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Jean-Frangois Cardoso
EcoleNationaleSugerieure desTelecommunications,5634Paris Cedex. 3, France

This article considershigh-order measuresfindependencdor the inde-
pendentcomponentanalysisproblem and discusseshe classof Jacobial-
gorithms for their optimization. Severalimplementationsare discussed.
We compare the proposed approacheswith gradient-basedtechniques
from the algorithmic point of view and alsoon a setof biomedical data.

1 Introduction

Givenann x 1randomvectorX, independentomponentanalysis(ICA)
consistof finding a basisof R" on which the coeficientsof X are asinde-
pendentaspossible(in someappopriatesense)The changeof basiscan
berepresentedy ann x n matrix B andthe newcoeficientsgivenby the
entriesof vectorY = BX. Whenthe observationvectorX is modeledasa
linearsuperpositiorof sourcesignalsmatrix B is understoodcsaseparat-
ing matrix,andvectorY = BXis avectorof soucesignals.Two key issues
of ICA are the definition of a measue of independencandthe designof
algorithmsto find the changeof basis(or separatingnatrix) B optimizing
thismeasue.

Many recentcontributionsto the ICA problemin the neuralnetwork
literature describestochastigradientalgorithmsinvolving asanessential
devicein their learningrule a nonlinearactivationfunction. Otherideas
for ICA, mostof themfoundin the signalprocessinditerature, exploitthe
algebraicstructure of high-oldermomentof theobservationsTheyare of-
tenregadedasbeingunreliable,inaccurateslowly convegent,andutterly
sensitiveto outliers.As a matterof fact, it is fairly easyto devisean ICA
methoddisplayingall theseflawsandworkingononly caefully generated
syntheticdatasets.This may bethe reasorthatcumulant-basedlgebraic
methodsarelargelyignoredby thereseathersof the neuralnetworkcom-
munity involvedin ICA. This articletriesto correctthis view by showing
how high-order correlationscanbe efficiently exploitedto revealindepen-
dentcomponents.

This article describeseverallCA algorithmsthat may be called Jacobi
algorithmsbecause¢heyseekto maximizemeasuesof independencby a
techniqueakin to the Jacobimethodof diagonalizationThesemeasuesof
independencare basedon fourth-oder correlationsbetweernthe entries
of Y. As a benefit,thesealgorithmsevadeghe curseof gradientdescent:
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theycanmovein macoscopicstepghroughtheparametespaceTheyalso
haveotherbenefitsanddrawbackswhich are discussedn thearticleand

summarizedn afinal sectionBefore outliningthecontenof thisarticle,we

briefly reviewsomegradient-baselCA methodsandthenotionof contrast
function.

1.1 Gradient Techniquesfor ICA. Many online solutionsfor ICA that
havebeenproposedrecentlyhavethe merit of a simpleimplementation.
Among theseadaptiveprocedues,a specificclasscanbe singledout: al-
gorithmsbasedon a multiplicative updateof an estimateB(t) of B. These
algorithmsupdatea separatingnatrix B(t) on receptionof a new sample
x(t) accodingto thelearningrule

y(® = BOx(), Bt+1) = (I — uHy(®)) BO, @1

whetre | denoteghen x nidentity matrix, {} is a scalarsequencef pos-
itive learningstepsandH: R" — R™" is avectorto-matrixfunction. The
stationarypointsof suchalgorithmsare characterizetdy theconditionthat
theupdatehaszeio meanthatis, by thecondition,

EH(Y) = 0. (1.2)

Theonline schemein equationl.1,canbe (andoftenis) implementedn
anoff-line mannerUsing T samplesX(2), ..., X(T), onegoesthroughthe
following iterationswherethefield H is averagedverall thedatapoints:

1. Initialization. Sety(t) = x(t) fort=1,..., T.
2. Estimatetheaveragefield 7 = 2 3" H(y(®)).

3. Update If H is smallenoughstop;elseupdateesachdatapointy(t) by
y(t) < (I — wH)y(t) andgoto 2.

The algorithmstopsfor a (arbitrarily) small value of the averagdfield: it
solvesthe estimatingequation,

1 T
T2 Hy®) =0 @3
t=1

which is the samplecounterparof the stationarityconditionin equation
1.2.

Both the onlineandoff-line schemesre gradientalgorithms:the map-
pingH(-) canbeobtainedasthegradient(therelativegradienfCardoso&
Laheld,1996]or Amari’s naturalgradien{1996])of somecontrasfunction,
thatis, areal-valuedneasue of how far the distributionY is from some
idealdistribution, typically a distributionof independentomponentsin
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particularthegradienoftheinfomax—maximuniikelihood (ML) contrast
yieldsafunctionH(.) in theform

Hy) = vy -1, (1.4)

whetre ¢ (y) isann x 1vectorof component-wis@onlinearfunctionswith
¥i(-) takento beminusthelog derivativeof thedensityof thei component
(seeAmarri, Cichocki, & Yang, 1996, for the online versionand Pham&
Garat,1997 for abatchtechnique).

1.2 The Orthogonal Approach to ICA. In the seach for independent
componentspnemay decide,asin principal componentnalysis(PCA),
to requesexactdecorelation(second-aiderindependence)f the compo-
nents:matrix B shouldbesuchthatY = BXis “spatially white,” thatis, its
covariancanatrix is the identity matrix. The algorithmsdescribedn this
articletakethis designoption,which we call the orthogonabppoach.

It mustbestressedhatcomponentshatare asindependenaspossible
accoding to somemeasue of independencare not necessarilyuncore-
latedbecausexactindependenceannotbeachievedn mostpracticalap-
plications.Thus,if decorelationis desied, it mustbe enfoicedexplicitly;
the algorithmsdescribedbelow optimize underthe whitenessconstraint
appoximationsof the mutualinformationandof othercontrastfunctions
(possiblydesignedo takeadvantagef thewhitenessonstraint).

Onepracticalreasorfor consideringheorthogonahppoachis thatoff-
line contrastoptimizationmay be simplified by a two-stepprocedue as
follows. First, a whitening(or “sphering”) matrix W is computedandap-
plied to the data.Sincethe new dataare spatially white and oneis also
lookingfor awhite vectorY, thelattercanbeobtainedonly by anorthonor
maltransformatiory of thewhiteneddatabecausenly orthonormatrans-
forms canpreservethe whitenessThus,in sucha schemethe separating
matrix B is foundasaproductB = VW. Thisappoachleadsto interesting
implementationbecaus¢hewhiteningmatrixcanbeobtainedstraightfor
wardly asanymatrixsquaerootof theinversecovariancematrix of X and
theoptimizationof acontrasfunctionwith respecto anorthonormaima-
trix canalsobeimplementecefficiently by the Jacobitechniquedescribed
in sectiord4.

The orthonormalappoachto ICA neednot beimplementedasa two-
stagelacobi-baseprocedue;it alsoexistsasaone-staggradientalgorithm
(seeaalsoCaidoso& Laheld,1996) Assumeéhattherelative/naturagradient
of somecontrasffunctionleadsto a particularfunctionH(.) for theupdate
rule,equatiori.1,with stationarypointsgivenby equatiori.2.Thenthesta-
tionarypointsfor theoptimizationofthesamecontrasfunctionwith respect
to orthonormattransformationsire characterizedby EH(Y) — HY)T = 0
wherethesuperscript denotedranspositionOntheotherhand for zero-
meanvariables the whitenessconstraintis EYY' = |, which we canalso
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writeasEY Y — | = 0.Becaus&Y Y' — | isasymmetriamatrix matrixwhile
EH(Y) — H(Y)T is a skew-symmetrianatrix, the whitenessconditionand
the stationarityconditioncanbe combinedin a singleoneby just adding
them. Theresultingconditionis E{YY' — | + H(Y) — H(Y)T} = 0. Whenit
holdstrue, both the symmetricpart andthe skew-symmetrigart cancel;
theformerexpresseshaty is white, the latterthatthe contrasfunctionis
stationarywith respecto all orthonormatransformations.

Thus,if thealgorithmin equationl.loptimizesagivencontrasfunction
with H givenby equationl.4,thenthesamealgorithmoptimizesthesame
contrasfunctionunderthewhitenessonstrainwith H givenby

Hy) =y — 1+ vy —ypy' (15)

It is thussimpleto implementorthogonalersionsof gradientalgorithms
oncearegularversionis available.

1.3 Data-BasedversusStatistic-Basedlechniques. Comon(1994)om-
paresthe data-basedption andthe statistic-basedption for computing
off-line anICA of abatchx(l), ..., x(T) of T samplesthis articlewill also
introduceamixedstrategyseesectiord.3).In thedata-basedption,succes-
sivelineartransformationareappliedto thedatasetuntil somecriterionof
independencis maximizedThisis theiterativetechniqueoutlinedabove.
Notethatit isnotnecessarto updateexplicitly aseparatingnatrixBin this
schemdalthoughonemaydecideto do soin aparticularimplementation);
the datathemselvesare updateduntil the averagefield % Zthl H(y(t)) is
small enough;the transformB is implicitly containedin the setof trans-
formeddata.

Anotheroptionisto summarizeéhedatasetinto asmallersetof statistics
computedonceandfor all from the dataset;the algorithmthenestimates
a separatingnatrix asa function of thesestatisticswithout accessinghe
data.Thisoptionmaybefollowedin cumulant-basedlgebraidechniques
whele thestatisticsare cumulantsof X.

1.4 Outline of the Article. In section2,thelCA problemisrecasin the
frameworkof (blind) identification showinghowentopiccontrastseadily
stemfromthemaximumlikelihood (ML) principle.In section3, high-oder
appoximationgotheentopiccontrastaregiven,andtheiralgebraicstruc-
tureisemphasizedsectiom describeslifferentflavorsof Jacobalgorithms
optimizing fourth-oder contrastfunctions.A comparisorbetweenlacobi
techniguesindagradient-basedlgorithmis givenin section5 basedna
realdatasetof electoencephalografEEG)recodings.



High-OrderContrastgor Independen€omponenfnalysis 161

2 Contrast Functions and Maximum Likelihood ldentification

Implicitly or explicitly, ICA triesto fit amodelfor thedistributionof X that
is amodelof independentomponentsX = AS where A is aninvertible
nxnmatrixandSisann x 1vectorwith independengntriesEstimatinghe
parameteA fromsamplef X yieldsaseparatingnatrix B = A1, Evenif
themodelX = ASisnotexpectedo holdexactlyfor manyrealdatasetspne
canstill useit to derivecontrasfunctions.Thissectionexhibitsthecontrast
functionsassociatedavith the estimationof A by the ML principle (@more
detailedexpositioncanbefoundin Cardoso,1998).Blind separatiohased
on ML wasfirst consideed by GaetaandLacoumeg(1990)(buttheauthors
usedcumulantappioximationsasthosedescribedn section3), Phamand
Garat(1997),andAmari etal. (1996).

2.1 Likelihood. Assumethatthe probability distributionof eachentry
S of Shasadensityri(-).! Then,thedistributionPs of the randomvector
Shasadensityr(-) in theformr(s) = Hi”:l ri(s), andthedensityof X for a
givenmixture A andagivenprobability densityr(.) is:
p(x; A, r) = | detA| " r(A™1x), (2.2)
sothatthe (normalized)og-likelihood Lt (A, r) of T independensamples

X(2),...,x(T) of X is

1 T
Lr(A.1) €' 2 logp(x(t): A1)
t=1

1T
= = logr(A~x(t)) — log| detA|. (2.2)
T=
Dependingpntheassumptionsmadeaboutthedensitiesy, . .., ry, several

contrasfunctionscanbederivedfrom this log-likelihood.
2.2 Likelihood Contrast. Undermild assumptionghenormalizedog-

likelihood Lt (A, r), whichis a sampleaverageconvegesfor largeT to its
ensembleveragey law of largenumbers:

.
Lr(A, 1) = _I—j: > "logr(A~x(t)) — log| detA|
=1

—>T_00 Elogr(A=1x) — log| detA|, 2.3)

1 All densitiesconsideed in this article are with respecto the Lebesgueneasue on
RorR".
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whichsimplemanipulationgCardoso,1997)showto beequalto —H (Px) —
K(Pvy|Ps). Here andin thefollowing, H(-) andK(:|-), respectivelydenote
thedifferentialentiopy andthe Kullback-Leiblerdivergence SinceH (Px)
doesnotdependnthemodelparameterghelimit for largeT of —Lt(A, r)
is, up to aconstantequalto

M) LK (Py[Ps). 2.4)

Therefore,theprincipleof ML coincideswith theminimizationof aspecific
contrastunction,whichis nothingbutthe(Kullback)divergenceK (Py|Ps)
betweerthedistributionPy of theoutputandamodeldistributionPs.

The classicentiopic contrastdollow from this observationdepending
ontwo options:(1) trying or notto estimatePs fromthedataand(2) forcing
or notthecomponentso beuncorelated.

2.3 Infomax. ThetechnicallysimpleststatisticalassumptioraboutPs
is to selectfixed densitiesry, ..., ry for eachcomponentpossiblyon the
basisof prior knowledge ThenPsis afixeddistributionalassumptionand
the minimizationof pM-(Y) is performedonly over Py via Y = BX. This
canbe rephrasedChooseB suchthatY = BX is ascloseas possiblein
distributionto the hypothesizednodeldistribution Ps, the closenessn
distributionbeingmeasued in the Kullback divergence.This is alsothe
contrasfunctionderivedfromtheinfomaxprincipleby Bell andSejnowski
(1995). The connectionbetweeninfomax and ML was notedin Caidoso
(1997),MacKay(1996),andPearlmutteandParra(1996).

2.4 Mutual Information. Thetheoetically simpleststatisticalassump-
tion aboutPs is to assumeiro modelat all. In this casethe Kullback mis-
matchK (Py|Ps) shouldbe minimized not only by optimizing over B to
changehedistributionof Y = BXbutalsowith respecto Ps. ForeactHixed
B, thatis, for eachfixed distributionPy, the resultof this minimizationis
theoetically very simple:the minimumis reachedvhen’Ps = Py, which
denoteghe distribution of independentomponentwith eachmaminal
distribution equalto the correspondingmamginal distribution of Y. This
stemsromthepropertythat

K(Py|Ps) = K(Py|Py) + K(Py|Ps) (25)
for anydistribution’Ps with independentomponentgCover& Thomas,
1991) Theefore,theminimumin Ps of K(Py|Ps) isreachedby takingPs =

Py sincethis choiceensuesK (Py|Ps) = 0. Thevalueof ¢M- at this point
thenis

oM () &1 mMinK (Py|Ps) = K(Py[Py). 26)
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We usethe index Ml sincethis quantityis well known asthe mutualin-
formationbetweertheentriesof Y. It wasfirst proposedy Comon(1994),
andit canbeseenfromtheaboveasderivingfromthe ML principlewhen
optimizationis with respecto boththeunknownsystemA andthedistri-
butionof S. This connectiorwasalsonotedin ObradovicandDeco(1997),
andtherelationbetweerinfomaxandmutualinformationis alsodiscussed
in NadalandPaga(1994).

2.5 Minimum Marginal Entropy. An orthogonalcontraste(Y) is, by
definition, to be optimizedunderthe constraintthat Y is spatiallywhite:
orthogonatontrastenforcedecorelation thatis, anexact'second-oder”
independenceéAny regularcontrasttanbeusedunderthewhitenesson-
straint, but by taking the whitenessconstraintinto accountthe contrast
maybegivenasimplerexpressionThisisthecaseof somecumulant-based
contrastslescribedn sectiorB. It is alsothecaseof o™ (Y) becaus¢hemu-
tualinformationcanalsobeexpressedas¢™ (Y) = Y"1 H(Py,) — H(Py);
sincethe entiopy H(Py) is constantunderorthonormaltransformsiit is
equivalento consider

n
oME(Y) =D H(Py,) @.7)
i=1
to be optimizedunderthe whitenessconstrainteY Y = I. This contrast

couldbecalledorthogonamutualinformation ,orthemaminalentopycon-
trast.Theminimumentopyideaholdsmore generallyunderanyvolume-
preservingransform(Obradovic& Deco,1997).

2.6 Empirical Contrast Functions. Amongall theabovecontrastsonly
#M- orits orthogonalersionare easilyoptimizedby agradienttechnique
becauseherrelativegradientof pM- simply is the matrix EH(Y) with H(-)
definedn equatiornl.4.Therefore,therelativegradientalgorithm,equation
1.1,canbeemployedisingeitherthisfunctionH(-) oritssymmetrizedorm,
equatioril.5,if onechooses$o enfoicedecorelation.Howeverthiscontrast
is basedon a prior guessPs aboutthe distributionof the componentsif
theguessstoofar off, thealgorithmwill fail to discoverindependentom-
ponentsthat might be presentin the data.Unfortunately evaluatingthe
gradientof contrastdasedon mutualinformationor minimum maminal
entiopy is more difficult becauseat doesnot reduceto the expectatiorof
a simplefunctionof Y; for instance Pham(1996)minimizesexplicitly the
mutualinformation,but the algorithminvolvesa kernelestimationof the
maminaldistributionsof Y. Anintermediateppoachisto considemapara-
metricestimationof thesedistributionsasin Moulines,Caidoso,andGas-
siat(1997)or PearimutteandParra(1996)for instanceTherrefore,all these
contrastsequirethatthedistributionsof componentbeknown,orappiox-
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imatedor estimatedAs we shall seenext, this is alsowhat the cumulant
appoximationsto contrastfunctionsareimplicitly doing.

3 Cumulants

This sectionpresentshigherorder appioximationsto entiopic contrasts,
someknownandsomenovel.To keeptheexpositionsimple,it is restricted
to symmetricdistributions(for which odd-odercumulantsareidentically

zei) andto cumulantsof orders2 and4. Recallthatfor randomvariables

X4, ..., Xa,second-adercumulantareCum(X1, X») %' EX;X,whereX; &'

Xj — EX; andthefourth-odercumulantsare

Cum(Xy, X2, X3, Xg) =
EX1X2X3X4 — EX1XoEX3X4 — EX1X3EX X4 — EX1X4EX X3, (3.1)

Thevarianceandthekurtosisof arealrandomvariableX are definedas

o2X) €' cumx, X) = EX2,
ko) B cumix, X, X, X) = EX4 — 3E2X2, (3.2)

thatis, they are the second-andfourth-oderautocumulantsA cumulant
involving atleasttwo differentvariableds calleda cross-cumulant.

3.1 Cumulant-Based Approximations to Entropic Contrasts. Cumu-
lantsare usefulin manyways.In this section,they showup because¢he
probability densityof ascalarandonmvariableU closeto thestandad nor-
maln(u) = (2r)~Y2exp—u?/2 canbeappoximatedas

o2(U) -1

k(U)
> hp(u) + TWU)) ; (3.3

p(u) ~ n(u) (1—1—

wherhy(u) = u? — 1andhy(u) = u* — 6u? + 3, respectivelyarethesecond-
andfourth-oder Hermite polynomials.This expressionis obtainedby re-

taining the leadingtermsin an EdgeworthexpansionMcCullagh,1987).
If U andV are two realrandomvariableswith distributionscloseto the
standad normal,onecan,at leastformally, useexpansior8.3to derivean

appoximationto K(Py|Py). Thisis

1 1
K(PulPv) ~ Z(az(m — A2+ 22KV - k(V))?, (34

whichshowshowthepair (62, K) of cumulantforder2and4playin some
senseherole of alocal coodinatesystemaroundn(u) with the quadratic
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form 3.4 playingtherole of alocal metric. This resultgeneralizeso mul-
tivariates,in which casewe denotefor concisenes@hJ = Cum(U;, Uj) and

QIJkl = Cum(U;, U;, Uy, U)) andsimilarly for anotherrandomn-vectorV
with entriesVy, ..., V. We give without proof the following appioxima-
tion:

1 2
K(PulPy) ~ Kaa(PylPy) &' Z (RIlJJ - R,Y)

482 (Qukl ukl) . (3.5)

ijk

Expression3.5turnsout to be the simplestpossiblemultivariategeneral-
izationof equatior3.4(thetwo termsin equatior3.5areadoublesumover
all then? pairsof indicesandaquaduplesoverall then* quaduplesof in-
dices).Sincethe entiopic contrastdistedabovehaveall beenderivedfrom
the Kullback divergence cumulantappioximationsto all thesecontrasts
canbeobtainedy replacingtheKullbackmismatchK (Py|Py) by acruder
measue: its appioximationis acumulantmismatchby equatior3.5.

3.1.1 Approximationto theLikelihoodContrast. Theinfomax-ML contrast
oM (Y) = K(Py|Ps) for ICA (seeequatior2.4)is readilyappioximatedby
using expression3.5. The assumptiorPs on the distributionof Sis now
replacedy anassumptioraboutthecumulantof S. Thisamountgo very
little: all thecross-cumulantsf Sbeing0thanksto theassumptiorof inde-
pendensoucesit is needednly to specifytheautocumulants3(S) and
k(S). The cumulantappoximation (seeequation3.5) to the infomax-ML
contrasbecomes:

1 2
P (V) ~ KaaPyIPe) = 3 3 (R — o%(S)3 )
ij

1 2
Qfy —kS)Siju) (3.6)
QT o ( i ! )

where the Kroneckersymbols equalsl with identicalindicesandO other
wise.

3.1.2 Approximationto the Mutual InformationContrast. The mutualin-
formationcontrasipM! (Y) wasobtainedby minimizing K (Py|Ps) overall
the distributionsPs with independentomponentsin the cumulantap-
proximation thisistrivially donethefreeparameterfor Psaresc(S) and
k(S).Eachofthesescalarentersn only onetermofthesumsn equatiorB 6
sothatthe minimizationis achievedor ¢%(S) = R! andk(S) = QY;.
otherwords, the constuction of the bestappDxmatmgdlstnbutlonW|th
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independenmaminalsPy, which appearsn equation2.5,boils down, in
thecumulantappoximation,to theestimatiorof thevarianceandkurtosis
of eachentryof Y. Fitting botha?(S) andk(S) to RY andQY;, respectively
hastheeffectof exactlycancellinghediagonatermsin equatior8.6,leaving
only

Mo~ I (/) 4 2 3 (Of) @37)

|];é|| ij Kl iiii

whichisourcumulantappoximationto themutualinformationcontrastn
equatior?.6.Thefirsttermisunderstoo@dsthesumoverall thepairsof dis-
tinctindicesthesecondermisasumoverall quaduplesofindicesthatare
notallidentical lt containnly off-diagonaktermsthatis, cross-cumulants.
Sincecross-cumulantsf independenvariablesdenticallyvanishiit is not
surprisingo seehemutualinformationappioximatedoy asumof squaed
cross-cumulants.

3.1.3 Approximationto the OrthogonalLikelihoodContrast. Thecumulant
appoximationto theorthogonalikelihoodis fairly simple. Theorthogonal
appoachconsistsof first enforcing the whitenessof Y thatis Ri}( = g or

R" = I.In otherwords, it consist®f normalizingthecomponentby assum-
ingthato2(S) = 1andmakingsurethesecond-atermismatchis zew. This
isequivalento replacingheweightzl1 in equatiorB.6by aninfinite weight,
hencereducingthe problemto theminimization(underthewhitenes<on-
straint) of the fourth-order mismatch,or the second(quaduple) sumin
equatior3.6.Thus,theorthogonalikelihood contrasis appoximatedby

def 1

¢OML ) =
8 ijk

(9 k(S)s,JM) 4 3.8)

ThiscontrashasaninterestingalternatexpressionDevelopinghesquaes
gives

PSA(Y) = Z(Q“H)2+ = Zl@(smuk. Z K(S)8jk Q-
I]k| Ijkl |]k|
Thefirstsumaboveasconstanunderthewhitenesgsonstrain{thisisreadily
checkedusingequatiorB.13for anorthonormatransform)andthesecond
sumdoesnot dependon Y; finally the last sum containsonly diagonal
nonzeo terms.It follows that:

[

PSA(Y) = Z k(S)QF;

1 _
— _2_42 KSK(Y) £~ Y KSEV, 39
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wher: = -denotesinequalityuptoaconstantAninterpretationof thesec-
ondequalityisthatthecontrasts minimizedby maximizingthescalaiprod-
uctbetweerthevector[k(Yy), ..., k(Yn)] of thekurtosisof thecomponents
andthe correspondingvectorof hypothesizedkurtosis[k(S), .. ., k(Sh)]-
Thelastequality stemsfrom the definitionin equation3.2 of the kurtosis
andthe constancyf EY? underthe whitenessonstraintThis lastform is
remarkablébecausét showsthatfor ze-meanobservationspOM-(Y) =
H(Y),wherl(Y) = —2—142i k(S)Yi“,sothecontrastsjusttheexpectatiorq)fa
simplefunctionof Y. We canexpecsimpletechniquegor its maximization.

3.1.4 Approximationto the Minimum Marginal Entropy Contrast. Under
thewhitenessonstraintthefirst sumin theappioximation,equatior3.7,is
zelo (thisis thewhitenessonstraint)sothatthe appioximationto mutual
informationg™' (Y) reduceso thelastterm:

ME o, ME s def 1 v\2c 1 v\2
¢) (Y) "’¢24 (Y) - 4_8ijk|#iiii (Qljkl> = _4—8 i (Qiiii> . (310)

Again,thelastequalityup to constanfollows from the constancyof Zijk,
(Qi}(kl)2 underthewhitenessonstraintTheseappioximationshadalready
beenobtainedoy Comon(1994)from an EdgeworthexpansionThey say
somethingimple:Edgeworttexpansionsuggestestingtheindependence
betweertheentriesof Y by summingup all thesquaed cross-cumulants.

In the courseof this article,we will find two similar contrastfunctions.
TheJADE contrast,

#0513 (). G

ij KI2iikl

alsois a sumof squaed cross-cumulant§the notationindicatesa sumis
overall thequaduples(ijkl) of indiceswith i # j). Its interestis to bealsoa
criterionof joint diagonalityof cumulantanmatrices The SHIBBScriterion,

AU (Q}k,)z, (3.12)

ij KI2iikk

is alsointroducedin section4.3asgoverninga similar but lessmemory-
demandingalgorithm. It alsoinvolvesonly cross-cumulantsthosewith
indices(ijkl) suchthati # j ork # I.

3.2 Cumulants and Algebraic Structures. Previoussectionsreviewed
the useof cumulantsin designingcontrastfunctions.Anotherthread of
ideasusing cumulantsstemsfrom the methodof moments.Suchan ap-
proachis calledfor by the multilinearity of the cumulantsUnderalinear
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transformY = BX, whichalsoreadsY; = Zp b Xp, thecumulantof order4
(for instance}ransformas:

CumYi, Y, Yie, Yi) = Y bpligbrbsCum(Xp, Xg, Xr., Xs), @13
pars

whichcaneasilybeexploitedfor ourpurposesincethelCA modelislinear
Usingthis factandtheassumptiorf independencby whichCum(s,, &
S. S =k(&)3(p, g r, 9, wereadilyobtainthesimplealgebraictructure of
thecumulantsof X = ASwhenShasindependenéntries,

n
CumX;, Xj, X, X)) = Y k(S1)auduaadu; (3.14)
u=1

whetre g denotedhe (ij)th entry of matrix A. Whenestimatefu\m(xi, X,
Xy, X)) areavailable onemaytry to solveequatiorB.4in the coeficientsa;
of A. Thisis tantamounto cumulantmatchingontheempiricalcumulants
of X. Becausef thestrongalgebraicstructure of equatior8.14,onemaytry
to devisefourth-oderfactorizationsakin to thefamiliar second-ader sin-
gularvaluedecompositiofSVD) or eigenvaluelecompositiofEVD) (see
Caidos0,1992;Comon,1997;DeLathauwerDe Moor, & Vandewalle1996).
Howevertheseappioachesregenerallynotequivalento theoptimization
of acontrasfunction,resultingin estimateshatare generallynotequivari-
ant(Caidoso,1995).Thispointis illustratedbelow;we introducecumulant
matricesvhosesimplestructure offersstraightforwad identificationtech-
niques,but we stress,asone of their importantdrawbackstheir lack of
equivarianceHowever we concludeby showinghow the algebraigpoint
of view andthestatisticalequivariant)point of view canbereconciled.

3.2.1 CumulantMatrices. Thealgebraimatueof cumulantsstensorial
(McCullagh,1987) butsincewewill concerrourselvesnainlywith second-
andfourth-oderstatisticsamatrix-basecdhotationsufficesfor thepurpose
of ourexpositionwe only introducethenotionof cumulantmatrixdefined
asfollows. Givenarandomn x 1 vectorX andanyn x n matrix M, we
definethe associated@umulantmatrix Qx (M) asthen x n matrix defined
component-wisby

[Q*M)]; £ cumXi, X, Xi, Xi)Myg. (315)

kl=1
If X is centeed,thedefinitionin equatior3.1showsthat

QX (M) = E{(XTMX) XXT} — R‘tr(MRX) — R‘'MR* — R‘'MTRX, (3.16)
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whete tr(-) denoteghe traceand R* denoteghe covariancematrix of X,
thatis, [Rx]ij = Cum(X;, Xj). Equation3.16could havebeenchoserasan
index-freedefinition of cumulantmatriceslt showsthatagivencumulant
matrixcanbecomputedr estimatedctacostsimilarto theestimatiorcost
of acovariancematrix; therisno needto computehewholesetof fourth-
order cumulantso obtainthe valueof QX(M) for aparticularvalueof M.
Actually, estimatinga particularcumulantmatrix is oneway of collecting
partof thefourth-oderinformationin X; collectingthewholefourth-oder
informationrequitesthe estimatiorof O(n*) fourth-odercumulants.

The structure of a cumulantmatrix QX(M) in the ICA modelis easily
deducedromequatior3.14:

QX (M) = AAM)AT
A(M) = Diag (k(Sl) alMay, ..., K(S) a,EMaq) , (3.17)

wherg denotesheith columnof A, thatis, A = [ay, ..., a,]. In thisfactor
ization,the(generallyunknown)kurtosisenteronly in thediagonaimatrix
A(M), afactimplicitly exploitedby thealgebraidechniquesiescribede-
low.

3.3 Blind Identification UsingAlgebraic Structures. Insectior3.1,con-
trastfunctionswere derivedfrom the ML principle assuminghe model
X = AS In thissectionwe proceedsimilarly: we considercumulant-based
blind identificationof A assumingX = ASfrom which the structures3.14
and3.17result.

Recalthattheorthogonahppioachcanbeimplementedbyfirstsphering

explicitly vectorX. Let W beawhitening,anddenoteZ def W Xthespheed

vector Withoutlossof generalitythemodelcanbenormalizedy assuming

thatthe entriesof S haveunit variancesothatS is spatiallywhite. Since

Z = WX = WASisalsowhite by constuction,thematrixU 2"\ Amustbe

orthonormal:UUT = |. Theefore spheringyieldsthemodelZ = USwith
U orthonormal Of coursethisis still amodelof independentomponents
sothat,similarto equation3.17,we havefor any matrix M the structure of
thecorrespondingcumulantmatrix of Z,

Q*(M) = UAM)UT
AM) = Diag(k(Sl) ulMuy, ... k(S uI,Mun) , (3.18)

whete u; denotegheith columnof U. In a practicalorthogonalstatistic-
basedechniquepnewould first estimatea whiteningmatrix W, estimate
somecumulantsof Z = WX, computean orthonormalestimateU of U
usingthesecumulantsandfinally obtainanestimateA of A asA = w-iu
or obtainaseparatingnatrixasB = U~1W = UTW.
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3.3.1 NonequivarianBlind IdentificationProcedues. Wefirst presentwo
blindidentificationproceduesthatexploitin astraightforwad mannethe
structure 3.17;we explainwhy, in spiteof attractivecomputationasimplic-
ity, theyare notwell behavednot equivariantiandhow they canbefixed
for equivariance.

Thefirst ideais not basedon an orthogonalappoach.Let M; andM»

be two arbitrary n x n matrices,and define Q1 def Q*(M1) and Q; der

Q*(My). According to equation3.17,if X = ASwe haveQ; = AA1AT and

Q2= AALAT with A; and A5 two diagonalmatricesThus,G def Qngl =

(AAIAT(AALAT)™L = AAA~L, whee A is the diagonalmatrix A1 A2 It
followsthatGA = AA, meaninghatthecolumnsof A aretheeigenvectors
of G (possiblyup to scalefactors).

An extremelysimplealgorithmfor blind identificationof A follows: Se-
lecttwo arbitrarymatricesM; andM»; computesam pIeestimate@l and
Q> usingequatior.16;find thecolumnsof A astheeigenvectorsf Q;Q; .
Therisat leastoneproblemwith thisidea:.wehaveassumedhvertiblema-
tricesthroughoutthederivation,andthis mayleadto instability However
this specificproblemmaybefixed by spheringasexaminechext.

Considenowtheorthogonabppioachasoutlinedabovel etM besome
arbitrarymatrix M, andnotethatequation3.18is an eigendecomposition:
the columnsof U are the eigenvector®f Q%(M), which are orthonormal
indeedbecaus€&? (M) is symmetric Thus,in theorthogonabppoach,an-
otherimmediatealgorithmfor blind identificationis to estimateU asan
(orthonormal)diagonalizerof an estimateof Q%(M). Thanksto sphering,
problemsassociateavith matrix inversiondisappearbut a deepemrob-
lem associateavith thesesimplealgebraiddeasremainsandmustbead-
dressedRecallthatthe eigenvectorsre uniquelydeterminedif andonly
if theeigenvaluesre all distinct. Therefore, we needto makesure thatthe
eigenvaluesf Q4(M) areall distinctin orderto preserveblind identifiabil-
ity basedbn Q(M). Accoding to equatiorB.18,thesesigenvaluesiepend
onthe (spheed)systemwhichis unknown.Thus,it is hot possibleto de-
termineapriori if agivenmatrix M correspondgo distincteigenvaluesf
Q% (M). Of coursejf M is randomlychosenthenthe eigenvaluesre dis-
tinct with probability 1, butwe needmorethanthisin practicebecausé¢he
algorithmsuseonly sampleestimatesf the cumulantmatrices.A small
error in the sampleestimateof Q%(M) caninducea large deviationof the
eigenvector#f the eigenvaluesre notwell enoughseparatedAgain, this
is impossibleto guarantee priori becausen appopriateselectionof M
requiresprior knowledgeabouttheunknownmixture.

In summarythediagonalizatiorof asinglecumulantmatrixis computa-

2|n fact, determinedbnly up to permutationsndsignsthatdo not matterin anICA
context.
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tionally attractiveandcanbeprovedto bealmostsurely consistentbutit is

notsatisfactonbecaus¢henondegeneraoyf thespectum cannotecon-

trolled.As aresult,theestimatioraccuracyfromafinite numberof samples
dependon the unknownsystemand is therefore unpredictablein prac-

tice; this lack of equivariances hardly acceptableOnemay alsocriticize

theseappioachesn the groundthattheyrely on only a smallpartof the

fourth-oderinformation(summarizedn ann x n cumulantmatrix) rather
thantrying to exploit more cumulants(there are O(n*) fourth-oderinde-

pendentumulantstatistics)We examinenexthowthesewo problemscan

bealleviatedby jointly processingeveratumulantmatrices.

3.3.2 Recoverindgequivariance. Let M = {M3, ..., Mp} beasetof P ma-

tricesof sizen x n anddenoteQ; def Q%(M;) for 1 < i < Ptheassociated
cumulantmatricesfor thespheeddataZ = US. Again, asabovefor all i
we haveQ; = UA;UT with A; adiagonalmatrix givenby equatior3.18.As
ameasue of nondiagonalityof a matrix F, defineOff(F) asthe sumof the
squaesof thenondiagonaklements:

off(p L3 (). (3.19)
]

We havein particularOff(UTQ;U) = Off(A;) = O0sinceQ; = UA;UT and
U'U = I. Foranymatrix set M andanyorthonormaimatrix V, we define
thefollowing nonnegativgoint diagonalitycriterion,

D) E Y off(VIZvpv), (3.20)
MjeM

which measues how closeto diagonalityan orthonormalmatrix V can
simultaneouslyring thecumulantsmatricesgeneratedby M.

To eachmatrix set M is associated blind identificationalgorithmas
follows: (1)find aspheringnatrixWtowhiteninthedataX intoZ = WX; (2)
estimatehecumulanimatricesQ? (M) forall M € M byasampleversionof
equatiorB.16;(3) minimizethejoint diagonalitycriterion,equatior8.20 that
is, makethe cumulantmatricesasdiagonalaspossibleby anorthonormal
transformV; (4) estimateA asA = VW1 orits inverseasB = VW or the
componenvectorasY = VZ = VIwX

Suchanappoachseemso beableto alleviatethedrawbacksnentioned
aboveFindingtheorthonormatransformastheminimizerof asetof cumu-
lantmatriceggoesn theright directionbecausé involvesalargernumber
of fourth-oderstatisticaandbecausé& deceaseshelikelihoodof degener
atespectraThisagumentcanbemaderigorousby consideringamaximal
setof cumulantmatricesBy definition, this is a setobtainedwheneverM
is an orthonormalbasisfor the linear spaceof n x n matrices.Sucha ba-
siscontainsn? matricessothatthe correspondingcumulantmatricestotal
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n? x n2 = n* entries thatis, asmanyasthe wholefourth-oder cumulant
set.Foranysuchmaximalset(Cadoso& Souloumiac;1993):

DV = ¢”PE(Yy with Y =VTZ, (3.21)

where ¢"PE(Y) is the contrasfunctiondefinedat equation3.11. Thejoint
diagonalizationof a maximal setguarantee®lind identifiability of A if
k(§) = Ofor atmostoneentryS of S(Cadoso& Souloumiac1993).Thisis
anecessargonditionfor anyalgorithmusingonly secondandfourth-oder
statistic§YComon,1994).

A keypointismadebyrelationshiB.21Wemanagedoturnanalgebraic
property(diagonality)of the cumulantsof the (spheed) observationénto
acontrasfunction—afunctionalof thedistributionof theoutputY = V'Z.
This factguaranteethattheresultingestimatesre equivariantCadoso,
1995).

The price to pay with this techniquefor reconcilingthe algebraicap-
proachwith the naturallyequivariantcontrast-basedppioachis twofold:
it entailsthe computationof a large (actually maximal) setof cumulant
matricesandthejoint diagonalizatiorof P = n2 matriceswhichis atleast
ascostly asP timesthe diagonalizatiorof a single matrix. However the
overallcomputationaburdenmaybesimilar (seeexamplesn sections) to
thecostof adaptivealgorithms Thisis becauséhecumulantmatriceseed
to beestimatedncefor a givendatasetandbecausét existsasareason-
ablyefficientjoint diagonalizatioralgorithm(seesectiord) thatis notbased
on gradient-styleoptimization;it thuspreserveshe possibility of exploit-
ing theunderlyingalgebraimnatuee of the contrasfunction,equation3.11.
Severalricksfor increasingefficiencyare alsodiscussedh sectiord.

4 JacobiAlgorithms

This sectiondescribeslgorithmsfor ICA sharinga commonfeatue: a Ja-
cobi optimizationof an orthogonalcontrastfunction asopposedo opti-
mizationby gradient-likealgorithms.The principle of Jacobioptimization
isappliedtoadata-basedlgorithm astatistic-basedlgorithm andamixed
appoach.

The Jacobimethodis an iterative techniqueof optimizationover the
setof orthonormalmatrices.The orthonormaltransformis obtainedasa
sequencef planerotationsEachplanerotationisarotationappliedto apair
of coodinateghencehenametherotationoperatesn atwo-dimensional
plane)If Yisannx 1vectorthe(i, j)th planerotationby anangled; changes
thecoodinated andj of Y accodingto

Yi cog06j) sin(G;) Yi
R o NN @

whileleavingtheothercoodinatesinchangedA sweepsonepasgshrough
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all the n(n — 1)/2 possiblepairsof distinctindices.This ideais classicin
numericalanalysis(Golub & Van Loan, 1989);it canbe consideed in a
widercontextfor theoptimizationof anyfunctionof anorthonormamatrix.
Comonintroducedthe Jacobitechniquefor ICA (seeComon,1994for a
data-basedlgorithmandanearlierreferencein it for the Jacobiupdateof
high-odercumulanttensors)Sucha data-basedacobialgorithmfor ICA
works through a sequencef Jacobisweepson the spheed datauntil a
givenorthogonakontrast (Y) is optimized.Thiscanbesummarizeds:

1. Initialization. Computeawhiteningmatrix W andsetY = WX
2. OnesweepForall n(n — 1)/2 pairs,thatisfor 1 <i < j < n,do:

a. Computethe Givensangled;, optimizing¢ (Y) whenthe pair
(Y3, Y)) isrotated.

b. If 6 < Omin, dorotatethepair(Y;, Yj) accodingtoequatiord.1.

3. If nopairhasbeenrotatedin previoussweepgnd.Otherwisegoto 2
for anothersweep.

Thus, the Jacobiappioachconsidersa sequencef two-dimensionalCA
problems.Of coursethe updatingstep2b on a pair (i, j) partially undoes
theeffectof previousoptimizationson pairscontainingeitheri or j. Forthis
reasonijt is necessaryo go throughseverasweepsefor optimizationis
completedHoweverJacobalgorithmsareoftenveryefficientandconvege
in asmallnumberof sweepgseeheexamplesn sectiorb),andakey point
isthateachplanerotationdepend®nasingleparameteithe Givensangle
0, reducingheoptimizationsubpoblemateachstepto aone-dimensional
optimizationproblem.

An importantbenefitof basinglCA on fourth-oder contrastdbecomes
appaent:becauséourth-ordercontrastsare polynomialin theparameters,
the Givensanglescanoftenbefoundin closeform.

In the aboveschemebnin is a smallangle,which contols the accuracy
of the optimization.In numericalanalysis,it is determinedaccoding to
machineprecision ForastatisticaproblemaslICA, 6min shouldbeselected

in suchawaythatrotationsdby asmalleranglearenotstatisticallysignificant.
In our experimentsye takefmin to scaleas 1/ﬁ, typically: 6min = %’TZ.
This scalingcanberelatedto the existenceof a performancédoundin the
orthogonahppoachto ICA(Cardoso0,1994).Thisvaluedoesnotseerto be
critical, howeveybecauseve havefound Jacobialgorithmsto bevery fast
atfinishing.

In the remainderof this section,we describethree possibleimplemen-
tationsof theseideas.Eachonecorrespondgo a differenttype of contrast
function andto different optionsaboutupdating.Section4.1 describesa
data-basedlgorithmoptimizing¢°ML(Y); sectiond.2describes statistic-

basedlgorithmoptimizings PE(Y); sectiord.3presentamixedappoach
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optimizing ¢SH(Y); finally, section4.4discusseshe relationshipsetween
thesecontrasffunctions.

4.1 A Data-BasedJacobiAlgorithm: MaxKurt. WestartbyaJacobtech-
nique for optimizing the apploximation, equation3.9, to the orthogonal
likelihood. For the sakeof exposition,we considera simplified versionof
#OML(Y) obtainedby settingk(Sy) = k(S) = ... = k(Sh) = k, in which
casdgheminimizationof contrasfunction,equatior3.9,is equivalentothe
minimizationof

M) E k> Q. @.2)

Thiscriterionis alsostudiedby MoreauandMacchi(1996),who proposea
two-stageadaptiveprocedue for its optimization;it alsoservesasa start-
ing pointfor introducingthe one-stagedaptivealgorithmof Cardosoand
Laheld(1996).

DenoteG; (9) the planerotationmatrix thatrotatesthe pair (i, j) by an
angled asin step2babove Thensimpletrigonometryyields:

oM (Gj(O)Y) = pj — knjj oAb — Q). 4.3)

whete uj doesnotdependné andaj is nonnegativeTheprincipaldeter
minationof angleQ; is characterizety

1
Qj = Zarctan( IJ - I“ o) +QﬂY”- - El) 4.4

X
ey

If Y is a zelo-meanspheed vector expressiond.3

wherearctany, x) denotesheanglex € (—x, 7] suchthatcogw) =
y

ey

furthersimplifiesto

andsin(e) =

Q) = %arctan(4E(Yi3Yj - Yin3> , E((Yiz — Y22 - 4Yi2Yj2> ) . (45)

Thecomputationsre givenin theappendixlt is nowimmediateto mini-
mize MK (Y) for eachpair of componentsindfor eitherchoiceof the sign
of k. If onelooksfor componentsvith positivekurtosis(oftencalledsuper
gaussian)the minimizationof MK (Y) is identicalto the maximizationof
thesumof thekurtosisof thecomponentsincewe havek > Oin this case.
The Givensanglesimply is 6 = Q; sincethis choicemakesthe cosinein
equatiord.2equalto its maximumvalue.

We referto the JacobialgorithmoutlinedaboveasMaxKurt. A Matlab
implementationis listed in the appendix,whosesimplicity is consistent
with thedata-basedppioach.Note,howeverthatit is alsopossibleto use
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thesamecomputationsn a statistic-basedlgorithm.Ratherthanrotating
the datathemselvesit eachstepby equatiord.1,oneinsteadupdategshe
setof all fourth-odercumulantsaccodingto thetransformatioiaw, equa-
tion 3.13,with the Givensanglefor eachpair still givenby equatiord.3.1n

this casethememoryrequiementis O(n*) for storingall thecumulantsas
opposedo nT for storingthedataset.

Thecasek < 0 whete, looking for light-tailed componentspneshould
minimizethesumofthekurtosisis similar. Thisappoachcouldbeextended
to kurtosisof mixedsignsbutthecontrasfunctionthenhaslesssymmetry
Thisis notincludedin thisarticle.

4.1.1 Stability Whatistheeffectof theappioximationof equalkurtosis
madeto derivethe simplecontrasyp™< (Y)?WhenX = ASwith Sof inde-
pendentomponentsye canatleastusethestability resultof Cadosoand
Laheld(1996)whichappliedirectlyto thiscontrastDefinethenormalized
kurtosisask; = o7 %k(S). ThenB = A~1is a stablepoint of the algorithm
with k > O'if ki 4 «j > Ofor all pairs1l <i < j < n. Thesameconditionalso
holdswith all signsreversedor componentsvith negativekurtosis.

4.2 A Statistic-BasedAlgorithm: JADE. Thissectionoutlinesthe JADE
algorithm (Caidoso& Souloumiac,1993),which is specificallya statistic-
basedechniqueWedo notneedo gointo muchdetailbecaus¢hegeneral
techniquedollows directlyfromtheconsiderationsf section3.3. The JADE
algorithmcanbesummarizedas:

1. Initialization. Estimataawhiteningmatrixw andsetZ = WX.
2. Formstatistics Estimatea maximalset{QiZ} of cumulantmatrices.

3. Optimizean orthogonalcontrast Find the rotationmatrix V suchthat
the cumulantmatricesare as diagonalaspossiblethatis, solveV =

argmin ¥_; Off(VIQZV).

4. SeparateEstimateA asA = VW1 and/orestimatethe components
asS=A"Ix =V'z.

Thisis a Jacobialgorithmbecausehe joint diagonalizeat step3is found

by a JacobitechniqueHowever the planerotationsare appliednot to the

data(which are summarizedn the cumulantmatrices)but to the cumu-
lantmatricegshemselveghealgorithmupdatesotdatabutmatrix-valued
statisticsof the data.As with MaxKurt, the Givensangleat eachstepcan
becomputedn closedform evenin the caseof possiblycomplexmatrices
(Cadoso& Souloumiac,1993).The explicit expressionfor the Givensan-

glesisnotparticularlyenlighteningandis notreportechere.(Theinterested
readeisreferredto Cadoso& Souloumiac1993andmayrequestaMatlab

implementatiorfromtheauthor)
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A keyissuestheselectiorof thecumulantmatricedo beinvolvedin the
estimation As explainedin section3.2,the joint diagonalizatiorcriterion
> Off(V*QiZV) is madeidenticalto thecontrasfunction,equatior3.11, by
usinga maximalsetof cumulantmatricesThisis abit surprisingbutvery
fortunate.We do not know of any otherway for a priori selectingcumu-
lant matricesthat would offer sucha property (but seethe next section).
In any casejt guaranteegquivariantestimatedbecausehe algorithm,al-
thoughoperatingon statisticof thespheeddata,alsooptimizesmplicitly
afunctionof Y = V1Z only.

Before proceedingwe notethattrue cumulantmatricescanbe exactly
jointly diagonalizedvhenthe modelholds,but this is no longerthe case
whenweprocessealdata First,only samplestatisticaareavailablesecond,
the model X = ASwith independeneéntriesin S cannotbe expectedo
hold accuratelyin general.This is anotherreasonthatit is importantto
selectcumulantmatricessuchthat ) ; Off(VTQiZV) is a contrastfunction.
In this casetheimpossibility of anexactjoint diagonalizatiorcorresponds
to theimpossibility of finding Y = BX with independenéntries.Making
amaximalsetof cumulantmatricesasdiagonalaspossiblecoincideswith
makingthe entriesof Y asindependents possibleas measued by (the
sampleversionof) criterion3.11.

Therareseverabptionsfor estimatingamaximalsetof cumulanimatri-
cesRecalthatsuchasetisdefinedas{Q?(M))|i = 1, n?} wher{M;|i = 1, n%}
isanybasigor then?-dimensionalinearspaceof n x n matricesA canonical
basisfor this spacds {q)e,‘;|1 < p,g < n},wherg isacolumnvectorwith a
1in pth positionandO’s elsewhee. It is readilycheckedhat

[Q%(g€)]j = CuM(Zi. Z;. Zy. Zq). (4.6)

In otherwords,theentriesof the cumulantmatricedor the canonicabasis
arejustthecumulant®fZ. A betterchoiceisto considemsymmetric/skew-
symmetrichasis DenoteMPdann x n matrixdefinedasfollows: MP4 = q,q;f
if p= g MPI=2"Y2(gel + ) if p < gandMPI = 2 V%(ge| —a€) if p > g
Thisisanorthonormabasisof R™". Wenotethatbecausefthesymmetries
of the cumulantsQ?(ge)) = Q*(eg)) sothatQ*(MPY) = 2-Y/2Q% (g€l if
p < gandQ*(MP%H = 0if p > g It follows that the cumulantmatrices
Q%(MP9) for p > g do not evenneedto be computed Being identically
zeo, theydo not enterin thejoint diagonalizatiorcriterion. It is therefore
sufficientto estimateandtodiagonalizen+n(n—1)/2(symmetriccumulant
matrices.
Therisanotheideatoreducehesizeofthestatisticsxeededorepresent
exhaustivelythe fourth-oder information. It is, howeverapplicableonly
whenthemodelX = ASholds.In this casethecumulantmatricesdo have
the structure shownat equation3.18,andtheir sampleestimatesre close
to it for largeenoughT. ThenthelinearmappingM — Q4(M) hasrankn
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(morepreciselyitsrankis equalto thenumberof componentsvith nonzeo
kurtosis)becausehere are n lineardegeesof freedomfor matricesin the
form UAUT, namelythe n diagonalentriesof A. From this factandfrom

the symmetriesof the cumulantsijt follows thatit existsn eigenmatrices

Ei, ..., En, which are orthonormal andsatisfiesQ?(E) = uiE wherthe
scalaru; is the correspondingeigenvectarThesematricesk, .. ., E, span
the rangeof the mappingM — Q#(M), andany matrix M orthogonalto
themisin thekernel thatis, Q4(M) = 0. Thisshowsthatall theinformation
containedn Q% canbesummarizedby then eigenmatriceassociategvith
the n nonzeo eigenvaluesBy insertingM = uiul in the expressions3.18
andusingthe orthonormalityof the columnsof U (thatis, UiTUj = §j), itis
readilycheckedhata setof eigenmatricess { = y; uiT}.

TheJADE algorithmwasoriginally introducedasperformingICA by a
joint appoximatediagonalizatiorof eigenmatrices CadosoandSoulou-
miac(1993)wherweadvocatedthejoint diagonalizatiorf onlythen most
significanteigenmatricesf Q% asadeviceto reducehecomputationaload
(eventhoughtheeigenmatriceareobtainedattheextracostof theeigende-
compositiorof ann? x n? arraycontainingall thefourth-odercumulants).
Thenumberof statisticsis reducedrom n* cumulantsor n(n + 1)/2 sym-
metriccumulantmatricef sizen x nto asetof n eigenmatricesfsizenx n.
Suchareductionis achievedat no statisticalloss(atleastfor large T) only
whenthemodelholds.Therefore,wedonotrecommendeductiorto eigen-
matricesvhenprocessinglatasetsfor whichit is notclearapriori whether
themodelX = ASactuallyholdsto goodaccuracyWe still referto JADE
astheprocesof jointly diagonalizinga maximalsetof cumulantmatrices,

evenwhenit is notfurtherreducedo then mostsignificanteigenmatrices.

It shouldalsobe pointedout thatthe deviceof truncatingthe full cumu-
lantsetby reductionto the mostsignificantmatricess expectedo destoy
theequivariancgropertywhenthemodeldoesnot hold. Thenextsection
showshowthesegroblemscanbeovercomein atechniqueéborrowingfrom
boththedata-basedppoachandthestatistic-basedppioach.

4.3 A Mixed Approach: SHIBBS. IntheJADEalgorithm,amaximalset
of cumulantmatricesis computedasa way to ensue equivarianceérom
thejoint diagonalizatiorof a fixed setof cumulantmatrices As a benefit,
cumulantsare computedonly oncein a single passthroughthe dataset,
andtheJacobiupdatesare performedon thesestatisticsratherthanonthe
wholedataset.Thisis agoodthing for datasetswith alargenumberT of
samplesOntheotherhand estimatingamaximalsetrequiresO(n*T) opek
ations,andits storagerequitesO(n*) memorypositions Thesefigurescan
becomedrohibitivewhenlookingfor alargenumberf componentdn con-
trast,gradient-basetéchniguedaveto stoeandupdatenT samplesThis
sectiondescribes techniquestandingbetweerthe two extremepositions
representedy theall-statisticappioachandtheall-dataappoach.
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Recallthatan algorithmis equivariantassoonasits operationcanbe
expressedonly in termsof the extractedcomponentsy (Caidoso,1995).
This suggestshefollowing technique:

1. Initialization. Selecta fixed se;M = {Mgq,.. . Mp} of n x n matrices.
Estimateawhiteningmatrix W andsetY = WX

2. Estimatearotation Estimatetheset{QY(Mp)u < p < P} of Pcumulant
matricesandfind ajoint diagonalizeV of it.

3. Update If V iscloseenougho theidentitytransformstop.Otherwise,
rotatethedata:Y < V'Y andgoto 2.

Suchanalgorithmisequivarianthankgothereestimatiorofthecumulants
of Y afterupdatinglt isin somesenselatabasedincetheupdatingn step3
isonthedatathemselveddowevertherotationmatrixto beappliedto the
datais computedn step2 asin astatistic-basegrocedue.

Whatwould beagoodchoicefor theset M ?Thesetof n matricesM =
{eleI, A ehe,‘;} seems naturalchoice:it is an order of magnitudesmaller
than the maximal set, which containsO(n?) matrices.The kth cumulant
matrixin suchasetis QY(equ), andits (i, j)th entryis Cum(Y;, Y}, Yk, Yy,
whichis justann x n squae block of cumulantsof Y. We call the setof n
cumulantmatricesobtainedin this way whenk is shiftedfrom 1 to n the
setof SHIfted Blocksfor Blind SeparatiofSHIBBS),andwe usethe same
namefor the ICA algorithmthatdeterminesherotationV by aniterative
joint diagonalizatiorof the SHIBBSset.

Strikingly enoughthesmallSHIBBSsetguaranteeaperformanceéeden-
ticalto JADEwhenthemodeholdsfor thefollowing reasonConsidethefinal
stepof thealgorithmwherre Y is closeto Sif it holdsthatX = ASwith S
of independend:omponentsThenthecumulantmatricesQY(qoeg) arezerwo
for p # qbecausall thecross-cumulantsf Y are zeo. Therefore, theonly
nonzeo cumulantmatricesusedn themaximalsetof JADEarethosecorre-
spondingog, = g, i.e.preciseljthosencludedn SHIBBS.ThustheSHIBBS
setactuallytendsto the setof “significanteigen-matriceséxhibitedin the
previoussection.In this sense SHIBBSimplementsthe original program
of JADE—thejoint diagonalizatiorof thesignificanteigen-matrices—buit
doessowithout going throughthe estimationof the whole cumulantset
andthroughthecomputatiorof its eigen-matrices.

Doesthe SHIBBS algorithm correspondto the optimizationof a con-
trastfunction?We cannotresortto the equivalenceof JADE and SHIBBS
becausat is establishednly whenthe modelholdsandwe are looking
for a statemenindependentf this later fact. Examinationof the joint di-
agonalitycriterionfor the SHIBBSsetsuggestshatthe SHIBBStechnique
solvesthe problemof optimizing the contrastfunction ¢SH(Y) definedin
equation3.12.As a matterof fact, the conditionfor agivenY to beafixed



High-OrderContrastgor Independen€omponenfnalysis 179

pointof the SHIBBSalgorithmis thatfor anypairl<i < j<n:
Y CumYi, Yj, Yk, Yio (Cum(Y;, Yi, Yi, Yi)
k
— Cum(Y},Y;, Y, Yi)) =0, 4.7)

andwe canprovethatthisis alsothe stationarityconditionof ¢SH(Y). We
donotincludetheproofsof thesestatementsyhich are purely technical.

4.4 Comparing Fourth-Order Orthogonal Contrasts. We haveconsid-
eredtwo appoximations ¢*APE(Y) and¢SH(Y), to theminimummaminal
entopy/mutualinformation contrastyp™ (1), which are basedon fourth-
order cumulantsand canbe optimizedby Jacobitechnique The appioxi-
mationdbgﬂF(Y) proposedy Comonalsobelonggo this categoryOnemay
wonderabouttherelativestatisticalmeritsof thesethreeapploximations.
Thecontrastpgf‘E(Y) stemsfrom an Edgeworthexpansiorfor appoximat-
ing $ME(Y), whichin turn hasbeenshownto derivefromthe ML principle
(seesection?). SinceML estimationoffers (asymptotic)optimality proper
ties,onemaybetemptedo concludetothesuperiorityof¢2’\,ﬁE(Y). However
thisis notthe caseasdiscussedow.

First, whenthe ICA model holds,it canbe shownthat eventhough
#ME(Y) and¢?"PE(Y) are differentcriteria, they havethe sameasymptotic
performancenvhen appliedto samplestatistics(Souloumiac& Cardoso,
1991).Thisis alsotrue of ¢SH(Y) sincewe haveseerthatit is equivalento
JADEIn this casglamorerigorousproofis possiblepbasedn equatiord.7,
butis notincluded).

Secondwhenthe ICA modeldoesnothold, the notionof identification
accuracydoesnot makesenseanymoe, but onewould certainlyfavoran
orthogonalcontrastreachingits minimum at a point as closeas possible
to the point whetre the “true” mutual information ¢™ME(Y) is minimized.
Howeverit seemdifficult to find a simplecontrastsuchasthoseconsid-
ered her) that would be a good appoximationto ¢ME(Y) for any wide
classof distributionsof X. Notethatthe ML argumentin favor of ¢>'2\ﬂlE(Y)
is basedon an Edgeworthexpansiorthatis valid for “almost gaussian
distributions—thosaelistributionsthat makelCA very difficult andof du-
bioussignificancein practice ICA shouldberestrictedto datasetswhere
thecomponentshowasignificantamounof nongaussianityn whichcase
the Edgeworthexpansionsannotbeexpectedo beaccurate.

TherisanothewaythanEdgeworthexpansiorfor arriving atd;%ﬂ‘E(Y).
Considercumulantmatching:the matchingof the cumulantsof Y to the
correspondingumulantf ahypotheticalzectorSwith independentom-
ponentsTheorthogonakontrastfunctionsg?*PE(Y), ¢SH(Y), andgME(Y)
canbeseemasmatchingcriteriabecaus¢heypenalizethe deviationof the
cross-cumulantsf Y from zer (which is the value of cross-cumulantsf
avectorSwith independentomponentsindeed),andthey do sounder
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the constrainthatY is white—thatis, by enforcing an exactmatchof the
second-adercumulantsof Y.

It is possibleto devisean asymptoticallyoptimal matchingcriterionby
takinginto accounthevariability of thesampleestimatesf thecumulants.
Sucha computationis reportedin Cadosoet al. (1996)for the matching
of all secondandfourth-odercumulantsf complex-valuedignalspbuta
similar computatioris possiblefor real-valuedroblems.it showsthatthe
optimalweightingof the cross-cumulantdependon the distributionsof
the componentsothatthe “flat weighting” of all the cross-cumulantsas
in equatior3.10,is notthebestonein generalHoweverin thelimit of “al-
mostgaussian’signalsthe optimalweightstendto valuescorresponding
preciselyto thecontrasK4(Y|S) definedin equation3.5.Thisis not unex-
pectedand confirmsthatthe crude cumulantexpansiorusedin deriving
equation3.5is sensiblethoughnot optimalfor significantlynongaussian
components.

It seemgromthedefinitionsof $72PE(Y), SH(Y), andgME(Y) thatthese
different contrastsnvolve differenttypesof cumulantsThis is, however
anillusion becausehe compactdefinitionsgiven abovedo not takeinto
accounthesymmetrie®f thecumulantsthesamecross-cumulantnaybe
countedseveratimesin eachof thesecontrastsForinstancethedefinition
of JADE excludeghecross-cumulan€um(Y1, Y1, Y2, Y3) butincludesthe
cross-cumulanCum(Y1, Yy, Y1, Y3), which is identical. Thus,in order to
determinégf anybit of fourth-oderinformationisignoredby anyparticular
contrastanonredundantiescriptiorshouldbegiven.All thepossiblecross-
cumulantscomein four differentpatternsof indices:(ijKkl), (iikl), (iij), and
(ii )- Nonredundantxpressionsn termsof thesepatternsarein theform:

¢[YI=Ca D @u+Co ) (G + &+ 8ik)

i<j<k<l i<k<l

-‘rCcZQijj +CdZ(eﬂj + gji) ,
<] 1<)

wher gjy def Cum(Yi, Y}, Yy, Y2 andthe G’s are numericalconstantslt
remaingo counthowmanytimesauniquecumulantappearsn theredun-
dantdefinitionsof the three appioximationsto mutual information con-
sideed sofar. We give only the resultof this uninspiringtaskin Table1,
which showsthatall the cross-cumulantare actuallyincludedin thethree
contrastsyhich therefore differ only by the differentscalarweightsgiven
to eachparticulartype. It meanghatthethreecontrastessentiallydo the
samehing.In particularwhenthenumbem of componentslargeenough,
the numberof cross-cumulantsf type[ijK] (all indicesdistinct) grows as
O(n*), while thenumberof othertypesgrows asO(n®) at most.Theefore,
thelijk] typeoutnumbersll theothertypesfor largen: onemayconjectue
the equivalencef thethreecontrastsn this limit. Unfortunatelyit seems
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Table 1: Numberof Timesa Cross-Cumulantf a Given Type Appearsin a
GivenContrast.

Constants Ca Gy Ce Cy

Pattern ijk ikl iijj ifij
ComonICA 24 12 6 4
JADE 24 10 4 2
SHIBBS 24 12 4 4

difficult to draw more conclusionsFor instancewe havementionecdthe
asymptoticequivalencédetweenComon’scontrastandthe JADE contrast
for anyn, butit doesnotrevealitself directlyin theweighttable.

5 A Comparisonon Biomedical Data

The performanceof the algorithmspresentedaboveis illustrated using
the averagedevent-elatedpotential(ERP)datarecoded and processed
by MakeigandcoworkersA detailedaccounbftheiranalysigsin Makeig,
Bell, Jung,and Sejnowski(1997).For our comparisonwe usethe dataset
andthe“logistic ICA” algorithmprovidedwith version3.1of Makeig'sICA
toolbox3 The datasetcontainss24 datapointsof averaged=RPsampled
from 14EEGelectodesTheimplementatiorof thelogisticICA providedin
thetoolboxis somewhaintermediatéetweerequationl.landits off-line
counterpartH(Y) is averagedhroughsubblock=f thedataset. Thenon-
linearfunctionis takento be/(y) = ;25 — 1 = tanh}. Thisis minusthe
log-derivativey (y) = —rr/((—)’,')) of thedensityr(y) = ﬂm (B isanormal-
izationconstant)Therefore,thismethodmaximizesverA thelikelihoodof
modelX = ASundertheassumptionthatShasindependentomponents
with densitiessqualto g m

Figure 1 showsthe componentsy?APE producedby JADE (first col-
umn) and the componentsrH'“A producedby the logistic ICA included
in Makeig'stoolbox,which wasrun with all the defaultoptions;the third
columnshowsthe differencebetweenthe componentst the samescale.
This directcomparisonis madepossiblewith the following postpocess-
ing: thecomponent¥-'°A werenormalizedo haveunit varianceandwere
sortedby increasingvaluesof kurtosis. The components?APE haveunit
varianceby constuction;theywere sortedandtheir signswere changedo
matchYYCA Figure 1 showsthat Y?APE and YHCA essentiallyagreeon 9 of
14components.

3 Availablefrom http://www.cnl.salk.edutscott/.
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Figure 1: Thesoucesignalsestimatedy JADE andthelogisticICA andtheir
differences.
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Anotherillustrationof this factis givenby thefirst row of Figure 2. The
left panelshowsthe magnitudegCj| of the entriesof the transfermatrix C
suchthat C YHCA = YJADE Thijs matrix was computedafter the postpo-
cessingof the componentslescribedn the previousparagraphit should
be the identity matrix if the two methodsagreed,evenonly up to scales,
signs,and permutationsThefigure showsa strong diagonalstructure in
the northeasblock while the disageementetweenthe two methodsis

appaentin the gray zoneof the southwesblock. Theright panelshows

the kurtosisk(Y{""5) plottedagainsthekurtosisk(Y-'CA). A key observa-

tion is thatthe two methodsdo agreeaboutthe mostkurtic components;
thesealsoare thecomponentsvhere thetime structure isthe mostvisible.
In otherwords,thetwo methodsssentiallyageewherveranhumaneye
findsthemostvisible structures.Figure 2 alsoshowstheresultsof SHIBBS
and MaxKurt. The transfermatrix C for MaxKurt is seento be more di-
agonalthanthetransfermatrix for JADE, while the transferfor SHIBBSis
lessdiagonal . Thus,thelogistic ICA andMaxKurt agreemore on this data
set.Anotherfigure (notincluded)showsthatJADEandSHIBBSarein very
closeagreemenbverall components.

Theseesultsare very encouragindpecauséheyshowthatvariousiCA
algorithmsagreewherverthey find structure on this particulardataset.
Thisisverymuchin supporifthelCA appoachtotheprocessingfsignals
for which it is not clearthatthe modelholds.It leavesopenthe question
of interpretingthedisageemenbetweerthevariouscontrasfunctionsin
theswampof thelow kurtosisdomain.

It turns out that the disageementbetweenthe methodson this data
setis, in our view, an illusion. Considerthe eigenvalues.s, ..., A, of the
covariancamatrix RX of the observationsThey are plottedon a dB scale
(thisis 10log,,Ai) in Figure 3. Thetwo leastsignificanteigenvaluestand
ratherclearlybelowthestrongesbneswith agapof 5.5 dB. Wetakethisas
anindicationthatoneshouldlook for 12linearcomponentin this dataset
ratherthan14,asin the previousexperimentsTheresultis ratherstriking:
by runningJADEandthelogisticICA onthefirst 12principalcomponents,
an excellentagreements found over all the 12 extractedcomponentsas
seeron Figure 4. This observatioralsoholdsfor MaxKurt and SHIBBSas
shownby Figure 5.

Table2liststhenumberof floating-pointoperationgasreturnedoy Mat-
lab) andthe CPUtime requiredto run the four algorithmson a SPARC 2
workstation TheMaxKurttechniquevasclearlythefastestere;however
it wasapplicableonly becauseve were looking for componentsvith posi-
tive kurtosis.Thesameis truefor the versionof logistic ICA consideedin
this experimentlt is not true of JADE or SHIBBS,which are consistentis
soonasat mostonesourcehasavanishingkurtosis,regadlessof the sign
of the nonzeo kurtosis(Cadoso& Souloumiac,1993). The logistic ICA
required only about50% more time than JADE. The SHIBBSalgorithmis
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Figure2: (Left column)Absolutevaluesof thecoeficients|C;| of amatrixrelat-
ing the signalsobtainedby two differentmethodsA perfectageementvould

befor C = I: deviationfrom diagonalindicatesa disageementThesignalsare

sortedby kurtosis,showingagoodagreementor highkurtosis (Rightcolumn)
Comparingthe kurtosisof the soucesestimatedby two different methods.
Fromtopto bottom:JADEversudogisticICA, SHIBBSversudogisticlCA, and

maxkurtversudogistic ICA.
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Figure 3: Eigenvaluesof the covariancematrix R* of the datain dB (i.e.,
10log,o(A))-

Table2: Numberof Floating-PointOperationsandCPUTime.

Flops CPUSecs. Flops CPUSecs.
Method 14Components 12Components
LogisticICA 5.05e+07 3.98 3.51e+07 354
JADE 4.00e+07 255 2.19e+07 1.69
SHIBBS 5.61e+07 4.92 2.47e+07 2.35
MaxKurt 1.19e+07 1.09 5.91e+06 0.54

slowerthan JADE here becausehe datasetis not large enoughto give it
anedge Theseemarksareevenmore markedwhencomparinghefigures
obtainedin the extractionof 12 componentslt shouldbe clearthatthese
figuresdo notprovemuchbecaus¢heyarerepresentativef only a partic-
ular datasetandof particularimplementation®f the algorithms,aswell
asof thevariousparameterssedfor tuningthealgorithms Howeverthey
dodisprovetheclaimthatalgebraic-cumulannhethodsare of no practical
value.

6 Summary and Conclusions

Thedefinitionsof classicentiopic contrastgor ICA canall beunderstood
fromanML perspectiveAn appioximationof the Kullback-Leiblerdiver-
genceyields cumulant-basedppioximationsof thesecontrastsin the or-
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Figure4: Thel2soucesignalsestimatedy JADEandalogisticICA outofthe

first 12 principalcomponentsf theoriginal data.
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Figure5: Samesettingasfor Figure2buttheprocessings restrictedo thefirst
12 principalcomponentsshowinga betterageementamongall themethods.
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thogonalappoachto ICA where decorelationis enfoiced,the cumulant-
basedtontrastganbeoptimizedwith Jacobtechniquespperatingoneither
thedataor statisticsof the data,namely cumulantmatrices Thestructure
of the cumulantsin the ICA model canbe easily exploitedby algebraic
identificationtechniquesbut the simple versionsof thesetechniquesare
not equivariantOnepossibility for overcomingthis problemis to exploit
thejoint algebraicstructure of severacumulantmatricesin particularthe
JADE algorithmbridgesthe gap betweencontrast-basedppioachesand
algebraidechniquedbecausehe JADE objectiveis bothacontrasfunction
andthe expressionof the eigenstucture of the cumulantsMore generally
thealgebraimatuee of thecumulantcanbeexploitedto easgheoptimiza-
tion of cumulant-basedontrastfunctionsby JacobitechniquesThis can
bedonein adata-basedr astatistic-basechode.Thelatterhasanincreas-
ing relativeadvantagesthe numberof availablesamplesncreasesbutit
becomesmpracticalfor large numbera of componentsincethe number
of fourth-oder cumulantsgrows asO(n*. This canbe overcometo a cer
tain extentby resortingto SHIBBS,whichiterativelyrecomputes.number
O(n3) of cumulants.

An importantobjectiveof this article wasto combatthe prejudicethat
cumulant-basedlgebraicmethodsare impractical. We haveshownthat
theycompaeverywell to state-of-the-aitnplementationsfadaptivaech-
niqueson arealdataset.

More extensiveeomparisonsemainto bedoneinvolving variantsof the
ideaspresentechere. A techniqueike JADE is likely to chokeon a very
large numberof componentsbut the SHIBBS versionis not asmemory
demandingSimilarly, the MaxKurt methodcanbe extendedo dealwith
componentwith mixed kurtosissigns.In this respectjt is worth under
lining the analogybetweerthe MaxKurt updateandtherelativegradient
update gquationl.1,whenfunctionH(.) is in theform of equationl.5.

A commenton tuning the algorithms:In order to codean all-purpose
ICA algorithmbasedn gradientdescentit is necessaryo devisea smart
learningscheduleThisisusuallybasesnheuristicandrequitresthetuning
of someparameterdn contrast,Jacobialgorithmsdo notneedto betuned
in theirbasicversionsHoweveronemaythink ofimprovingontheregular
Jacobisweepthroughall the pairsin prespecifiedrder by devisingmore
sophisticatedipdatingschedulesHeuristicswould be neededhen,asin
thecaseof gradientdescenmethods.

We concludewith a negativepoint aboutthe fourth-oder techniques
describedn this article. By natue, they optimize contrastscorrespond-
ing somehowto usinglinearcubic nonlinearfunctionsin gradient-based
algorithms.Therefore, they lack the flexibility of adaptingthe activation
functionsto thedistributionsof the underlyingcomponentasonewould
ideally do andasis possiblein algorithmslike equationl.1. Evenworse,
thisverytypeof nonlinearfunction(linearcubic)hasonemajordrawback:
potentialsensitivityto outliers. This effectdid not manifestitself in theex-
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amplespresentedn this article,butit couldindeedshowup in otherdata
sets.

Appendix: Derivation and Implementation of MaxKurt
A.1l GivensAnglesfor MaxKurt. An explicitform of theMaxKurt con-

trastasafunctionoftheGivensanglessderived Forconcisenessyedenote
[iiK] = Qi‘j(kI andwedefine

o = (T IOIZOT iy i) 3y = £ 402 aD)

Thesumof thekurtosisfor the pair of variablesY; andY; afterthey have
beerrotatedby ananglet depend®sné asfollows (wherewesetc = cog6)
ands= sin(9)):

k(cog0)Yi + sin)Y;) + k(— sin®)Y; + cog0)Y;) (A.2)
= ciiii ] + 4c3dii j] + 6627iijj ] + 4csiij 1 + i 1 (A3)
+ s'iiii ] — 4s°dfiii ] + 65°Ciifj ] — 4sCif ] + (i ] (A.9)
= (¢* + A(iiii ] + [iii ) + 122iijj ] + 4es(E — D (iiij] - [jiii]) (A.5)

lo

g1+ L] - ONY] [ﬂi 1281 goq — )il - LD (A6)

—2sir?(29)a; + 2siN(29) cog )by = cog49)g; + sindo)by (A7)
= Aj (cos{49) cog4Q;) + sin(49) sin(4$2ij)) = Ajj COS4(0 — 2j)).(A.8)

wheretheangledQ; is definedby

B

g .
Cog4Qj) = ——— Ssin4Qj) = .
g+t JE+H
Thisis obtainedby usingthe multilinearity andthe symmetrieof the cu-
mulantsatlinesA.3 andA 4, followed by elementartrigonometrics.
If Yi andY; are zeo-meanandspheed, EY;Y; = §;, we haveliii] =
Y. = EY} — 3E2Y2 = EY{ — 3andfori # j: [iij] = Q. = EY?Y; aswell as

i}
[iiij] = I\;J = EYIZYI2 — 1.Henceanalternateexpessiorfor g andby is:

(A9)

1
w-de(rioond) noe(move) A

It may beinterestingto notethat all the momentsrequired to determine
the Givensanglefor agivenpair (i, j) canbeexpressedn termsof thetwo
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variablessj = Y;Yj andnj = YZ — sz. Indeedt is easilycheckedhatfor a
ze-mearspheedpair (Y;, Yj), onehas

1
g = ZE(??“Z— 4€ij2> by = E(nj&) - (A1)

A.2 A Simple Matlab Implementation of MaxKurt. A Matlabimple-
mentatiorcouldbeasfollows, wherwehavetriedto maximizereadability
but notthenumericalefficiency:

function Y = maxkurt(X) %
[n T] = size(X)
Y = X - mean(X,2)*ones(1,T); % Remove the mean
Y = inv(sgrtm(X*X'/T))*Y ;. % Sphere the data
encore =1 ;% Go for first sweep
while encore, encore=0;
for p=1:.n-1, % These two loops g@o
for qg=p+l:n, % through all pairs
Xi = Y(p,:)-*Y(q,);
eta = Y(p,)*Y(p,) - Y(qr)*Y(qr)v
Omega = atan2( 4*(eta*xi’), eta*eta’ - A*(Xi*Xi") );
if abs(Omega) > 0.1/sqrt(T) % A ‘statistically small’
% angle
encore =1 ;% This will not be the
%last sweep
c = cos(Omega/4);
S = sin(Omega/4);
Yp a) =[cs;- sc]* Y(p d) ; % Plane
% rotation
end
end
end
end
return
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