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Abstract. In this paper we address the problem of blind source ex-
traction of a subset of “interesting” independent sources from a linear
convolutive or instantaneous mixture. The interesting sources are those
which are independent and, in a certain sense, are sparse and far away
from Gaussianity. We show that in the low-noise limit and when none
of the desired sources is Gaussian, the minimum entropy and cumulants
based approaches can solve the problem. These criteria, with roots in
Blind Deconvolution and in Projection Pursuit, will be proposed here
for the simultaneous blind extraction of a group of independent sources.
Then, we suggest simple algorithms which, working on the Stiefel mani-
fold perform maximization of the proposed contrast functions.

1 Introduction

In the recent years the criteria for blind source separation (BSS) of independent
and non-Gaussian sources have been an active field of research [15,8,4, 16,6,
3]. The blind separation problem considers the case where a certain number
of sources is linearly combined to give the observations and only from these
observations we try to recover all the possible sources.

More recently, blind source extraction, the problem of recovering or extrac-
tion of only a subset of the most “interesting” independent sources from the
linear mixture has gained increasing attention due to its practical applications
in communications [22] and in biomedical engineering [20].

The first approaches on blind source extraction can be traced back to the
work of Donoho and many others [13,21] in the single input single output
blind deconvolution problem where one is interested in blindly recovering a non-
minimum phase filtered non-Gaussian signal which is independent and identi-
cally distributed (i.i.d). Independently, but nearly at the same time, another field
coined under the name of Projection Pursuit [17] was interested in the spatial
counterpart of this problem. The motivation here was to find “interesting” low-
dimensional projections of high-dimensional data sets. Both fields arrived to the
common conclusion that the pursuit of the most non-Gaussian projection allows



to extract one of the independent sources. More recently, but with the same
aim, other related criteria and algorithms has been developed in the context of
blind source separation and independent component analysis [12,7,18,22,19].
However, in most cases the developed methods allow only the extraction of the
sources one by one or all of them simultaneously.

The main objective of this paper is to extend the concepts and approaches
proposed by Amari et al. [1,2] and Cruces et al. [11] to the case of the simul-
taneous extraction of several “interesting sparse” sources without the need of
employing a deflation procedure. The organization of the paper is as follows.
Section 2 discuss mixture signal model and some basic but useful results. Sec-
tion 3 presents the minimum entropy contrast for blind source extraction while
section 4 presents a contrast function based on higher order cumulants. Section
5 extends some of the previous results to the problem of blind deconvolution and
section 6 presents family of the algorithms that can perform the optimization of
the proposed contrast functions. Finally, section 7 summarizes the conclusions
of the paper.

2 Signal model and basic results

Let us consider a vector of N unknown statistically independent source signals
s = [s1,++,sn]T with zero mean and normalized covariance Cov(s) = Rgs =
E[ssT] = Iy. These signals are linearly mixed by unknown nonsingular mixing
matrix A as

x = As, (1)

where x is the available vector of observations (sensor signals).

Without loss of generality we assume that the unknown mixing matrix A is
orthogonal. Note, that the orthogonality of the mixing matrix (AAT = Iy) can
be always enforced by simply performing pre-whitening of the original observa-
tions.

In order to extract E < N sources, the observations will be further processed
by an Ex N semi-orthogonal separating matrix U satisfying relationship UU” =
Ir which yields to the outputs vector (or estimated sources)

y =Ux =Gs (2)
where G = UA is also the semi-orthogonal £ x N global transfer matrix of
mixing-separating system.

It is well known [8, 5] that for Gaussian stationary sources, independence is
not a sufficient condition to separate them. This result is a direct consequence
of the Darmois-Skitovich theorem which is presented below.

Theorem 1 (Darmois-Skitovich). Let s = [s;[n], s2[n],...,sn[n]]T be an N-
dimensional random vector (N > 2) whose components are mutually independent
and consider the two outputs obtained from a linear combination of these sources

yl[n] = G171$1[n] + GLQSQ[TL] +...+ GLNSN[TL]
yg[n] = G271$1[’n] + G27232[n] +...+ G27NSN[TL] (3)



Assuming that y1[n] and y2[n] are independent, if for any index i G1,; # 0 and
Ga,; # 0 hold, then s;[n] will have a Gaussian distribution.

Thus, the blind source separation of E = N sources can be identifiable, up to
the arbitrary scaling and ordering indeterminacies, if and only if there is at most
one Gaussian source in the mixture. This result is easily extended to the case of
blind extraction for £ < N in the following corollary.

Corollary 1. For a linear mixture of N stationary and independent sources,
the extraction from the observations of any non-Gaussian subset with E < N
can be performed, up to the arbitrary ordering and scaling, if and only if, there
are at most N — Eyq, (where E < Epq,) Gaussian sources in the mizture.

Another useful result is the entropy power inequality [10] which provides a
lower bound on the differential entropy of a sum of two random variables in
terms of their individual differential entropies.

Theorem 2 (Entropy power inequality). If a and b are independent con-
tinuous random variables then

22h(a+b) > 22h(a) + 22h(b) (4)

where h(a) = — [pa(a)logpa(a)da is the differential entropy of a continuous
random variable a with probability density function p,(a).

3 The minimum entropy contrast for blind extraction of
groups of sources

The central limit theorem tells us that the linear mixture of N independent
signals will became asymptotically Gaussian (as N grows towards oo). This has
suggested that the pursuit of non-Gaussianity can be a separating process and,
since the Gaussian distribution for a fixed variance maximizes the entropy, one
can intuitively think that by minimizing the entropy of the outputs while keeping
the variance constant leads to separation of sources.

Projection Pursuit approaches [17] have shown that, indeed, such idea is
correct and several algorithms for the blind extraction of a single source and
for the simultaneous blind source separation of the whole set of sources from
the mixture have been developed [14]. The following theorem will extend these
results to consider of the simultaneous extraction of a specific subset of £ <
FErae < N sources from the linear mixture.

Theorem 3. Let us assume that the sources can be ordered by increasing value
of the differential entropy (or uncertainty) as

h(s1) <...<h(sg) < h(sg+1) < ... < h(sn) . (5)
If sg is not Gaussian distributed, then the following objective function
E
Uyply) = - Zh(yi) subject to Cov(y) =1g (6)

i=1



is a contrast function whose global mazima correspond to sources with the small-
est value of entropy (i.e., the least uncertain sources of the mixture), i.e., y =
[$15.-, sE]T up to an arbitrary reordering or permutation.

Proof. The proof of this theorem is based on the entropy power inequality. First
note that Cov(y) = GGT. Taking into account that y; = Zjvzl Gijsj, and
applying theorem 2 we can see that

N
22h(yi) > ZQZh(G,-ij) (7
j=1
N
= ZG?} 22]1(8]') (8)
j=1
= [V]i (9)

where V. = GA; GT and A, is the diagonal matrix with elements [A;];; = 92h(si)

Now, expressing marginal entropies of the outputs in terms of the diagonal
elements of matrix V, and taking into account that Zjvzl G?j = 1, we can rewrite
the sum of marginal entropies as

E L2
D) = 5 log(Vii) (10)
> trace{GAGT} (11)

where A is a diagonal matrix with elements [A];; = h(s;), and the inequality
between (10) and (11) follows from the concavity of the logarithm. Note that,
from the semi-orthogonality of G, the equality is attained if and only if V is
diagonal. Then, as a consequence of the Poincaré’s separation theorem of matrix
algebra we obtain that

E E
min Y h(y;) = o lin trace{GAG”} = h(s;) (12)

=I
Cov(y)=Ig Py i—1

Thus the global maxima of the contrast function ¥y, (y) are achieved for such
matrices G of which rows are orthogonal vectors that span the same subspace
of the eigenvectors associated with the E lowest eigenvalues of A, what enforces
that G,’j =0 VJ > E.

The necessary and sufficient condition for the equality between (10) and (11)
(V being diagonal) will trivially hold for any subset of decorrelated Gaussian
sources. However, from the given hypotheses and due to ordering the sources
according increasing entropy, the first E sources are non-Gaussian and have
the lowest possibly entropy. Thus, the condition for V to be a diagonal matrix
implies that each row of G should contain only one nonzero element +1 or —1.
Then, G is any generalized permutation matrix which extracts the E sources
with the lowest individual differential entropy, i.e., G can be reduced by row
permutations to the form [Ig, 0]. O



The following lemma brings us another interpretation of the minimum en-
tropy contrast which reveals, in a more explicit fashion, the pursuit of non-
Gaussianity.
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Lemma 1. Let be g = [g1,.-.,9E]" a vector of normalized Gaussian random

variables. The mazximization of

E
Uyply) = - Zh(yi) subject to Cov(y) =1g (13)

i=1

is equivalent to the mazximization of the following quasi-distance of the outputs
marginal distributions from the Gaussianity

E
> KL(p,,

i=1

pg;) subject to Cov(g) = Cou(y) (14)

Dy;

where K L(py,||pg;) = [ py: log e dy; denotes the Kullback-Leibler divergence

(relative entropy) between the involved (marginal) probability density functions.

The proof of the lemma easily follows from the decomposition of the Kullback-
Leibler divergence in terms of the individual differential entropies of the outputs
K L(py|lpg;) = h(pg;) — h(py,) when the constraint Cov(g) = Cov(y) applies.

4 Contrast function based on higher order cumulants

In the preceding section we have observed how the negative of the differential

entropy of the outputs can give us an index of non-Gaussianity. However, it is well

known that this is not the only function we can use for this task. In particular, the

absolute value of the higher order autocumulants C? = Cum(s, ..., s) with r > 2
———

Xr
can also measure the departure from Gaussianity. This result is summarized in
the following theorem.

Theorem 4. When the sources signals are normalized such that cov(s) = Iy
and for a decreasing order arrangement of them with regard to the absolute values
of their (1 + 8)-order autocumulants

CTP1 > 2P > 1O > > 167 (15)

SE+1

if |CHP| #£0, the following function
;| F
Uoum(y) = m ; |C’;+ﬁ| subject to cov(y) =1g (16)

is a contrast whose global mazxima lead to the extraction of the first E sources
with the largest (1 4+ (3)-order autocumulants.



Proof. We will only sketch the proof which is parallel to that of the minimum
entropy contrast. After some straightforward simplifications and subject to the
semi-orthogonality of G we obtain that

E N E
DG < D ICEI )G (17)
j=1 i=1

i=1

Then, we can apply the Poincaré’s separation theorem to observe that the ma-
ximum of (17) is given by

FE
1
max, Peun(y) = 75 2105 (18)
j=1

cov(y)=Ig

Here, the bound is only attained for that matrices G that can be reduced by
row permutations to the form [Ig, 0], i.e., G is the extraction matrix of the first
E sources. O

5 Multichannel blind deconvolution

The previous results for blind source extraction can be also extended to solve the
Multichannel Blind Deconvolution problem as is shown in the following theorem.

Theorem 5. Consider N source random processes which are mutually inde-
pendent and temporally i.i.d. (independent and identically distributed) and with
cross-covariance Covs s[n] = 0[n] Ig. Let the function ¥(-) = {¥Yme(-), Youm(-)}
where Yrp(-) = 5 log(2me) — h(-) and Youm () = |C(1')"ﬁ| with 8 > 1. Assuming
that the sources can be ordered by decreasing value of the function ¢(-) of their
random variables as

Y(siln]) = ... 2 ¥(spln]) > P(spln]) 2 ... 2 Y(sn(n)) , (19)
and if Y(sg[n]) > 0, the function

E
P(yln]) = Zi/}(yi[n]) subject to - Covy y[n] = d[n] I (20)

is a contrast whose global maxima are found at the extraction of the, in a certain
sense, less Gaussian sources of the mizture, i.e., y[n] = [s1[n],...,sg[n]]T up to
a permutation and arbitrary individual delays.

It is interesting to note that theorem 5 includes several special cases already
known in the literature. For E = N = 1 equation (20) includes the minimum
entropy contrast for blind deconvolution (whose optimality has been analyzed
by Donoho in [13]) and also includes the cumulants based contrast function
proposed by Shalvi and Weinstein in [21]. For E = N > 1 equation (20) is the
contrast for blind deconvolution proposed by Comon in [9]. Furthermore, Tugnait
[22] and Inouye et al. [19] have analyzed similar cumulants based criteria to (20)
in the case of E =1 and N > 1.



6 Blind source extraction/deconvolution algorithms

When the observations are decorrelated (Covx x[n] = d[n] Ig) and of zero mean,
one of the possible methods to maximize the proposed contrast ¥(y[n]) is to
employ the natural Riemannian gradient ascent in the Stiefel manifold [1] which
preserves the outputs decorrelation constraint. The desired gradient, which is
given by

Vum¥ = Vum?(yn]) — Uln] « (Vu@(yn)" * Uln), (21)

where * denotes the convolution operator, leads to Amari’s gradient algorithm?!

Uk ) = UB[n] + (R;;[n] — R [n] «»UW [n]) (22)
where R{,[n] = Elp(y ™ [1)) (x[1-n))T] and @(y[n]) = [20. .-, 7:25]7- The

exact expressions of ¢(y[n]) depend on the used criteria. When ¢(-) = ¥amrg(-)
approximations to these derivatives can be found in [8] and in [23] where the
marginal p.d.f. of the outputs are truncated at low orders of the Edgeworth or
Gram-Charlier expansions, respectively. By using the contrast function expressed
by cumulants ¥(-) = ¥Ycum(-), the learning algorithm takes a specific form

UHR D[] = UP [n] + (Sycg,’}c[n] — CyynlS, + U® [n]) 23)

where S, is the diagonal matrix with entries [S,]; = sign(C;fﬁ [0]) and Cg:}g [n] is
the (140)-order cross-cumulant matrix whose elements are given by [C2-1[n]] G =
Cum(yill], - .., yill], w;[1—n)), similarly [C}P[n]],. = Cum(yill], y;[l—nl, ..., y;[I-
n]). Note that the stochastic versions of these algorithms can be easily obtained.

7 Conclusions

The minimum entropy and cumulants based approaches for blind source ex-
traction/deconvolution of temporal i.i.d. sources has been extended to allow the
simultaneous recovery of groups with the least Gaussian sources (in a certain spe-
cific sense) from a linear mixture. The connections of this approach with other
criteria have been shown and Amari’s gradient algorithm has been suggested for
the optimization of the proposed contrast functions.
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