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‘Robust Neural Networks with On-Line Learning
for Blind Identification and Blind Separation
of Sources

- Andrzej Cichocki and Rolf Unbehauen, Fellow, IEEE

Abstract— Two unsupervised, self-normalizing, adaptive
learning algorithins are developed for robust blind identification
and/or blind separation of independent source signals from a
linear mixture of them. One of these algorithms is developed for
on-line learning of a single-layer feed-forward neural network
model and a second one for a feedback (fully recurrent) neural
network model. The proposed algorithms are robust, efficient,
fast and suitable for real-time implementations. Moreover,
they ensure the separation of extremely weak or badly scaled
stationary signals, as well as a successful separation even if
the mixture matrix is very ill-conditioned (near singular).
The performance of the proposed algorithms is itlustrated by
‘computer siiulation experiments.

I. INTRODUCTION

LIND separation of sources called also “waveform-

preservcd blind estimation of multiple independent
sources” is an emerging field of fundamental research with
many potential applications [1]-[31]. Generally speaking, the
problem of blind separation of sources can be formulated as
the problem of separating or estimating waveforms of primary
sources (original input signals) from an array of sensors,

‘without knowing the characteristics of the transmission -

channels [1]-[3], [9], [20]. In a large number of applications,
- the signals received by an amray of sensors {(e.g., sensors,

antennas, transducers etc.) are a mixture of original source-

signals. These source signals are usually totally unknown as
in the case of processing and enhancement of acoustic signals
and array processing for radar or sonar signals [2], [9]- —[15],
[19], [20]. Also, in the biomedical domain the signals provided
by sensors are often a mixture of many independent sources
and it is necessary to extract the original source signals from
their mixture (2], [9], [19]. '

The neural network models with learning capabilities for
on-line blind separation of sources from linear mixture signals

have been first developed by Herault and Jutten [1]-[3].

An extension of the adaptive learning algorithms for more
complex cases, e.g., for convolutive mixing of sources with
causal FIR filters [10]-[15], [193, [20] and nonlinear n‘uxmg
[18] has been propoesed more recently.
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The main objective of this paper is twofold.

1) To propose unsupervised, robust and efficient learning
algorithms which are also suitable for badly scaled and
ill-conditioned problems.

2) To show that the learning algorithms developed for a
feedforward architecture can be converted into equiv-
alent algorithms for a corresponding feedback neu:ral
network architecture.

II. FORMULATION OF THE PROBLEM

The mixing process of the unknown input sources

si(t) {7 = 1,2,---,n) can have different mathematical or
physwal models dependent on the specific application or
situation and different a priori information about the signals
that is available. In this paper we will focus on the simplest
but general case where no a priori information on the sources
themselves is available and the mixed sensor signals z;(t) are
a linear combination of the unknown statistically independent
source signals s;(1), ie.,

Zausj (1a)
j=1
or
z(t) = As(t) (1b)
where z(t) = [z1(t),2(t), -+, zn(t)]T are the observed
sensor output signals, s(t) = [s1(£), s2(8), -, sn()]T are

the unknown mutually independent zero-mean source signals,
and A = [a;;] € R™™™ is a mixture matrix of the unknown
real mixing parameters [2] (see Fig. 1). It is assumed that the
parameters a;; are fixed or slowly varying in the time. More-
over, it is assumed that the mixing matrix A is nonsingular,
ie., det (A) # 0 (although, as will be seen later it can be
nearly singular, i.e., very ill-conditioned). We also assume for

-simplicity that the number of sensors is equal to the number

of unknown sources.

The problem is formulated as follows: it is necessary fo
develop a neural network with a suitable learning algorithm
which makes possible an on-lipe (i.e., in real-time) generation
of output signals, say

= [yl (t)! y?(t): ce }yn(t)]T
which are estimates of the source signals
s(t) = [31(t)>32(t)5 Ty Sn(t)]T‘

For such a kind of problem there is inherited an indeterminacy
[2], [8], [91, [22]. This indeterminacy is characterized by the
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Fig. 1. A schematic diagram of blind separation of source signals.

magnitude scaling and the order in which the estimated signals
;(t) are arranged with respect to the original source signals
3;(¢). This indeterminacy can be expressed -mathematically by
the matrix equations [9], [22]

y(t) = DPs(t) = Ps(t) 2

where D € R™™™ is a diagonal scaling matrix with nonzero
entries and P € R™*™ is any permutation matrix and P is
the generalized permutation matrix with exactly one nonzero
element in each row and each column. This indéterminacy
seems to be a rather severe limitation, but in a great number
of applications this limitation is not essential since the most
relevant information about the source signals is contained
in the waveforms of the signals (for instance processing
of multisensor biomedical recordings) rather than in - their
magnitudes and orders in which they are arranged.

A closely related problem to the blind separation of sources
is the problem of blind identification whose objection is to
estimate a mixture parameter matrix A from the sensor signals
z(t) without knowing the source signals s(¢) [8]. The neural
networks considered in this paper allow to identify both the
matrix A and. the sources s(¢) from the sensor signals #(t).

T, HERAULT-JUTTEN NEURAL NETWORK MODEL

The problem stated in Section II was first formulated and
completely solved by Herault and Jutten using the neural
network approach [1]1-[3]. In order to better understand our
proposals and modifications we will review here very briefly
the basic solution (algorithm) proposed by Herault and Jutten.
In order to solve the problem they proposed a linear recursive
neural network described by the set of equations

wi(t) = @(®) — Y wyBy(e), G
f=1 :
' ;‘sﬁé
which can be written compactly in the matrix form [cf:
Fig. 2(a) and (b)] _ '

=1,2,-,n) (3a)

y(t) = 2(t) - W(t)y(t) (3b)
with the equilibrium value '

y(t) = [T + W] a(t) )
where W(t) = [w;(t)] € R™™ with w(t) = 0 Vi is
the matrix of the adaptive synaptic weighis, y(f) € R™ is

the output vector of the neural network and 7 means the
n % n identity matrix. For such a neural network Herault
and Jutten developed an original and ingenious unsupervised
learning algorithm, which can be written in the form of a set
of nonlinear’ differential equations

d’wﬁ'j (f) _

it &)

w®) ly:(Dlgly; (), for 177
where 12(¢) > 0 is the learning rate and #{y), g(y) are nonlinear
different odd activation functions, typically, f(y) = »° or
Fy) = y*sign(y) and g(y) = v, g(y) = sign (y) or g(y) =
atanh (Gy) with a>0,8>0. In fact, the Herault-Juiten
algorithm [(5a) and (5b)] (henceforth called H-J algorithm)
has appeared robust and a large variety of odd functions can
be used to perform successfully the separation of independent
sources. A functional block diagram illustrating the imple-

“mentation of the H-J algorithm is shown in Fig. 2(b). The

H-J algorithm has been successfully implemented by using
electronic hardware as well as investigated by simulating it
on digital computers [4], [5]. Although the H-J algorithm
seems to be very robust with respect to the shape of the
activation functions and useful in many applications several
disadvantages occur in some cases. First of all, the H-I
algoerithm works rather poorly or even fails to separate sources
if the signals are badly scaled (t.e., some of the source
signals. are very weak in comparison to others) and/or if the
mixing matrix 4 is ill-conditioned {nearly singular). Moreover,
the neural petwork [see Fig. 2(b)] does not ensure global
and temporal stability. In fact, the stability of the neural
network depends on many factors such as the initial condi-
tions, the mixing coefficients, the kind of activation functions. .
Furthermore, in a purely software implementation of the
algorithm on a digital computer the computation of the inverse .
matrix W (k) 2 [ + W(k)]™! is required at every iteration
step & which is a rather computationally involved. procedure.
In analog hardware realization this procedure is inherently
(automatically) performed by an appropriate network [4], [5].

In this paper we will propose two unsupervised, self-
adaptive learning algorithms which partially alleviate or even
completely eliminate the above mentioned drawbacks. It
should be noted that the stability of (3a), (3b), and (4) is
guaranteed if all the eigenvalues of W({¢) remain inside the
unit circle for each £ [26]. To ensure stability we might require
that the surit of the absolute values of each row of W(¢) to be
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Fig. 2. (a) Mustration of the blind separation of sources in the case of two unknown primary sources ('n = 2} using the Herault-Futten approach. (b)
Functional block diagram illustrating the Herault-Jutten learning algorithm.

less than one [131. However, this is usually a too excessively p=3,4,--- typically p = 3 or p = 4 and the output signals are
strong sufficient condition. In general, the problem of stability  described by (3a). The minimization of the introduced energy

requires a special attention although, as extensive experimental  funciion £, according to the gradient descent rule leads to the
investigations have shown, the learning H-J algorithm is robust

in the sense that it usually forces the network to get a stable refation '

behavior. This can be explained by the fact that the H-J - dw%':f(t) — (t)aEc(W) = — () =2 OE. By
algorithm or strictly speaking a subset of the Herault Jutten dt Ow; Oy; Jwj
learning rules fulfills approximately the principle of minimum Lo = p()E{ flv(B)]y;(8) _ (82)

output power [2], [13]. A physical system which minimizes ) . ] o
the output power tends to pull the poles inside the unit circle which can be written compactly in matrix form as

toward the origin. In order to derive the H-J algorithm let us AW (8 _

minimize the output power of the peusal network defined as - Fra wOE{fly®ly (1)} (8b)
energy (cost) function

_ n ~ where the symbol = indicates that nondiagonal elements only
- F { Z pi'(m)} : (6) onitsleftside are equwalent to those on the rlght side, p1(t) >0
is the learning rate, .
where E{-} means the expected value of its argument and the

: T
“power” functions of the output signals are defined as = Al @l oy fa [ (B)])
1 .
5|yw‘.|p for p odd and . . o
pily) =1 1 @ A Opi(ys) P sign () for
1. oy A 9l Ly gn(y;) forpodd
pyﬁ- for p eve.n | _f i (w:) B, { yf_l for p even,
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Unfortunately, the expected values of E{f(y)y’} are not
available and they can be approximated off-line by [3]

T

(Fly@®ly™ (1)

1

@

M| =

B{fly®lyT ()} =

i

with
| = [T+ W) 'a(t)

for the discrete time instants £ = 1,2, - - - . However, in practice
the optimal solution can be reached on-line by applying a
stochastic gradiént descent approach assuming that the true
gradient is replaced by a crude instantaneous gradient estimate,
namely

- E{flt " (1)) =2 f[ Wy (10)
Hence' . .
WD o) el ). an

Note that the above leaming algorithm can be considered as a

generalized anti-Hebbian rule [19], [22]. In fact, the algorithm

(11) constitutes a subset of the H-J rules with g{3) = y and
F(y) that equals for instance y%signy for p = 3.

_ We have discussed briefly the Herault-Jutten learning al-

gorithm because this algorithm has been for us the main

Mlxmg and separation of sources using a feedforward 1leural network. {a) Dctallcd model for n = 2,. (b) Funcﬂonal block diagram illustrating -

inspiration and motivation for its further imprévement_and
extension. In fact, the learning algorithmns discussed in the
next sections can be considered as modifications andfor slight
extensions of the Herault-Jutten algorithin. However, these
extensions provide dramatic improvements in performance and
reliability. :

IV. ROBUST SELF-NORMALIZING
ADAPTIVE LEARNING ALGORITHMS

4.1 Feedforward Neum! Network

Let us consider a single Iayer feed-forward neural network
consisting of n linear neurons (processing units) described by

=" dyteit)  G=12,--,m)  (12a)
j=t '
or in matrix form by Icf. Fig. 3(a) and (b)]
y(t) = W(t)z(t) (12b)

where W(t) = [t;(t)] € R**™ is the matrix of the adaptively
adjusted synaptic weights, x(f) = [x1(8),22(8), -+, 2 (D)}
is the vector of the observed sensor signals and y(t) =
(11 (®), g2 (&), -, yn(#)]T means the vector of the output sig-
nals which after the learning phase (i.e., after the synaptic
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weights w;;(t) achieve the desired equilibrium point) must be
proportional to the primary sources s;{t) (j = 1,2,--+,7n).
To achieve this the following relationship must be satisfied at
the equilibrium point [cf. (2}]

y(t) = Wa(t) = WAs(t)

= DPs(t). (13)

Hence
W =DPA L (14)

For the model described above we have developed a novel
adaptive, on-line learning algorithm

AW (1)

— - = aERA - Fly®)g” B (@)
with W(0)#0 and det W(0)#£0
(typically W(0) = I) (15)
where ,u(t) 0 is the learning rate, A = diag {A1, Az, 5 An}

is a diagonal matrix with the amplitude scaling factors
Xi >0 Vi (typically A = I, je, A = 1 , Vi)

For clarity of presentation a development and justification
of the proposed learning algorithm is given in the Appendix.

A functional block diagram of the neural network with
the on-chip implementable learning algorithm is depicted in
Fig. 3(b). The learning algorithm can be written in scalar form
as '

dwé“}(t) () | Mt () = FilweD] D s (D ap (D)
p=1

(16)

The learning rate u(#) >0 can be fixed in the first learning
phase (in the so-called “search” phase of learning) and then
in the second (so-called “converge”) phase of learning it can
be exponentially decreased to zero. The proposed learning
algorithm is slightly more complex than the H-J algorithm
“but it is more powerful and efficient in performance. This
has been confirmed by extensive cornputer simulations. The
leamning algorithms (15), (16) can be easily realized by a
VLSI analog circuit. It can also be adopted for a digital
(time-discrete) realization or even implemented very easily
on a standard digital computer. In this case the continuous-
time algorithm (15) (system of differential equations) can
be directly converted to iterative time-discrete learning rules
(system of difference equations). Using for instance the Euler
rule to {15} we obtain

Wk +1) =W(k) + (k)[4 — fly(k)]g" y(RNW (k)
k=(0,1,2,---) with W(0)#0
and detW(0) £0 7

-where (k) = p(¢)T >0 is the learning step and T is the
sampling step. However, it should be noted that for the

iterative learning rule (17), in contrast to the continuous-time -

algorithm, the learning rates n(k) > 0 must be upper-bounded
to small values in order to ensure numerical stability of the
algorithm [22]. It is also interesting to note that the learning

“algorithms (15) and (17) achieve an e‘quilibﬁum point if the

following conditions are satisfied - _
B{fily:()]g;[y; (O]} =07 for i# 3 (182)
and

Ai = E{fg[y;(t)]gg [:($)]} for i=j.

The new learning algorithm {(15)-(17) is somewhat similar
to the H-J algorithm. In fact it uses the same or similar odd

(18b)

activation functions f{y), g{y). However, our development

and proposal differ from the neural network models and
associated learning algorithms (known from literature) in
several respects. First, in contrast to the basic Herauli-Jutten
model (with a feedback architecture) our neural network
has a feed forward architecture (e, y = Wax), and as
shown by extensive computer simulation it is temporally stable
independent of the initial conditions. Furthermore, our neural
network does not require the computation of inverse mairices
at every iteration step! [cf. (4)]. Second, our learning algorithm
ensures a self-normalization of the amplitude (or strictly
speaking energy) of the output signals y(t). In other words, the
learning algorithm has an inherent self-adaptive gain control
mechanism due to the self-adaptive synaptic weights 3.2
Third, our learning algorithm allows to separate the source
signals with an extremely wide range of amplitudes {(energies).
Moreover, the mixing matrix can be very ill-conditioned, i.e.,

‘the sensors may have almost identical transmission parameters.

This feature has been fully ¢onfirmed by exfensive computer
simulation experiments (see Section V).

Remark: Strictly speaking, the overall performance of the
proposed learning- algorithms (15)—-(17} is independent of the
scaling factors and/or condition number of the mixing matrix
A. Tt is easy to show this by multiplying on the right-hand
side of (15) by a nonsingular mixing matrix 4, yielding

EI';E_& = p(t){A — FIP@W)s(t)]g" [P()s(t)]}P(2)

where P(t) = W()A will be called a performance matrix
of the learning rule. The above matrix differential equa-

"tion describes the dynamical behavior of the global “mix-

ing—unmixing” system, which is completely independent of
the mixing and scaling parameters. The same “equivariant”
property have the algorithms developed independently very
recently by J. F. Cardoso and his co-workers [6], [7], [30]1.
However, our algorithms are different from their proposals.

The open important theoretical problem is to prove rigor-
ously that the pexformance matrix P(t) tends to the generalized
permutation matrix {cf. (2)]. More generally, the question
arises what conditions and constraints should satisfy a matrix
G(y) in a generalized learning rule

AW (1)
dt

in order to ensure such a convergence? A closely related open
problem is the choice of such activation functions f;(y:) and

= u(B)Gly(tW (£)

This feature is not relevant in a continuclis-time hardware realization.
2Note that in the original H-J model w;; = 0 for any 1.
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g;(y;} in (15)—(17) that ensure optimal convergence to one of
the solutions. '

From many possible kinds of odd activation functions which
can be chosen in the algorithms (15)-(17) we have found
by extensive computer simulations that the following pair of
functions usually ensure convergence to a desired solution
(i.e., successfully separate of independent sources for negative
kurtosis):

iy yf'éign(yz-) for p even ;
Filws) “{yf for p odd, "9

¢;(y;) = tanh (10y;)

For a sper-Gaussian source the functions f;(y:) and ¢;(y;)
should be interchanged. However, we do not claim that such
choices are optimal and/or ensure convergence for any distri-
bution of sources.

A partial solution of the above mentioned problems will be
given in the future publications [25], [26]. However, this is
out of the scope of this paper.

Vi,j  (p=1,2,3,4,5). -

4.2 Feedback (Recurrent) Neural Network

The feedforward neural network model considered in
the previous subsections is very simple, relatively easy
to implement either in software or in VLSI technology
and it is temporally stable, independent of the initial
conditions. However, one serious disadvantage of this model
is that in some cases the values of the synaptic weights
ib;;, especially, for ill-conditioned mixture matrices A
and/or badly scaled or weak source signals, can take large
values. This is rather inconvenient if the neural network
is realized in hardware because some building blocks like
op-amps can be saturated. Moreover, the realization of
very large values of the synaptic weights is rather difficult
for analog network implementations. This feature can be

easily explained by analyzing (13) and (14). For example,
for badly scaled signals some entries of the didgonal
matrix I are large in comparison to others. On the other
hand, for an ill-conditioned(nearly singular) mixing matrix
A the entries of }he inverse matrix A™' can be very
large. _

The above disadvantage can be avoided by employing a
feedback (fully recurrent) neural network described by the set
of equations :

yilt) = 2:t) = ) wi(B)y;(t)  (i=1,2,-,n) (198)
1=1
or in matrix formj
y(t) = =(t) - W(ty(®). (19b)
Hence
yB) =[T+W( :l:(t) 20)

Note that in contrast to the Herault-Jutten neural network
model we assume that our model is fully recurrent, i.e., it
contains apart from the ordinary feedback loops also self-
loops with w;;(£) # 0. In other words, in the fully recurrent
neural network there are connections between any pair of
processing units and also from a unit to itself. The proposed
fully recurrerit neural network after training (learning phase)
satisfies the following matrix relationships

DPs(t). (21)

=T+ W] z(t) = (I + W) " As(t) =
_Henoe _
W=AP'D 22)
or
= (I + W)DP. 23)

Now the problem arises how to develop a suitable learning
algorithm for the recurrent (feedback) model? This problem
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can be reformulated as follows: how to transform the learning
algorithms proposed for a feed-forward neural network model
[cf. (15), (17)] into equivalent learning rules for the feed-
back model discussed in this subsection? This can be made
relatively easily by noting that
: =r+w
where W () and W (z) are the matrices of the synaptic weights
of the feed-forward and feedback model, respectively. Note
that the learning algorithm (15) can be transformed to -
—1, dW(t)
— t —_—
O
= —ult)

W)

“1

W ()4~ fly@®lg" w®]] 25
on the assumption that the matrix W(t) is nonsingular (ie.,
det W (%) # 0) for any ¢. Taking into account that

W) =T+ W(H (26)
and3 : .
- a’W(t) AW () dw(e)
—W_ (t) ARG % - @ @7

we obtain a new adaptwe learning algorithm for the feedback
neural network

W) — —uO + WA - Ty}
' with W(0)# —I (iypically W(0) = 0).
. {(28)
The above learning glgorithm can be written in scalar form as
' @;t_@) = —u(t) l)\z‘wz’j( )— (fﬁ[yz(t I+ szp
A )9; [y;(t } for ¢#j  (29)
and
it =—,u(t)[ ) +1) ~ (fa[ya(t)] +wa
_ ~

'f?[yp(t)])gi[%(t)]:‘: for i=7 (29b)
where p(f) >0, A; >0, typically A; = 1,Vi. A functional
block diagram illustrating the learning algonthm {28) is shown
in Fig. 4.

Of course the above adaptive continuous-time learning algo-
rithm can be easily ransformed to a discrete-time algorithm
by using, e.g., the Euler rule -

Wk + 1) = W(k) — n()I + W (k)[4 - Fly(k)]g” [y(k)]]-

(29¢)

In this case the algorithm must be properly initialized (typ-

ically by the zero initial condition, i.e., W(0) = 0) and the

- learning rate must be sufficiently small, otherwise an explosive
(unstable) behavior is to be expected. '

3 The reIatwnsth (27) can be easily obtamed by notmg that

(t)W(zg W_l(t) W(t (Q W(t) =0

(24) .

V. EXPERIMENTAL RESULTS

The algorithms proposed in this paper have been extensively
simulated on a computer. Computer simulations fully con-
firmed the validity and high performance of these algorithms
for stationary signals* [21]. In this section we will illustrate
the performance by presenting a few illustrative examples.

Example I: Consider a sef of two sensors receiving an
unknown mixture of two unknown zero-mean independent
signals. In the experiment a mixture of the following source

signals-are used

s1(£) = 0.5in [500¢ + 5 cos (60£)] (30)
and ' .
s3(t) = 0.7 sin (450¢) sin (40¢). 31)
A parameter (mixing) matrix A is chosen randomily és
_ [057 —0.43 _
A= [0.89 —0‘92} ' (32)

It was assumed that only the mixed (sensor) signals z(¢)
and z5(f) are observable. We use here the neural network
of Figs. 3(b} and 4 with initial conditions W(0) = I and
W(0) = 0, respectively. The scaling mairix was A = I. As

activation -function we used

fly) =

The learning rate ,u,(t) was exponentially decreasing to zero.

The computer simulation results are shown in Fig. 5(a), {(b), '
and {¢). After a few hundred milliseconds the neural networks
achieve the following stationary (fixed) synaptic weights

W= [ 8.274 f3.880]’ W= {—0,544 0.330]

¥ Slgny and g(y) = tanh (10y).

—8.340 ~ 5316 0.715 . —0.296 |

Consider now the case 1n which the rmxmg matrix A is very
ill-conditioned:

’ 23
A*[z 3.0001]

Note that in this case the mixing (sensor) signals are almost
identical. The both learning algorithms proposed (cf. Figs. 3(b)
and 4) were successfully able to separate the primarily source
signals s1(t) and $5(£). The feedforward and feedback (fully

(33)

recurrent) neural networks have achieved the following synap--

tic weights _ .
2 18847.839 —18847.207 |
W N [—12 T708.883 12 7{]8.882] (34)
and .
T 0585933 2.309848
W= [—1.585933 1.309 925]' 3

Exemplary computer simulation results are shown in Fig. 5(d).
We found that the neural networks shown in Figs. 3(b) and
4 perform the separation of signals surprisingly well even if
“For nonstationary signals the proposed algorithms may fail to converge
because the synaptic weights w;; depend not only on the characteristic of the

mixture, but also on the energy of the signals, The authors are grateful to one
of the reviewers for pointing out this problem.
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Fig. 5. Computer simulation results for Example 1. {a) Waveforms for the well-conditioned mixing matrix A simulated by employing a feedforward

neural metwork. (b) Continuation of (a).

the source signals are extremely badly scaled and/or if the
ruixing matrix is very ill-conditioned. In the next experiment
we used the ill-conditioned matrix’ (33) and two very badly
scaled source signals: one with amplitude 1 nV (nanovolt)
and the other with amplitude 1 V, ie., '

51(t) = 107 % sin (500¢ + 5 cos 60t)
35(¢) = sin (450¢) sin (408). .

Note the amplitude ratio of the signals is 10° : 1, Of course,
in this case the small signal is absolutely not visible from the
measured (observed) mixed signals 1 (¢) and 22(£). However,
the weak signal as well as the large one are successfully and
completely retrieved by the neural network of Fig. 4 as shown
in Fig. 5(¢) and (f). '

By numercus computer simulations we have found that the
proposed adaptive learning algorithm is extremely robust and
provides a successful separation even with a.larger amplitude
ratio than 10° : 1. In fact, this ratio depends only on

the aécuracy of the computer on which the simulations are
performed. o :
Example 2: The very badly scaled and weak source signals

s1(t) = 107" sign [cos (155¢)],
s3(t) =10~ sin (800¢) sin (60¢),
s3(t) = 1072 5in [300¢ + 6 cos (61¢)],
54(t) = 1072 sin (90t), '
were mixed together with a large uniformly distributed noise

{s5(t) = n(¢)) with amplitude 1. The mixing matrix A was
chosen randomly as

—0.48

0.70 016 —-0.22 012
4—0.92 —-090 3.27 —-093 -0.69
A= | 040 —-091 " 100 078 050|. (36)
-0.88 099 ° 010 -0.78 0.29
0.84¢ —-0.33 002 -0.26

0.51

It was assumed that only the sensor signals (:r:(t) = As(t))
are available. In order to ensure a high speed convergence, we
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Fig. 5. (Continted.) Computer simulation results for Example 1. () Waveforms for the well-conditioned mixing matrix sitomlated by using the fully
recurrent. nevral network. (d) Waveforms for the ill-conditioned mixing matrix simulated by using fully recurrent neural networks. Note that the mixing

signats x3(t) and z2(¢) are in this case almoest identical

applied here the “search then converge” strategy. In the first
learning phase the learning rate was set u(f) = 200 = const
for 0 £ t<0.25s (search phase), then it was exponentially
decreasing to zero according to the relation

u(t) = 200exp [—6(t — to)] for ¢ = to = 0.25s.
The activation functions were chosen
Fw)y=v* and g(y) = sign(y).

The scaling coefficients were A\; = 0.25 Vi. Exemplary
computer simulation results are shown in Fig. 6(a), (b), and
(c}. Note that the neural network is able to estimate the source
signals after a few hundred milliseconds.

VI. CONCLUDING REMARKS

In this paper we have proposed two unsupervised, on-line,
nonlinear, adaptive learning algorithms for blind identification

andfor blind separation of -independent sources. One algo-
rithm is proposed for a linear single layer feedforward neural
network, while the second one is derived for an equivalent
feedback (fully recurrent) architecture of neural network. The
proposed algorithms are on-line because they do not necessar-

" ily require storage of input data. Moreover, they are exiremely

robust because they satisfactorily perform a separation of
signals even when the mixing matrix is very ill-conditioned.
Extensive computer simulation experiments have shown that
the proposed algorithms outperform most of the well-known
on-line, adaptive learning algorithms, especially, for badly
scaled signals and/or ill-conditioned problems.

APPENDIX

In this Appendix we derive(or, strictly speaking, make some
justification for) the learning algorithm proposed in Section IIL.
At the beginning let us assume that the source signals s(¢) =
[81(2), s2(8),+ -+, 8, (£)]T are stationary zero-mean mutually
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(fy Continuation of (),

decorrelated, i.e., the corresponding correlation matrix B, is
a diagonal matrix :

Rao 2 Els(t)s¥(t) = D, = D¥2DY?  (A-D)

where £ means the expectation value and D, is a diagonal
matrix with positive constant entries. The source signals are
mixed fogether by the unknown nonsingular matrix A to give

the observed (measured) vector (%) as
x(t) = As(t). (A-2)

On the basis of the observed vector 5(t) it is required to find a
new matrix W € R**® which ensures that the output signals

y(t) = Wx(t) = WAs(¢t) (A-3)
are also .mutually decorrelated, i.e.,
Ry, = Ely(y" ()] = EWz (s ()W)
= WRM_W/‘” = WAR ATWT = WAR, (WA)T
=4

Tllli l lllii llll| Il h lll l |Il“‘|[u ljl “'l‘]ll

(A-4)

903

31 )

l"“rlflll ||[l"l'"!||’r'lj|l| fl'lfl’ i "Illi'lflii'l Jrlfi1i'l“PJ1ll i r]!l"IITH'!' I.[Ili"'l lIJIII llli'l'*’ll i 'I’l}l"ilill' | I|]Jri'l'l I ||1||J[i'l'l1ll }

5,(t)

|;1 ' "1[||r1' ’I ]HHI 'T||||” ' iy ”' ”||||'”I "|r| ” ' !f|||,ir1"!|ll,lllllri!l‘illlllu|‘l'|Tl'lTl!I|uIJrl!i"

“(Continued.) Computer simulation results for Example 1_, {e) Waveforms for the ill-conditioned mixing matrix and badly scaled source signals.

where A is the diagonal matrix A = diag [A1, As, -+, Ag] with
positive entries.

_ The autocorrelation matrix R, can be factorized as
R.. = Elz()z"(t)] = VDVT
where I} is a diagonal matrix of the eigenvalues of R, and V'
is an orthogonal matrix of the associated eigenvectors. Setting

W =Vv"we perform a principal component decomposition of
the sensor signals z(¢) with the output autocorrelation matrix
Ry =VIR .V =VVDV'V =D = A.

In this paper we have applied a different approach in which the
diagonal matrix A is assumed to be a given (specified) mairix,
typically A is assumed to be the unit matrix, i.e., the main
requirement is the orthogonalization and normalization of the
output signals y;(¢). It should be noted that the autocorrelation

matrix R, can be expressed (factorized) as

By, =WW" (A-5)
where W = WAD/2 and DY/? = RY? is a diagonal matrix,
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Fig. 6. Computer simulation results for Example 2. (a). Waveforms of the available mixing signals #1(2) to 25(%),. (b) Waveforms of the output signals
¥ (t) + us(t} during the learning phase, employing a feedforward architecture. (¢) Continuation of (b) .

In order to develop an adhptive learning algorithm for
iteratively updating the elements of the matrix W we can
formulate the following cost {objective) function

Tt ki)

B, =1 Zl i — M)+ X; Z;lm? (A-6)
. ju= . =1 §
A

where r;; are elements of the correlation mairix R, ie.,

ri; = Elya(®)yi (0)].

(A7)

The above cost funct1on can be compactly written in matrix
form as

E.= % ”Ryy - A“F

where ||- || means the Frobenius norm. Minimization of such
a cost function forces that the correlation matrix R, tends to
the diagonal matrix A = diag [A1, A2, -, An]. As a first step
let us determine the learning rule for the elements w;; of the
matrix W, Applying the standard gradient descent approach
and next the chain rule we have

dwyy Ok,
dt = Foa,

(A-8)

3

(A-9)
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where 4> 0 is the learning rate. Taking into account that
If,gy =ww', (A-10)

where Ryy = [nj.]nxm = [@i]nxn € R™*", after some
mathematical manipulations we obtain

g;zz - Z Z Thi g 8?;;; } '

k=1 l=1

d.'ff-’i:f =
dt
= %{2/\%‘&}” — Z rikﬁ}k_j —ZTEJTIJEJ] . (A‘l])
k=1 =1 ’

where A; >0 typically A; = 1 Vi. The above formula can

be simplified taking into account that the output coﬁclation

matrix is symaoetric, i.e., r;; = vj; as

T

M| Aqthi; — Z?‘ik@'k;‘} (4,4 =1,2,-+,n).

k=1

A

dt

(A-12)

The ‘above differential equations can be written in compact
matrix form as
dw

o = H [A—R,,|W.

Multiplying now the above equation by the nonsingular fixed
matnces D72 and A we obtain

AW

(A-13)

= — DA = A Ryy]WD-WA-l (A-14)
Hence taking into account (A-5) we get
AW (¢ ' : _
W _ s~ B@OWE.  a1s)

It should be noted that the cancellation of the term [A —
E{yyT)] is achieved when the vector y has uncorrelated
components with corresponding variances ‘). In the special
case A = I the cancellation of this term is obtained only if the
vector y(¢) will have uncorrelated unit-variance components.

Let us assume, without loss of generality, that the source
signals have unit-variance, i.e., the autocorrelation matrix
R,s = Els(t)sT(t)] = I. Such an assumption can be made
because. scalar factors can be exchanged between the source
signals and the corresponding columns of the mixing matrix
A [ef. (2)].

For the unit-variance source s1gnals the autocorrelanon
matnx R,y of the output signals can be expressed as
= (WAWAT = PP’

R, = WAR A'W (A-16)

where
P = WA.
For this case the learning algorithm (A-15) can be expressed as
dW (¢
P wr - PP mw)

S dt
with A=1, and P(t)=W(HA
' (A-17)

9035

Multiplying (A-17) by the mixing matrix A we get.

% = (I~ P (f)fé' ")) @)
.or '
dd—it) = uP(t)(1 - P"(1)P(2)). (A-19)

The above equation achieves an equilibrium point if the left-

hand side of (A-18) or (A—19)A goes to zero as time goes
to infinity, i.e., if the matrix- P(t) = W(¢)A becomes an
orthogonal matrix satisfyi_ng the relations '

(A-20)

or

The orthogonal matrix f’, in general, is not equal to the gener-
alized permutation matrix P [cf. (2}], therefore, the algorithm
(A-15) does not ensure a blind separation of the sources,
but only' a decorrelation and normalization of the output
signals. In other words, the conditions given by (A-20) are
necessary but not sufficient to provide mutual independence
of the normalized (unit-variance) output signals. Note that the

‘learning algorithm (A-15) utilizes the second-order stafistics

(E{y:y;)) (producing uncorrelated output signals} which are
not sufficient to ensure their independence. In order to achieve
mutual independence of the output signals it is necessary
to replace the linear functions in E(y;y;) by nonlinear and
different odd functions I (y) and g{y) as-[cf. (15)]

we N B IW ()

The main justification of using the nonlinear function f[y(t)]
and g[y(#)] in the algorithm is that they introduce higher-order
statistics into the computations [11-]3], [16], [17]. In fact,
the general condition of independence of the the signals is
to cancel higher order cross cumulants [6]. It is not easy to
verify the independence of signals exactly, because one should
know or estimate the associated probability densities. In gen-
eral, higher-order moments or more exactly, the generalized

ulA - Elfly( (A-21)

moments E[f(y;)g(y;)] for ¢ # j are required to vanish in

order to ensure indcpendence of the signals. In practice, the
expectation values E[f(y;)g(y;)] are not available and they
are approximated by their instantaneous values in the final
stochastic gradient algorithm (15) and (16).
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