to the non stationary case (and how we improve on them) are discussed in sections IV and V
where the connections between non stationarity and non Gaussianity are also addressed. Intuitively, non
stationarity allows blind identification in the Gaussian case because, while a single covariance matrix does
not give enough constraints to uniquely determine A, a collection of several covariance matrices estimated
over different time periods does determine A provided the source distributions have changed enough over
the whole observation period.

L As is customary, the sources are assumed to have zero mean, as it is often the case in practice.
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Our focus being the exploitation of non stationarity, we shall make the simplest possible distributional
assumptions compatible with it. The model under consideration assumes that the sources are temporally
independent, that is, S;(t) is independent from S;(¢') for ¢ # t'. We must stress that this is only a working
assumption, that is, it is used to build a statistical model simple enough to yield simple algorithms and
rich enough to capture the non stationarity of the sources; the resulting algorithms in fact still work for
a large class of colored (or temporally correlated) source sequences. By making this working assumption,
we simply have chosen not to exploit the time dependence of the source signals; it does not imply that the
source signals should have no time dependence to be separable with the proposed techniques (as will be
seen in the experimental section). Likewise, we shall also make the working assumption that the sources
are Gaussian. Again, the algorithms obtained via this simplifying assumption are in fact applicable to
non Gaussian signals: the consequence of using a Gaussian model is that the resulting techniques are
based on second order statistics only. One of the objectives of this paper is to devise source separation
techniques exploiting second order statistics of non stationary observations. Even though we are looking
for blind identifiability through non stationarity rather than through non Gaussianity, there is —at least
at the algorithmic level— an interesting connection between these two aspects (see section V).

The paper is organized as follows. In section II, we investigate the structure of the likelihood under our
working assumptions and we also consider a mutual information criterion. We shall see that these two
points of view lead to very similar objective functions. In section III, we describe several techniques for
the optimization of these objective functions which are illustrated by numerical experiments in section IV.
A final section discusses in some detail our findings, the applicability of the algorithms and connections
to other approaches to source separation.

II. OBJECTIVE FUNCTIONS

In the source separation problem, two principles —maximum likelihood and minimum mutual information—
provide foundations for deriving objective functions. We investigate their specific form under our working
assumptions of non stationary Gaussian sources.

A. Mazimum likelihood

We follow the ‘quasi maximum likelihood’ approach of Pham and Garat [3]. The maximum likelihood
objective is more conveniently handled by considering the negative of the normalized log probability of
the data set (here ‘normalized’ refers to the division by the data length), which we denote by Casr, and
refer to as the ‘likelihood criterion’ in the sequel. For a given batch of T data points, it is a function
of a K x K matrix parameter of interest (the ‘mixing matrix’ A) and of KT nuisance parameters (the
variances of each source at each t).

In the Gaussian model, the log probability density of a source vector S(t) is

1 {Si(t)

2 k=1 0-]% (t)

+logl2ma} (1)} = —%tr[2_2(t)S(t)S(t)T] _ %log det[27 32 (1)] )

where tr denotes the trace and where $2(¢) denotes the covariance matrix of S(#):

»2(t) = diag[oi(t),...,0%(1)],

and diag(-,...,-) builds a diagonal matrix from its arguments. Since the observation vector is a linear
invertible transformation X = AS of the source vector, its probability density fx(X) is simply related
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to the density fs(S) of S by fx(X) = |det A=!|fs(A~1X). Therefore, using (2) the likelihood criterion
CML is:

T
Cup = ~ Zl HATX(OX(H)TAT) + log det(2r52(1))) + log | det A| 3)

[\V]

where we have written A~T for (A=1)T for short.
The variation of the likelihood criterion with A is better expressed by considering relative variations:
it is defined as the K x K matrix G such that

Crrn(A = AE) = Oy (A) + tr (€7G) + o(€]) (4)

for any K x K matrix £.2 The relative gradient matrix G is readily obtained by using the expansions
(I =&t =T+¢&+o(|€]]) and log|det(I + E)| = tr (£) + o(||€]]) and collecting all the first order terms.
One finds

T ~ N
Z S S(t)T -1 or G,’j = lzw —62-]- (5)

'ﬂ |

where S(t) denotes the estimate of S(t) for a given value of A, that is, S(¢) = A~ 'X(t) and S; is the i-th
component of S=A"'Xand represents the reconstructed i-th source for a given value of the parameter A.

The stationary points (with respect to the variations of A) of the likelihood are characterized by G = 0.
The off diagonal elements of this matrix equation are:

T
23S W/ =0 (1<i#j<K) (6)

which expresses some form of non-correlation between the reconstructed sources. The diagonal conditions
G;; = 0 for 1 < ¢ < K merely state that the normalized reconstructed sources Si /o; must have unit
sample variance, hence they determine the ‘scale factor’ in A.

In most practical situations, the variance profiles 0?(t) are not known in advance and must also be
estimated from the data. It is clear however that these profiles cannot be reliably estimated without some
kind of prior assumptions since there are as many values of 07 (t) as data points. The standard parametric
ML approach would be to postulate a parametric model, i.e. o?(t) = f(t;6;) where f(t;6;) is a smooth
function of ¢ depending on a vector of parameters 6;, to be estimated by solving;:

3CML _ f(t;:0:) Of(t;6:)
=7 Z f2 ” 9 90,

' =0, (t=1,...,K). (7)

0;
The specific form of the estimate would depend on the particular model f(¢;6) but there is no point giving
more details here since we shall not try to solve the estimating equations (7). Rather, we note that these
equations suggest —not surprisingly— that the estimate of the variance profile o7 (¢) should depend only
on the sequence S'f(t) This motivates (if necessary) a more straightforward non parametric approach
by which ¢?(t) is simply estimated as a smoothed version of S'f(t) At this point, it is worth stressing
that this estimate needs not be consistent in order to get a consistent estimate of A. Essentially, this
is because the decorrelation condition E[S;(t)S;(t)/a?(t)] = 0 (of which eq. (6) is an empirical version)
holds for zero-mean independent sources even if 02(¢) is not the true variance of S;(t). For this reason, it
is only needed to obtain rough estimates of the variances (this is amply illustrated in the experiments of
section IV).

2The choice of a minus sign in the left-hand side of definition (4) is for consistency with previous works which define
relative gradient with respect to the inverse of A. See, e.g. [11].
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B. Block Gaussian likelihood

In this section, we consider a ‘block Gaussian’ model where the variance profiles are modeled as being
constant over subintervals. Thanks to this specific assumption, the likelihood can be directly connected
to a joint diagonalization criterion for which an efficient optimization exists (see below at section III-A).

Specifically, the interval [0,7] is divided into L consecutive subintervals T4, ..., T, and the model is
that o7 (t) = o7, for t € T}, for all i = 1,..., K. Defining the matrices

. - 1
2= dlag(ail, ceey U%{,l)a R; = AX}AT, R, = =T, Z X(H)X(t)" (8)
teT)

where #7; denotes the number of elements of T}, the normalized log likelihood (3) can be rewritten as

L
1 N R
Cur = 3 Z wi[tr(R; 'Ry) — logdet(R,; 'R;) — K] + Constant (9)
=1
where w; = #7T;/T is the proportion of data points in the [-th subinterval. The constant term in (9) is
equal to 1 Zle wy[log det(27R)) + K ] as can be readily checked by direct substitution.
The Kullback-Leibler divergence D{R, |R;} between two zero mean K-variate normal densities, with

covariance matrices R, and R; respectively, is given by

D{R, Ry} = 3[ir(R; " Ry) — logdet(R; 'R,) — K]. (10)
This divergence is a measure of deviation between probability distributions; our notation D{R, | Ry} spe-
cializes it as a measure of deviation between positive matrices. In particular, D{R, |Rs} > 0 with equality
only if R, = Ry. In addition, for R; of the form AX?AT, we have D{R; |R;} = D{A 'R;A"T |22},
This is a consequence of the invariance of the Kullback-Leibler divergence under invertible transforms; in
the Gaussian case, it can also be directly checked from (10). Thus, by (9)

L
CuL = ZwlD{AflfilA*T | 27} + Constant (11)
=1
At this point, a key property of the Kullback divergence is that for a positive matrix R and any positive
diagonal matrix X, the following (Pythagorean) decomposition holds [12]:

D{R|Z} = D{R |diag(R)} + D{diag(R) | =} (12)

where diag(R) denotes the diagonal matrix with the same diagonal as R. Eq. (12) shows that the
closest (in the D{-|-} sense) diagonal matrix to R is ¥ = diag(R) since this choice cancels the (non
negative) rightmost term in (12). Decomposition (12) and expression (11) make it trivial to minimize
Cnr with respect to the nuisance parameters {3q,...,%} for a fixed value of A: one must choose
2 = diag(A 'R;A~T) and the attained minimum is

L

Z w D{AT'R;AT | diag(A~'R;A~T)} + Constant.
=1

For any positive matrix R, the quantity

off(R) = D{R |diagR}. (13)
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is a measure of deviation from diagonality: it is always non negative and equals zero only when R is
diagonal.® Thus, optimizing the likelihood criterion with respect to the nuisance parameters leaves us
with a ‘reduced’ objective denoted C'y,; :

L
Chrr = Y w oA RA™T) (14)
=1
which depends only on the parameter of interest (we dropped the constant term in (11)).
It is very striking that the ‘block-Gaussian’ likelihood directly leads to an objective function which is
a criterion of joint diagonality. The idea of joint approximate diagonalization has already been used for
source separation under different hypothesis: non Gaussian sources in [14], colored processes in [5], using a
different measure of diagonality, namely the quadratic criterion off(R) =3, oy Rfj. More recently, Parra
and Spence [10] has also proposed a quadratic criterion for non stationary sources. Such criteria are only
approximately related to the likelihood [1] and, in addition, are to be optimized under a decorrelation
constraint. As explained in [15], this constraint bounds the performance and forbids the ‘super efficiency’
effect discussed in section II-D.2 and illustrated in section IV.

C. Gaussian mutual information

Another approach to the blind source separation problem is to consider it in the light of an independent
component analysis, which aims to find a transformation matrix B such that the components of the
transformed observation vectors BX(t) are as independent as possible. A natural measure of independence

is the mutual information. Let Y3, ..., Yk be K random vectors, with joint density fy, ... v, and marginal
densities fy,, ..., fv,, the mutual information between them is defined as
K
[Ty fri (Ye)

I(Yi,....Yr)=—-E]|1
.., Vi) [ngyl,...,YK(Yla---aYK)

which is nothing but the Kullback-Leibler divergence between the density fy; ... v, and the product density

HkK:1 fy,.- The idea is thus to minimize the mutual information between the vectors [(BX)(1) --- (BX)x(T)]7,
k=1,..., K. As the vector X(¢) is temporally independent (by assumption), the (normalized) mutual
information for the whole sequence BX(t), t =1,...,T is

T
% Z I[(BX)y(t), ..., (BX)x(t)].

The above criterion requires the knowledge of the density of the sources, which is not practical. Therefore
we shall consider instead the Gaussian mutual information, defined in the same way as the ordinary
mutual information but with respect to some hypothetical Gaussian random vectors which have the same
covariance structure as the random vectors of interest. Clearly, using the Gaussian mutual information
would lead to a second order method, but this is still enough to achieve separation by exploiting the
non stationarity. As already mentioned in previous section, the Kullback-Leibler divergence between the
two K-variate Gaussian densities of zero mean and covariance matrices P and Q is D{P | Q}, hence the
Gaussian mutual information between the random variables Y7, ..., Yk is D{P | diagP} where P denotes
the covariance matrix of the random vector [Y; --- Yx]T. Therefore, denoting by R(t) the covariance
matrix of X(t), the Gaussian mutual information criterion is Zthl offiBR(t)B”], whose minimization
with respect to B yields an estimate of A~!.

3This property can also be derived from the Hadamard inequality which states that det R < det diagR with equality if
and only if R is diagonal, see for ex. [13].
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In practice, however, the covariance matrices R(t) of X(¢) are unknown. Therefore a sensible approach
is to replace them by some non parametric estimator. We consider a kernel estimator for R(t) (see for ex.
[16], p. 25) i.e

R = 2= HGDXOX ()T
= - —
Z‘r:l k(tﬁ)

where k(-) is a positive kernel function and M is a parameter controlling the window width. The de-

nominator 23:1 k(%) ensures that above right hand side is a weighted average of X(s)X(s)*, but this

factor is unimportant in our problem because it will cancel out. The separation procedure then consists in
minimizing %~ 3"/, ofBR(¢)B”] with respect to B. But as R(#) should vary slowly with ¢, because of the
smoothing effect inherent in its definition and because of the slow variation of R(t), one may approximate

the above criterion by
L

1 A
Cur=1 ; of (BR(IT/L)B"] (15)
with L being some integer not exceeding T (the definition of R(t) allows for non integer ¢.)
The minimization of (15) again amounts to the joint approximate diagonalization of a set of L matrices.
In practice L can be chosen much smaller than 7', to reduce cost. There is little to gain by taking large
value for L, since then the successive matrices R(IT/L) would be very similar.

D. Discussion
D.1 Connection between likelihood and mutual information

One can see that the Gaussian mutual information approach leads to a separation procedure which
covers the one resulting from the block Gaussian likelihood approach as a special case, if the subintervals
T; have equal length. It is not hard to modify the former approach by allowing for varying window width,
so that the case where the subintervals T; are not of equal length are covered too, but we are not interested
in such a level of generality.

It is not a coincidence however, that the two approaches lead to similar separating procedures. To
elaborate on this point, we argue that for large T, the likelihood criterion Cj;; should approach its
expectation which, using (3), can be written as

T
ECuL = % Z D{R(t)| AX?(t)A"} 4+ Constant (16)
t=1

where R(t) = E[X(¢)X(¢)T] is the true covariance matrix of X(¢). We shall now use the notation B for
A~ to emphasize that it is a generic value of the parameter (not to be confused with the inverse of the
true mixing matrix. Then using D{R|AX2AT} = D{BRB" | X?} and equality (12), the sum in (16)
can be decomposed, reasoning as in section II-B, into

— Z D{BR(t)B" | diag[BR(t)B']} + — Z D{diag[BR(t)B"]| 22(t)}.
Thus the likelihood measures (asymptotically) both terms in the above right hand side while the mutual
information approach tries to minimize only the first term. However, in the first approach, if the values of
o2(t) were allowed to vary freely, the second term would reduce to zero, leaving only the first term. But
one cannot really treat the 0,% (t) as free parameters since one actually maximizes C'ysr, and not EC'ysy, and,
without regularization, the solution would degenerate if there are too many parameters. The Gaussian
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mutual information approach avoids this difficulty by taking the expectation first and then replacing the
unknown covariance matrix R(¢) by a non parametric estimate before performing the minimization.

We can also compare the solutions on the basis of the corresponding estimating equations. Denoting
by S;(7) the i-th component of BX(7), the minima of Cy;; are easily shown to be solution of

1355 (T)/SE(T) 0 1<ipisk i

=1

0= S4(5)5080/ [ S5

The above equations are quite similar to (6) except that S;(t)S;(t) and o7(t) are replaced by local

where

95)

averages of S;S; and of S? around the time point ¢ and that the time average in (17) is sparser, using a
time step of T'/ L instead of 1. The replacement of S;(t)S;(¢) by a local average should have no appreciable
consequence, since in any case it is followed by a global average. The same can be said about the sparser
sum because the local average of S;S;, as a function of time, is —by construction— slowly varying.

A more general procedure could be to solve (6) with o?(t) estimated by

_ oo kDS
ST k)

This is more flexible than minimizing Cysr or Cpp,, since the window parameter M in the estimator (18)

(18)

can be made data driven, that is for each i, there could be a different parameter M; which is adapted to
the reconstructed sources sequence S’,(t) However, the later approaches, being based on the minimization
of a criterion, offer two advantages over the former, which is based on a system of estimating equations.
Firstly, such a system often has several solutions and hence there is a risk of finding a “spurious solution”.
Secondly, a minimization algorithm can be controlled to ensure that the criterion decreases at each iteration
and thus would at least converge to a local minimum. By contrast an iterative method for finding the
solution of a system of estimating equations (such as the Newton method) may fail to converge if it is
initialized too far away from the solution. The choice of the window parameter M is not crucial anyway,
since one can tolerate some bias in the estimation of 07 (t) because — as mentioned in the introduction—
the procedure still works even if the estimate is non consistent.

D.2 Super efficiency

In the noise free non stationary setting there is room for ‘super efficiency’, that is, for estimating the
mixing matrix with an error which decreases faster than 1/v/T as T' — co. Assume that the i-th source
is silent over a given interval 7, while the other sources are not always silent over this interval:

VEET Si(t)=0 and Vj#i3teT S;(t) #0. (19)

Then it exists a vector b; such that bl X(¢) = 0 for all ¢ in this interval. Since this vector must be
orthogonal to all the columns of A but the i-th column, it is proportional to the i-th row of A~!. Thus, in
the situation described by (19), the ith row of A~! can be estimated without error from a finite number
of samples.

The possibility of an error free estimation is preserved when the data in interval 7 are summarized
by the sample covariance matrix Ry = (#7)~* > e X(H)X(¢)T. This is because vector b; also is the
unique (up to scale) solution of the equation b;rf{Tbi = 0. Note that matrix R, although subject to
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estimation errors always have its null space spanned by b; and this is all that matters for finding the ith
row of A~! without error.

In practice, a situation where (19) holds is unlikely to occur (neither can we expect true noise-free
instantaneous mixtures). But it is a guarantee of statistical effectiveness of an algorithm that it is capable
of super efficiency when such a possibility exists. In particular, minimizing the criterion C3;; yields super-
efficient estimates (even though not immediately obvious from expression (14)) whenever it happens that

a given source is silent over one of the subintervals.

II1. ALGORITHMS
A. Joint approzimate diagonalization of positive matrices

The block Gaussian ML technique described at section II-B amounts to minimizing the criterion (14).
It can be efficiently implemented thanks to an algorithm for the joint approximate diagonalization of
several positive matrices which computes a matrix B minimizing C(B) = Zle woff(BR;BT) where Ry,

, R, are positive matrices and wq, ..., wy, are positive weights. We give here only a brief description
of the algorithm (for a full description and a proof of convergence, see the technical report [17] and a
forthcoming paper [18]). Note that Flury and Gautschi [19], in a different context, has considered the
same problem of minimizing C(B), but the matrix B is constrained to be orthogonal.

Our algorithm uses the classic Jacobi approach of operating by successive transformations on each pair
of rows of B, but the transformations here are not constrained to be orthogonal. Explicitly, let B;. and
B;. be a pair of rows of B, the algorithm changes B into a new matrix with these rows given by

o) o] sy ) e
the other rows being unchanged. Here, T;; is a 2 x 2 matrix which can be chosen such that the criterion
is sufficiently decreased (in a sense to be specified). The procedure is then repeated with another pair of
rows. The processing of all the K(K — 1)/2 pairs is called a sweep. The algorithm consists in repeated
sweeps until convergence is reached.

A key point is that the transformation matrix T;; in (20) can be computed in closed form as follows.
Define the quantities:

(BR;BT),; (BRB");;  [hi g 117 i
gij = Zwl I  wi = Zwl 1 [ ZJ:| _ [UJZJ :| |:ng:| (21)
(BR,B ) BRlBT) hji 1wy 9ji

where we have assumed that Zle w; = 1 (if this is not the case, the weights should be thus normalized)

and build T;; as
0  hy
T = 2 [ 7} . (22)
1-— 4hijhji 0

The transformation (20) with T;; given by (22) always decreases the criterion C(B) unless g;; = g;; = 0.
This is very significant since g;; is, for i # j, nothing but the (¢, j)-th element of the relative gradient
matrix of C'(B). For a proof and a convergence analysis of the algorithm, see [17].

Note that the algorithm does not try to control explicitly the scales of the recovered sources (the criterion
C(B) itself is scale invariant) but rescaling could be done after convergence if desired. Numerical problems
due to large imbalance in scales is not a concern thanks to the very fast convergence (see experimental
section) of the procedure.
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The use of the above algorithm for the minimization for the criterion (14) is referred to as ‘JD-BGL’
(joint diagonalization for the block Gaussian likelihood). Of course, this algorithm can also be used to
minimize (15), but for simplicity this more general criterion will not be considered in our simulations.
B. On-line algorithms
B.1 Simple stochastic gradient

The simplest idea for on-line separation is to implement a stochastic relative gradient algorithm for the
minimization of the likelihood criterion. The relative gradient of this criterion likelihood is given by (5).
Reasoning as in [11], this suggests the following algorithm for updating a separating matrix B(¢) upon
reception of a new sample X(t):

B(t + 1) = B(t) — AG(t)B(¢) (23)

where \ is a small positive constant and G(¢) is the relative stochastic gradient:

A

Git)=32H)S®H)SH)T — I with  S(t) = B(t)X(¢). (24)

Here 32 (t) = diag[62(t), ..., 6% (t)] where each 67 (t) is some non parametric estimate of o (¢), for instance
the output of an exponential filter applied to the sequence 5’,3 (t):

63 (t = 1)+ p [S2() — 63 (¢ — 1))- (25)

Q»
EN
—

~
=

I

where p is a small positive learning step. Other filters could be used provided they produce positive output
for any positive input. But the most important point is that A must be significantly smaller than p since
the estimated separating matrix B should be nearly constant in a large range of time in which the source
variances and hence their estimates can vary significantly.

This type of algorithm closely parallels those derived in the non Gaussian stationary case where the
quantity 3~2(t)S(¢) in (24) is replaced by a function ¢[S(t)] which still operates component-wise on S(t)
but is (i) non linear (non Gaussianity) and (ii) independent of ¢ (stationarity). These simple relative
gradient algorithms are well behaved but they can be significantly improved (in terms of convergence
speed) at little additional cost by a Newton-like procedure.

B.2 A Newton-like on-line technique

For a given separating matrix B and for A a small positive parameter, consider an exponentially weighted
relative gradient matrix G4(B) similar to (5):

Gi(B) =) AM1- )27 (n)BX(n)X(r)"BT — I (26)
<t

computed at time ¢ based on the past samples. As before, X2(7) denotes the diagonal matrix with diagonal
elements o7 (7), ..., 0% (7) and we start by assuming that the source variances are known; they are later
replaced by some estimates. Our plan is to solve G;[B(t)] = 0 assuming that the relative gradient (26)
already vanishes at time ¢ — 1, that is, G,_1[B(t — 1)] = 0. Since A is small, the solution B(t) at time
t would differ from B(t — 1) by a term of order A, which —similarly to (23)— we write as a relative

variation:

B(t) = B(t—1) — AH(t)B(t — 1). (27)
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Matrix H(t) can be obtained (at first order in A) by computing the first order expansion of the gradient.
One finds that if G;_1(B) = 0, then (see appendix for details)

G:(B-)XHB) = )\EZ2()BX(t)X(t)TBT -1 - HT
—A) A1 = N)"TE (1) HBX(n)X(1)TBT + 0(\%). (28)

A reasonable approximation to the last term in (28) is obtained when B is close to the true separating
matrix so that, owing to the smoothing effect of the exponential average, the factor BX(7)X(7)TB7T can
be replaced by ¥?(7). Thus, the sum on the right hand side of (28) can be approximated by —A > __, A(1—
A TR 2(7)H(t)2% (7). Neglecting the O(A?) term in (28), the condition G¢(B — AHB) = 0 becomes a
linear equation in H:

H' + > A1 -\ "2 %(nHD? (1) = 2 *()BX ()X () "BT - L (29)

<t

Substituting B by B(t—1) and putting S;(t) = [B(t—1)X(t)];, the matrix equation (29) can be decomposed
as:

hji +hig Y M1 = N0} (r) /07 (1) = Si(t)S;(1)[of (1), 1<i#j<K (30)
<t

2hi; = 82(t) /o3 () — 1, 1<i<K, (31)

where h;; denotes the (i,j) entry of H. The equations (31) control the scales of the recovered sources.
However, such a control is not required because of an invariance property discussed below.

In practice, the source variance o (t) is obtained by an on-line estimator 67 (¢) with a learning step p,
like the one defined by (25) and the sum in (30) is obtained by an exponential smoothing of 67 (t) /67 (t)
with a learning step A. This yields the following on-line algorithm.

1. Compute S(t) = B(t — 1)X(t), update 63 (t) by (25) and update &g (t) by

Gij(t) = @ij(t = 1) + N[5 () /67 (t) — @i (t — 1)]

2. Update B(t) according to (27) where the diagonal of matrix H(t) is set to zero and its off diagonal
elements are the solutions of (30) i.e.

il =17 sl [Sosoen

As before, the parameter A should be much smaller than p. The 2 x 1 vector on the right hand side of (32)

(32)

contains the entries (ij) and (ji) of the relative stochastic gradient G(t) of (24) so that the 2 x 2 matrix
in (32) plays the role of the Hessian in a Newton algorithm. In this respect, we must stress that this
matrix is guaranteed to remain definite positive if the sequences &7 (t) and 67 (t) are not proportional (this
is because @;;(t) w;j;(t) > 1 which is proved by applying the Cauchy-Schwartz inequality to the sequences
{uij (1) }r<t and {u;i(7) }r<; where uij(7) = VAL = A)'=7 6,(7)/0i()).

We have simply set h;;(t) = 0 because the effect of the diagonal terms of H(t) is to change the scale
of S;(t). By taking h(t) = 0, we choose not to update B in the directions which change the scales of
each output 5’,(15) hence not to try to control the scale of the outputs. This is not in contradiction with
the approximation that the covariance matrix of S(¢) is close to %2(¢) because the variance profile o2 (t)
is actually estimated from S;(¢) itself.
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Further, we note that the algorithm is scale-invariant in the following sense: for a given data sequence
{X(t)}, if {B(t)} is a trajectory of the algorithm, another possible trajectory is {AB(t)} where A is any
invertible diagonal matrix. This is because in such a case the values of S(¢) are rescaled into AS(t) leading
to a rescaling of H into AHHA~!. This invariance is an ezact property but the lack of control of the scales
may become a problem in applications (due to numerical errors) if the system is always in learning mode,
in which case there is a real danger of a slow, continuous drift of the scales. In such a case, one may wish
to control the scales by setting Hy;(t) = a[S2(t) — 1] for i = 1,..., K in order to drive gently to 1 the long
term average variance of each estimated source signal. Note that equation (31) suggests to take o = 0.5:
by choosing smaller values of a, the ‘scale learning speed’ is made proportionally slower.

B.3 On-line versions of the joint diagonalization algorithm

The block Gaussian approach can be easily turned into a ‘block on-line’ algorithm. In this context,
instead of having a fixed number of data samples, one has a stream of them, but it can be subdivided
into data blocks of a given length, say m. For the [-th data block, one can compute the sample covariance
matrix R; similarly to (8). The L most recent covariance matrices are kept in memory and, after block
[ has become available, one could perform the joint approximate diagonalization of the matrices ﬁl, N
IA{lH, 1 to obtain a separating matrix. This approach may seem computationally demanding but it is
not the case because, in the on-line context, it is sensible to perform only a single sweep of the joint
diagonalization algorithm after a new data block is received. In this case, one should store the covariance
matrices of the estimated source signals S(t).

This block on-line version of JD-BGL is implemented as follows. At a given point in time, the (I —1)-th
block of samples has been received, the current value of the separating matrix is B~ and L covariance

=1 .. RU=D) are stored in memory. Upon reception of the next m samples (those forming

matrices R(
the I-th block),

1. Drop the oldest matrix, that is R~ and store the sample covariance matrix R() of the current
source estimates B~V X(t) for X(t) belonging to the I-th block.

2. Compute a K x K transformation T by one sweep of the joint diagonalization algorithm applied to
the L matrices R® ..., RUT1=L) During this sweep, each matrix R(™ is updated into TORMTOT
forn=1+1—L,...,l and the separating matrix is updated into B() = TB¢-1),

Likewise, the Gaussian mutual information approach gives rise to a similar and somewhat more flexible
on-line algorithm. The matrices R, can now be evaluated at any time point as a local average and therefore
we shall use the notation f{(t) instead. In the on-line processing context, this is best done by applying
a low-pass filter to the matrix sequence X(¢)X (). One should however be careful to ensure that the
output of the filter be positive matrices. A simple low pass filter which meets this requirement is the
exponential filter, defined by

R(t) = R(t — 1) + p[X()X ()T —R(t —1)] (33)

where p is a positive number less than 1. The separating matrix B is then obtained (at time t) by jointly
approximately diagonalizing the matrices R(t), R(t — m), ..., R(t + m — mL). Here the role of the
integer m is to reduce the number of matrices to be diagonalized since the product (m — 1)L must be large
enough so that the source variance can vary significantly in an interval of length (m — 1)L. Further, m
must not be too large so that R(t) does not change much in an interval of length m. Typically, when R(t)
is obtained by (33), m should be inversely proportional to p (for example m = 1/(2p)) because 1/(2p) is
the equivalent window width of the exponential low pass filter. Hence f{(t) cannot change significantly
over periods of time shorter 1/(2p) but could change over longer periods.
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Fig. 1. Typical variance profiles of the signals used in the experiments. Left: (a) the three speech waveforms. Right: (b)
the synthetic signals.

Again, it should be noted that in the joint approximate diagonalization algorithm, if one starts at the
value of the separating matrix obtained at the previous step, then convergence is reached very quickly
since the matrices to be diagonalized have not changed much from one time step to the next. Typically,
one sweep of the algorithm is expected to be enough. The resulting on-line algorithm is:

1. Compute R(t) according to (33)

2. Apply one sweep of the joint approximate diagonalization algorithm to the matrices f{(t), ﬁ(t —m),
..., R(t+m —mL), starting with the previous estimate B(t — 1), to obtain the new estimate B(¢) of the
inverse of the mixing matrix.

IV. NUMERICAL EXPERIMENTS

Signals. Our experiments use both synthetic and real source signals. The real signals are three speech
waveforms sampled at 8 kHz. About two seconds of speech are available for each speaker (one male,
one female, one child).* The variance profiles, estimated as in (25) with p = 5 1072, are displayed on
figure 1.a. Regarding the synthetic signals, they are drawn according to our working assumptions: for
each i, a smooth scale profile o;(¢) is first drawn and used to modulate an i.i.d. sequence of zero-mean
unit-variance normal variables (see fig. 1.b for a sample of the corresponding estimated variance profiles.)
Equivariance. All the algorithms described in this paper are equivariant. This means that the behavior
of the algorithm, in particular the accuracy of separation, is independent of the mixing matrix (see e.g. [1]).
More precisely, for each algorithm, the distribution of the global system BA (or the trajectory of ]§(t)A
for on-line methods) does not depend on A but only on the distribution of the sources.

A. Batch algorithms

Local minima. A simple test for the existence of ill minima has been conducted as follows. We generate
random 3 x 3 mixing matrices A by drawing independently each of their coefficients under a zero mean
unit variance normal distribution and apply them to the three speech signals. A separating matrix B is
computed by applying the JD-BGML algorithm with window length #7; = 100. The experience has been
repeated 1000 times. The very same global system BA has been found each time.

Speed of convergence. Only a few sweeps are necessary for the convergence of JD-BGL. Since the
algorithm converges quite quickly, there is no need for a sophisticated stopping rule. In our experiments,
we stop when the gradient has reached a numerically small —as opposed to ‘statistically small’— value.
This incurs little extra sweeps because convergence is very fast in the final phase.

4Thanks to O. Cappé for providing us with these signals
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Fig. 2. Accuracy versus window length

Stationarity length. In all the algorithms, there is a parameter (block length, learning step, etc) which
should be adapted to the ‘stationarity length’ of the source signals. For the speech signals, we can use
prior knowledge about the average duration of phonemes and have the block length (or 1/p in the on-line
algorithms) scaling as a fraction of the stationarity length. In figure 2, we investigate how the estimation
accuracy depends on the block length. We use synthetic signals with a scale profiles as shown on fig. 1 where
the stationarity length is about 300 samples. Define a relative error for the (i,j) pair as e;; = (AflA)ij,
i # j, and the symmetric (resp. skew symmetric) squared error as e;(A) = %Zi#(eij +ej;)% We
evaluate the mean squared errors MSE* = % ZkN:1 e+ (A) over N = 1000 runs for T" = 8000 samples.
The scale profiles are fixed through all the runs and they modulate an i.i.d. Gaussian process which is
different for each run. The results are displayed on figure 2 for the JD-BGL algorithm as a function
of the block size. It is seen that the skew-symmetric error MSE™~ dominates the overall error and that
both types of errors remain close to their lowest level as long as the block length remains shorter than
the stationarity length. Underestimating the stationarity length, that is, selecting a much shorter block
length, does not seem to hurt very much the accuracy. However, it increases the computational cost by
increasing proportionally the number of covariance matrices to be diagonalized.
Super efficiency. The separating matrix obtained on the speech signals with the JD-BGL algorithm is
such that

X 1.00000 —0.00024 0.00007

BA = | 0.00008 1.00000  0.00003 (34)

0.00014 —0.00026 1.00000

after fixing the indeterminations to obtain a unit diagonal. The very small off-diagonal terms are to
be explained by a ‘super efficiency effect’ as discussed at section II-D and by the fact that speech often
includes some short periods of silence.

In order to further illustrate the super efficiency effect, we have set up an experiment with synthetic
signals of the form S;(t) = a;(t)n;(t) (with K = 3 sources and T' = 1000 samples) where the sequences
n;(t) are drawn Gaussian i.i.d. and a;(t) is a deterministic envelope in the form a;(t) = o + b;(t). For
i = 1,2, we take b;(t) to have many periods of silence while the values of b3(¢) do not reach 0. By varying
o, we can easily adjust the minimum value of the local variances. In particular, we can make sources 1
and 2 be ‘silent at level o’ with the ‘amplitude floor’ o as small as desired. In figure 3, we plot |(]§A)ij|
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Fig. 3. Super efficient separation by the JD-BGL technique of sources with periods of silence. The plot shows |(]A3A)”\
for 1 <i,7 < K for K = 3 sources as a function of an amplitude floor . For two sources out of three (i = 1,2), the
variance profiles have periods of silence at level o (see text). The nine curves (three of them overlap) are labelled with
the index pair (4,7). The estimation error |(BA);;| goes to 0 when ¢ — 0 for i = 1,2: the first and second sources are
recovered super-efficiently in this limit. See text for details.

versus the amplitude floor o with B estimated by the JD-BGL algorithm. For the sake of comparison, the
usual indeterminations of permutation and scale are fixed in such a way that (]§A)“ = 1 so that three
curves (i = 1,2, 3) overlap at level 1 in the figure. The figure shows that when ¢ — 0, the values of (]§A),~j
converge to a non-zero value for i = 3 while they still decrease (the figure suggests a decrease proportional
to o) for i = 1,2. This experiment confirms that ‘the more silent a source, the more accurately it can be
separated’. As discussed above, perfect extraction is possible in theory with a finite number of samples
(super efficiency effect) for sources which are truly silent (¢ = 0) on an interval.

Other block algorithms. Since speech is definitely not normally distributed, it is also possible to
consider traditional techniques derived from non Gaussian modeling. As an example, the global system
BA obtained with the JADE algorithm [14] algorithm is

1.000 —0.003 0.005
BA =] -0.039 1.000 0.007 (35)
—0.008 —0.001 1.000

which is significantly below the quality (34) of JD-BGL. This is not to be attributed to the use of fourth-
order cumulants in JADE, as seen from the results of the following hybrid between JADE and JD-BGL:
the observed signals are whitened with a matrix W which is —by a standard argument— supposed to
turn the mixing matrix into an orthogonal matrix U = WA and matrix U is estimated as the orthonormal
matrix which minimizes the joint diagonality criterion

C(U) =" w (UTRU); (36)
L i#j

where R; is the sample covariance matrix of the whitened signals of the I-th interval. This algorithm
has been proposed by Parra and Spence [10]; it uses the same statistics as JD-BGL and has a similar
objective: minimizing output decorrelation expressed via a joint diagonalization criterion. It differs from
JD-BGL in two respects: it uses a ‘naive’ (as opposed to likelihood-based) measure of diagonality and it
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Fig. 4. Convergence of the 9 coefficients of the global system B(¢)A for a K = 3 source case. Left: the ‘regular’ relative
gradient technique. Right: the Newton-like technique.

enforces the (empirical) decorrelation (or whiteness) of the recovered signals. Minimizing the quadratic
criterion (36) yields:

BA=| —0.051 1.000 0.006

0.002 —0.000  1.000

(37)

1.000 0.009 —0.005 ]

which is again mediocre when compared to (34). This shows that neither JADE nor BG-JADE are able
to exploit the potential of super efficiency. They are also penalized by the fact that our speech signals are
not well decorrelated empirically. Actually, their sample covariance matrix (after renormalization to unit
variance) is found to be:

0.042 1.000 —0.006
0.003 —0.006  1.000

T
% Y swsmT = (38)
t=1

so that no algorithm based on prior whitening can be expected to do very well on this data set. Indeed, any

l 1.000 0.042 0.003 ]

matrix B enforcing the decorrelation of its first and second output cannot be very close to a separating
matrix since the sample correlation between source 1 and source 2 is not small at all but close to 4%
according to matrix (38).

B. On-line algorithms

Stochastic relative gradient algorithms. Figure 4 shows the convergence of the 9 coefficients (B(¢)A);;
of the global system in a K = 3 scenario for on-line algorithms. The left panel shows the convergence
for the ‘regular’ relative gradient algorithm (23) with the diagonal of the relative gradient G(t) set to 0.
We have used synthetic signals as above and set p = 1072 and A = p/20. The right panel shows the
convergence of the Newton-like algorithm (27) with the same signals, same parameters and same starting
point. The significantly faster convergence is clearly visible. The two runs shows different limiting values
for the scales (the non-zero limits differ in each plot) which is to be expected since the two algorithms
have a different policy for scale control.

Block on-line algorithms. Figure 5 shows an example of the convergence of the on-line version of
JD-BGL. We use the speech signals, a block length of m = 320 samples (40 ms) and a memory of L = 12
matrices to be jointly diagonalized. The figure shows the convergence of the 9 coefficients the global
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Fig. 5. Convergence of the on-line version of JD-BGL.

system BA versus the number of blocks. In this figure, the convergence is reached after about 11 blocks,
that is even before the memory is full. This is significantly faster than the on-line Newton-like algorithm.

V. DISCUSSION

Relations to previous works. This paper has some close connections to previous works. Most notably,
Matsuoka et al. consider a criterion which is essentially the Gaussian mutual information (without relating
it to the likelihood or to the mutual information itself) but they only propose a stochastic gradient
technique for its optimization; this is bound to be much less efficient than our pseudo-Newton technique.
More recently, Parra and Spence [10] proposed the criterion (36) for which an efficient minimization
algorithm exists but which is not directly related to maximum likelihood. Another technique is considered
by Ngo [9] based on the heuristic that a separating matrix can be found by requiring that its outputs are
uncorrelated over successive intervals.

Souloumiac [6] and Tsatsanis [7], in very similar papers, consider the case when the interval [1,7] is
divided in only two subintervals. Then the joint diagonalization of R; and R, can be achieved exactly
(since this is equivalent to solving a generalized eigenvalue problem) and a readily available algorithm can
be used. As we have seen, this idea actually corresponds to ML estimation in a block Gaussian model
with two sub-intervals.

We also want to point out the similarities between the ‘efficient approaches’ considered in this paper:
the JD-BGL algorithm and the Newton-like algorithm of section ITI-B.2. In both cases, a key step is
the transformation of the gradient g;; into a ‘rectified gradient’ h;; (see egs. (21) and (32)). Here, the
underlying mechanism can be recognized as the classic Newton technique in which the gradient is left
multiplied by the inverse of the Hessian for it to point in the best (in a certain sense) direction. Thus, it
is likely that the ‘natural gradient’ approach of Amari [20] would result in similar algorithms. We note
that on-line algorithm takes its particular simple form thanks to an approximation which is only valid
when the model holds. When this is not the case, the algorithm is still well behaved because the gradient
is rectified by a matrix which is always positive.
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Non stationarity and non Gaussianity. It is interesting to compare the present Gaussian non sta-
tionary (GnS) model for the sources to the more traditional model of stationary non Gaussian (SnG)
sources. In both cases, a rough estimate of the nuisance parameter (the distribution of the sources) is
sufficient to construct a consistent estimate of the mixture. In both cases, this rough estimate determines
a function to be applied to the estimated sources: the ‘score function’ which is the log-derivative of the
probability density. In the SnG case, the score function is a fixed (time independent) non linear function;
in the GnS the score function is linear time-varying (division by the local estimate of the variance). In
the SnG case, it is often sufficient to have a broad idea about the distribution of the sources (for instance,
that the source distributions have heavy tails). Therefore, when the type of sources to be extracted is
known in advance, there might be no need to estimate the nonlinear functions from the data themselves.
In contrast, in the GnS case, the local variances must be estimated from the data themselves because,
in most realistic applications, it is not possible to determine in advance, even vaguely, what the variance
profiles will be (speech processing being an obvious example).

Another line of comments regards the notion of non stationarity used in this paper. In essence, the
source properties which make the algorithms work are source independence and slowly varying variance
profiles: The former ensures that decorrelation condition E[S;(£)S;(t)/c?(t)] = 0 (of which the estimating
equation (6) is an empirical version) holds for zero-mean sources while the latter ensures that the local
variances can be (roughly) estimated. However, a ‘slow variation of the variance profile’ is not —strictly
speaking— related to the well defined notion of stationarity: assume, for instance, that the i-th source
signal is S;(t) = a;(t)n;(t) where n;(t) is an i.i.d. sequence and a;(t) is a stationary process which is
slowly varying in time with, say, a typical time constant 7. Such a model produces samples which are
perfectly appropriate for our class of algorithms provided we can observe enough fluctuations of each a;(t),
that is if T is (significantly) larger than 7. However, this model is, strictly speaking and by definition, a
stationary model. Conversely, it is a simple matter to build non stationary processes having a constant
variance. Our algorithms would fail to separate such sources since they only capture the non stationarity
in amplitude.

In summary, it would be more accurate to describe our algorithms as applying to independent sources

with ‘slow’ amplitude modulation.

A final comment regards a connection between non stationarity and non Gaussianity. For simplicity,
consider again a simple non stationary model in which the i-th source sequence is S;(t) = a;(t)n;(t)
with n;(¢) an ii.d. sequence of zero-mean unit variance normal variables and a;(t) a ‘slowly varying’
amplitude. If the time index is ignored, as is done in ‘classic’ non Gaussian source separation techniques,
then T successive samples of S;(t) are (implicitly) considered as T realizations of an i.i.d. sequence and
the sample distribution will be strongly non Gaussian if the amplitude a;(t) varies significantly over [1,T7.

For the same reasons, Parra and Spence argues [21] that in ‘natural’ signal or images the non Gaus-
sianity often is the result of ignoring non stationarity (in the same sense as in the above paragraph).
He goes further by noting that a mixture of independent zero mean Gaussian variables with different
variances always results in a density with positive kurtosis and takes this fact as an explanation of the
fact that distributions with positive kurtosis (or more generally: heavy tailed distributions) are most often
encountered in real signals.

Another direct connection to non Gaussian technique is as follows. If we do not assume that the
2

variance profiles are smoothly varying, then each variance o7 (t) is a free parameter. In this case, the
ML estimator of o2(t) would be S?(t) which is certainly not very engaging. A Bayesian estimate can

be obtained by assigning a prior distribution to o;(t) and estimating it as the mode or as the mean of
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Fig. 6. Relative gradient algorithm based on the Cauchy score function (see text). Convergence of the 9 coefficients of the
global system vs the number of iterations.

its posterior distribution given S; (t). Such an estimate can easily be computed in closed form if a nice
prior is used. With an inverse Gamma prior, this can also be seen [22] as assuming that ng extra data
points are available with sample variance o2, in which case the regularized variance estimate simply is

52(t) = (S2(t) + nood)/(1 + ng) and ng and o2 are free hyper parameters. The estimating equations

UZ
become .
7 2 V(Sit)S;(t) =0 =0 (39)
t
where 1 is the non-linear function ¥ (y) = ;2(-?722)2 In other words, we end up with the exactly same
0

type of estimating equations that is obtained in i.i.d. (stationary) non Gaussian modeling! The simplest

choices: ng =1 and g9 = 1 yield ¥(y) = which is minus the log derivative of the Cauchy density. In

2y
y2+1 3
other words, solving eq. (39) amounts to using a model of i.i.d Cauchy sources. As an example, figure 6
shows the convergence of (BA);; for the speech signals when equations (39) are solved by a relative
gradient technique which updates an estimate of B into B — pGB where Gy; is given by the left hand

side of (39) and p = 0.2. After convergence, the global system is

1.0000 —0.0088 —0.0058
BA =| -0.0062 1.0000 —0.0014 |. (40)
—0.0019 —0.0012  1.0000

Again, the results are good but not as good as for JD-BGL: the simple estimating equations (39) fails
to be ‘super efficient’. This is no surprise since the underlying model does not take into account the

almost-singularity of the source distributions (namely the fact that there are periods of quasi-silence).

Conclusions. Non stationarity provides us with necessary information for the purpose of source separa-
tion, just as non Gaussianity does. An advantage of the second order methods exploiting non stationarity
is their simplicity and ease of implementation as well as a potential of ‘super efficiency’. The proposed
methods combines the flexibility of a general non stationary model with the efficiency of fast algorithms.
In future investigations, it should be possible to develop separation methods which takes full advantage
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of both non stationarity and non Gaussianity, at the expense of an increased complexity. Another line of
research is an (asymptotic) study of the performance in order to quantify how much information is brought
in by considering non stationarity, to give clues regarding the adjustment of the smoothing window for
estimating the local variances and for ensuring the stability of on-line algorithms.

APPENDIX: SOME CALCULATIONS
A. Proof of equation (28)

For convenience, we define the matrix

M; = > A(1- N2 *(r)HBX(r)X(r)'B” (41)
<t

and also the matrix U;(B) by

Uy(B) = G(B) + I =) A1 -XN""27(r)BX(r)X(r)"B”. (42)

<t

By definition, matrix U;(B) obeys the recursive relation
Uy(B) = (1 - \)U, 1 (B) + A= 2()BX ()X (t)'B". (43)
We can also write its first order relative variation in B by expanding (42):
U;(B — AHB) = U;(B) — AM; — A\U(B)HT + O()\?). (44)
Combining (43) and (44) yields
U;(B - AHB) = (1-\)U,_;(B) + A2 2()BX()X(t) TBT — A\M,; — AU (B)H"T + O(\?) (45)
which can be rearranged as
G:(B - HB) =G;_;(B) + \ [Z7(t)BX()X(t) BT = U, (B) - M; — Uy(B)H"| + O(\?).  (46)

Now, if G;_1(B) = 0 then U; ;(B) = I (by definition) and Uy(B) = I + O()\) by (43). Thus, if
G:_1(B) = 0, equ. (46) reduces to

G:(B - )\HB) =\ [Z?(t)BX(#)X(#)'B" —-I-M,; - H'] + O(\?) (47)
which is the desired result (28).
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