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Abstract. This paper presents practical implementation of the equi-
convergent learning algorithm for blind source separation. The equi-
convergent algorithm [4] has favorite properties such as isotropic con-
vergence and universal convergence, but it requires to estimate unknown
activation functions and certain unknown statistics of source signals. The
estimation of such activation functions and statistics becomes critical in
realizing the equi-convergent algorithm. It is the purpose of this paper to
develop a new approach to estimate the activation functions adaptively
for blind source separation. We propose the exponential type family as
a model for probability density functions. A method of constructing an
exponential family from the activation ( score ) functions is proposed.
Then, a learning rule based on the maximum likelihood is derived to
update the parameters in the exponential family. The learning rule is
compatible with minimization of mutual information for training demix-
ing models. Finally, computer simulations are given to demonstrate the
effectiveness and validity of the proposed approach.

1 Introduction

Blind source separation or independent component analysis [14,12] introduces
a novel paradigm for signal processing and has attracted considerable atten-
tion in signal processing society. A number of neural networks and statistical
methods [14,12,11,5, 16,9, 10,17, 18] have been developed for blind signal sepa-
ration. There are a number of factors which are likely to affect separation results
in applications, such as the number of active sources, the distributions of source
signals, time-variable mixtures and noise.

It is the main purpose of this paper to develop a learning algorithm with
certain uniform convergence in the sense that all components converge to true
solution at the same rate regardless of what types of the distributions the source
signals have. Such an equi-convergent algorithm has been proposed in [4]. How-
ever, because the algorithm includes unknown activation functions and certain
statistics of source signals, its practical implementation still remains open. The



II

problem attributes how to estimate the statistics of source signals. If the activa-
tion functions are not suitably chosen, the learning algorithm will not converge
to the true solution. Thus the online estimators of the statistics of the source
signals might not be accurate enough to realize the equi-convergence algorithm.

Stability of learning algorithms [4,10], is critical to successful separation
of source signals from measurements. One way is to estimate those statistics
adaptively [17,13]. Some other statistical models, such as the Gaussian mixture
model [8,15] are also employed to estimate the distributions of source signals.
Usually, such methods are computing demanding.

In contrast to the previous works on the estimation of the distributions for
source signals, this paper attempts to avoid to estimate source distributions, but
rather to online adapt activation functions for source signals. The adaptation of
activation functions has two purposes: one is to modify the activation functions
such that the true solution is the stable equilibrium of the learning system;
the second is to estimate the sparseness of source signals. This simplification
makes it easy to estimate the parameters in the generative models and reduce
computing cost. Usually, the adaptation of activation functions needs only a
very few parameters for each component. There are some advantages by using
the exponential family to estimate activation functions. It is easy to reveal the
relation between the distributions and activation functions ( score functions ).
And also we can easily construct a linear connection of the score functions for
the exponential family if we want to separate signals with specific distributions.
Another advantage of the approach is its compatibility, i.e. both the updating
rules for the demixing model and for the free parameters in the distribution
models make the cost function decrease to its minimum, if the learning rate is
sufficiently small.

Assume that source signals are stationary zero-mean processes and mutually
statistically independent. Let s(k) = (s1(k),---,s,(k))T be the vector of un-
known independent sources and x(k) = (z1(k), -, zm (k)T = As(k) + v(k) a
sensor vector, which is a linear instantaneous mixture of the sources with addi-
tive noises v(k). The blind separation problem is to recover original signals s(k)
from observations x(k) without prior knowledge on the source signals and the
mixing matrix, but the assumption of mutual independence of source signals.
The demixing model here is a linear transformation of the form

y(k) = Wx(k), (1)

where y(k) = (y1(k), -+, ym(k))T, W € R™*™ is the demixing matrix to be
determined during training. Assume that m > n, i.e. the number of the sensor
signals is larger than the number of the source signals. We intend to train the
demixing model W such that n components are designed to recover the n source
signals and the rests correspond to the zeros or noise.

2 Learning algorithms

The estimation of demixing model W can be formulated in the framework of a
semiparametric statistical model [3]. The probability density function of x can
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be expressed as
px[x, W, p(s)] = | det(W)|p(Wx), (2)

which depends on two unknowns separating matrix W = A~! and pdf p(s).
Here, the statistical model (2) includes not only an unknown matrix W to be
estimated but also an unknown pdf function p(s) which we do not need to
estimate. Such a model is said to be semi-parametric. The semi-parametric model
theory suggests to use an estimating function to estimate demixing matrix W.
In blind source separation, the estimating function is a matrix function F(y, W),
which does not depend on p(s), provided it satisfies certain regularity conditions
which can be found in [6]. Amari and Kawanabe [6] proposed an information
geometric theory of estimating functions by extending the differential geometry
of statistics [1], and gave the set of all the estimating functions. It is also proved
that the effective part of the off-diagonal elements of estimating functions Fj;
for (i # j) is spanned by the functions of the form ¢(y;)y; and ¢(y;)y; and the

diagonal part by f(y;) = ¥(y;)y: — 1, where ¢ and ¢ are arbitrary functions.
~ piyi)
pi(yi)’
can estimate the true source probability distribution p;(y;) adaptively. From the
theory of estimating functions, we have the general form of estimating functions

3]

if we

The optimal one for ¢ and 9 is to choose ¢;(y) = —diyi log pi(yi) =

F(y, W) =K(W)o[I-o(y)y W, (3)

where p(y) = [01(¥1),- - -, ©m(ym)]T is an arbitrary vector function and (W) is
an arbitrary linear operator which maps matrices to matrices. An online learning
algorithm based on the estimating function is described by

W(k+1) =W(k) —n(k)F(y, W). (4)

Different linear operator }(W) leads to different existing algorithms such as
the natural gradient algorithm [5]. It should be noted that different algorithms
have different stability regions. Therefore, the choice of the nonlinear activation
functions and the linear operator IC(W) is vital to successful separation of source
signals.

2.1 Equi-convergence Learning Algorithm

Given an estimating function, learning algorithm (4) may have different conver-
gence rate for different component y;(k) of y(k). It is the purpose of this paper
to present an algorithm such that all the components of the output y(k) have
the same convergence rate in the sense of

OE[F(y, W)] __

awW ’ 5)

where Z is the n? x n? identity matrix, that is, the Hessian of the learning algo-
rithm is the identity. This implies that algorithm (4) converges equally well in
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any directions. In paper [4], a universally convergent learning algorithm was de-
veloped with an estimating function F(y, W) = G(y)W, where G(y) = [9:; (y)]
is given by

1

gij = —5—————
J (7-2(72'14,,'&]'—].

{o(i)yi — 1}, (7)

{e(iyi — o rip(yi)y;},  i#J (6)

1
m; +1

9ii =

where 0? = E[y?], ki = E[¢i(vi)], mi = E[y?¢i(yi)], where ¢ = dp/dy. How-
ever, the estimating function includes the unknown activation functions and a
number of unknown statistics oy, k;, m;, which depend on the source signals.
How to estimate these statistics becomes the key problem to realize the equi-
convergence learning algorithm. In this paper, we suggest to estimate both the
activation functions and the statistics o;, k;, m;. The motivation is if the activa-
tion functions are not well chosen, the algorithm may not converge to the true
solution and the online estimators for the statistics will be not accurate enough
to realize the equi-convergence algorithm.

3 Exponential Family

In order to model the probability distributions of the source signals, we suggest
to use an exponential family [7], which is expressed in term of certain functions

{CW), 1Y), - ¥n(y)} as p(y, 0) = exp [—C(y) — Y, Obily) + N(G)] , 0is
the vector of free parameters, and N(0) is a normalization term such that the
integral of p(y, ) over the whole interval (—o0,00) is equal to one. There are
some good properties in the exponential family, such as flatness, as a statistical
model. Refer to [7] for further properties of the exponential family.

We provide here a feasible way to construct the exponential family for blind
source separation. First, we define a parametric family for activation functions
w(y,0) = Efil 0;0:(y), where @ = (6y,---,0x)T are the parameters to be de-
termined adaptively and ¢; are certain activation functions. From the definition

_ dlogp(y.0)
oy

of activation functions, ¢(y,0) = , the probability density function

is equivalently given by

P(y.0) = exp {~6"(y) + N'(0)} (®)

where \(8) is the normalization term and 4 (y) = (f; @1 (7)dr, -+, [ on(T)dT).

In blind separation, it is well known that the hyperbolic tangent function
p(y) = tanh(y) is a good activation function for super-Gaussian sources and the
cubic function ¢(y) = y? is a good activation function for sub-Gaussian sources.
Thus, we define the exponential family by linearly combining the three activation
functions in the form of ¢(y, @) = 61« tanh(ay) + 62483 y* + 03 y, where a = I,
B = (I'(0.75)/1'(0.25))2. The purpose of such choice of a and 3 is to ensure
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the distributions have the uni-variance. The corresponding exponential family is
expressed as

p(0:0) = exp (1 logsesh(a) — 65" 65+ N(0)) . ©

In this exponential family, ¥(y) = (—logsesh(5y), By*, %)T and N (0) is the
normalization term. This exponential family includes three typical distributions:
the super-Gaussian, sub-Gaussian and Gaussian distributions. In particular, the
exponential family covers the homotopy family p(y,6,1 — 6,0) which connects
the following two density functions ‘mgﬂ and exp(—LBy* +N(0,1,0)). Figure 1
shows the waveform of the homotopy family varying 6 from —1 to 1. This family
will be used to model the distributions of source signals in this paper.

Fig. 1. The waveform of the homotopy family varying 6 from —1 to 1

4 Adaptation of Activation Functions

Assume that q;(y;,0;) = exp {—BiT'c,b(yi) + N(Gl)} is a model for the marginal

distribution of y;, (i = 1,---,m). Various approaches such as entropy maximiza-
tion and minimization of mutual information lead to the following cost function,

Iy, 0, W) = —log(|det(W|) — > log ¢i(yi, 0:), (10)
i=1
where 6 = (0?, BQT, cee 07Tn)T is the parameters determined adaptively. The main

purpose of the adaptation of activation functions is to modify the activation func-
tion such that the true solution is the stable equilibrium of learning dynamics.

4.1 Natural Gradient Learning

By minimizing the cost function (10) with respect to @ by using the gradient
descent approach, we derive learning algorithms for training parameters 8. When



VI

the parameter space has a certain underlying structure, the ordinary gradient of a
function does not represent its steepest direction. The steepest descent direction
in a Riemannian space is given by the natural gradient [2], which takes the form
of

Vol(y,0. W) = G~ 'Vyl(y,0, W) (11)
where G is the Riemannian metric of the parameterized space, Vyl(y, 0, W) =
(%T, e %T)T and a%l = —(y;) + N'(0;). The Riemannian structure of

1 m 7

the parameter space of statistical model {g;(y;,0;)} is defined by the Fisher
information [1]

dlog qi(yi, 0;) 0log qi(yi, 0:)"
00; 00;

Gi(6;) =E (12)
in the component form. The learning algorithm based on the natural gradient
descent approach is described as

ol(y,0, W)

0:(k +1) = 0:(k) — (k)G (6:(k) = 55"

(13)

From the cost function (10), we see that the minimization of mutual infor-
mation is equivalent to maximizing the likelihood for parameters 6; because
the first term in (10) does not depend on @;. Thus it should be noted that the
above learning rule is actually equivalent to the maximum log-likelihood rule for
each component. Both learning rules for updating parameters @ and the demix-
ing model W make cost function L(0, W) = E[l(y, 0, W)] smaller and smaller,
provided the learning rate is sufficiently small.

5 Implementation of Equi-Convergence Algorithm and
Simulation

In this section, we present how to implement the equi-convergence algorithm and
give computer simulations to demonstrate the effectiveness and the performance
of the proposed approach.

In order to implement the equi-convergence learning algorithm, we need to
estimate the statistics of the output signals, which estimate source signals. The
statistics o;, ki, m; are evaluated by the following iterations

ki(k+1) = (1 = pki(k) + pp(yi(k), 0:(k)), (14)

where p is a learning rate. The other statistics are estimated in a similar way.
We choose F(y, W) = G(y)W, defined by (6) and (7), as the estimating
function. Therefore, the equi-convergent algorithm (4) is realized by the following
two stages: the first stage is to train demixing matrix W using the natural
gradient algorithm (4), to train 6; using algorithm (13) and simultaneously, to
estimate statistics o;, k;, m; adaptively. After certain times iteration, we shift the
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learning algorithm to the equi-convergence algorithm (4). In order to remove the
fluctuation caused by the non-stationarity of source signals, we use the averaged
version of the algorithm (4) over certain time windows.

A large number of simulations have been done to show the validity and per-
formance of the proposed algorithm. Here, we give one simulation example. The
five source signals consist of two super-Gaussian, two sub-Gaussian and one
Gaussian signals. We set the initial values § = 0.5 for all the five components.
The mixing matrix is randomly generated by computer. For each batch iteration,
we take 20 sample data as the output signals y (k). Figure 2 shows on-line esti-
mation of y(k) and 0 by using the equi-convergent learning algorithm. It can be
proved that the parameter 6 converges to 1 for the super-Gaussian signal with
distribution sech(a y)/2 and to 0 for the sub-Gaussian signal with distribution
exp(_ﬂ|y|4 + N(Oa 1v 0))

The computer simulations show that the proposed approach can separate
both super-Gaussian and sub-Gaussian source signals simultaneously without
presuming any knowledge on the source signals.
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Fig. 2. a) The sensor signals; b) Online estimation of y(k); ¢) Online estimation of
6(k)

6 Conclusion

In this paper, we present a new approach to realize the equi-convergence learning
algorithm for blind source separation. An exponential family is employed as a
model for the distributions of the source signals. A adaptation rule is developed
for updating the parameters in the model of distributions of source signals. The
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equi-convergence algorithm is implemented by updating the demixing matrix
and the parameters in the distributions simultaneously. The equi-convergence
algorithm has two favorite properties: the isotropic convergence and universal
convergence. Computer simulations verify such properties.
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