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ABSTRACT

In this paper we study natural gradient approaches to
blind separation of over- and under-complete mixtures.
First we introduce Lie group structures on the mani-
folds of the under- and over-complete mixture matri-
ces respectively, and endow Riemannian metrics on the
manifolds based on the property of Lie groups. Then
we derive the natural gradients on the manifolds us-
ing the isometry of the Riemannian metric. Using the
natural gradient, we present a new learning algorithm
based on the minimization of mutual information. Fi-
nally we apply the natural gradient approach to the
state-space model and develop a novel learning algo-
rithm for dynamic component analysis.

1. INTRODUCTION

Recently blind separation of independent sources have
become an increasing important research area due to
its similarity to the separation feature in human brain,
as well as its rapidly growing applications in various
fields, such as telecommunication systems, sonar and
radar systems, audio and acoustics, image enhance-
ment and biomedical signal processing. Several neu-
ral networks and statistical signal processing methods
have been developed for blind signal separation. These
methods include the Hebbian learning algorithm (Jut-
ten, Herault, 1986 and 1991), the independent com-
ponent analysis (ICA)(Comon, 1994), robust adaptive
algorithm(Cichocki et al. 1994, 1996), nonlinear princi-
pal component analysis(Oja, Kahrunen,1995), entropy
maximization(Bell and Sejnowski, 1995), equivariant
adaptive algorithm and relative gradient(Cardoso and
Laheld, 1996) and the natural gradient approach (Amari
et al, 1995, 1998).

It has been proven that the natural gradient im-
proves greatly the learning efficiency in blind separa-
tion. For special case when the number of sources is
equal to the number of sensors, the natural gradient

algorithm has been developed by Amari and indepen-
dently as relative gradient by Cardoso [7]. In many
cases, the number of the source signals is changing
over time. Therefore the mixture matrix and demix-
ture matrix are not square and not invertible. For spe-
cial non-square mixture case, Cardoso and Amari [6]
introduced a Lie group and present a novel learning
algorithm with uniform performance. Recently Amari
[1] extended the natural gradient approach to the over
and under-complete cases when the sensor signals are
prewhitened.

The main objective of this paper is to extend the
idea of natural gradient to the case when the separating
matrix is nonsquare, and apply the natural gradient to
derive effective learning algorithms to update the sep-
arating matrices. First we introduce Lie group struc-
tures on the manifolds of the under- and over-complete
mixture matrices, and endow Riemannian metrics on
the manifolds based on the property of Lie groups.
Then we derive the natural gradients on the manifolds
using the isometry of the Riemannian metric. Based
on the minimization of mutual information, we present
a new learning algorithm using the natural gradient on
the manifold. Finally we apply the natural gradient
approach to the state-space model and develop a novel
learning algorithm for dynamic component analysis. It
is worthy noting that both under- and over-complete
mixtures produce a new ancillary term in natural gra-
dient compared with square matrix mixtures.

2. UNDER- AND OVER-COMPLETE
BSS PROBLEM

Assume that the source signals are stationary zero-
mean processes and mutually statistically independent.
Let s(t) = (s1(t), -, s,(t)) be an unknown indepen-
dent source vector and x(t) = (x1(t), -, zm(t)) a sen-
sor vector, which is linear instantaneous mixture of
sources by

xz(t) = As(t) + v(t), (1)
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where A € R™*" is an unknown mixture matrix of full
rank, v(t) is the vector of noises. The blind separation
problem is to recover original signals from observations
x(t) without prior knowledge on the source signals and
mixture except for independence of the source signals.
The demixing model here is a linear transformation of
form

y(t) = Wa(t), (2)
where y(t) = (y1(t), -+, yn(t)), W € R"*™ is a demix-
ture matrix to be determined. If n > m, i.e. the num-
ber of sensor signals is less than the one of source sig-
nals, the mixture is called overcomplete. And if n < m,
the mixture is called undercomplete. The term over-
complete is borrowed from data representation, refer
to [8] and [13] for more detail. The general solution to
the blind separation is to find a matrix W such that

WA= AP, (3)

where A is a diagonal matrix and P is a permutation.
In the overcomplete case, some components in the di-
agonal of the matrix A could be zero. Denote

Gl(n,m) = {W € R"*™|rank(W) = min(n,m)},

to the set of n x m matrices of full rank.

3. LIE GROUP AND NATURAL
GRADIENT FOR UNDER-COMPLETE
MIXTURE

Assume that n < m. For W € Gl(n,m), there exists
an orthogonal matrix @ € R™*™ such that

W =[Wq,W,1]Q, (4)

where W1 € R™*" is nonsingular. For simplicity, we
assume that the orthogonal matrix @ = I in the follow-
ing discussion. Appendix gives the results for general
case.

3.1. Lie Group Gi(n,m)

The Lie group plays a crucial role in deriving natural
gradient of the manifold GI(n,n), whose element W is
square and nonsingular matrix. Here we introduce the
Lie group structure on the manifold Gi(n, m). It is easy
to see that Gl(n,m) is a C° manifold of dimension nm.
The operations on the manifold Gl(n, m) are define as
follows

XxY = [XlYl,XlYQ—FXQ], (5)
XT = [Xl_la_XI_IXQ]a (6)
where X = [X;, Xs]andY =[Y1,Y ] arein Gl(n, m),

% is the multiplication operator of two matrices X and

Y in Gl(n, m) and { is the inverse operator on Gl(n, m).
The identity is defined by E = [I,,,0]. It is easy to ver-
ify that both multiplication and inverse mappings are
C* mappings. The inverse operator satisfies the fol-
lowing relation

X+X'=X"«X=E (7)

Therefore the manifold Gl(n,m) with the above oper-
ations forms a Lie Group.

3.2. Natural Gradient

Lie Groups have a favorite property that they admit
an invariant Riemannian metric [5]. Let Ty, be the
tangent space of Gl(n,m), X and Y € Ty be the
tangent vectors. We introduce the inner product with
respect to W as

<X,Y>W (8)

Since Gl(n, m) is a Lie group, any Z € Gl(n,m) defines
an onto-mapping: W — W x Z. The multiplication
transformation maps a tangent vector X at W to a
tangent vector X x Z at W x Z. Therefore we can
define a Riemannian metric on Gl(n,m), such that the
right multiplication transformation is isometric, that
is, it preserves the Riemannian metric. Explicitly we
write it as follows

<X Y>w=<X*ZY*Z>w.z- (9

If we define the inner product at the identity F, then
< X,Y >y is automatically induced by

<X Y >w=<X+WLY«W'>p. (10
The inner product at E is naturally defined by
<X, Y >p=tr(XY") (11)

From definition, for W = [W1,Wy] € GL(n,m) we
have

WT = [Wflv _W;1W2]a (12)

and
X«Wh = [ X, W -X,W['W, + X,], (13)
Y«W =Y W[, -V \W['W,y+Y,. (14)

For a function /(W) defined on the manifold Gl(n,m),
the natural gradient VI(W) is the contravariant form

of V(W) = (%ﬂg)nxm, denoting the steepest di-
rection of the function /(W) as measured by the Rie-
mannian metric of Gl(n,m), which is defined by

< X,VI(W) >pr=< X,VI(W) >, (15)
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for any X € Gl(n,m). Using definition (10), and com-
paring the both side of (15), we have

VI(W) = VIW)WIW + VI(W)N, (16)
where
_|(0 o mxm
NI_[O Im_n}eR . (17)

It is worthy noting that the natural gradient on the
manifold Gl(n,m) has an additional term compared
with the one on the manifold Gi(n,n). In the un-
dercomplete case, the matrix WTW is singular, while
WTW 4 N is positive definite for any W € Gl(n,m).
The property ensures that natural gradient descent al-
gorithm keeps the same kind of equilibria of systems
as ordinary gradient descent one. When m = n, the
natural gradient reduces to the one derived in [3].
Remark 1. If the matrix W is singular for decompo-
sition W = [W, W3], we should replace the decom-
position with (4). In general case the natural gradient
induced by the Lie group is given by

VI(W) = VIIW)WIW + VI(W)N, (18)

where

N =Q" [ g I:_n } Qe R™™.  (19)

See Appendix 7.1 for detail derivation. The result in-
dicates that the natural gradient for under-complete
mixture is not unique, which depends on the orthogo-
nal matrix Q.

4. LEARNING ALGORITHM

Assume that p(y, W), p;(y;, W) are the joint probabil-
ity density function of y and marginal pdf of y;, (i =
1,---,m) respectively. In order to separate indepen-
dent sources by demixing model, we formulate the blind
deconvolution problem into an optimization problem.
Our target is to make the components of y as mutually
independent as possible. To this end, we employ the
Kullback-Leibler divergence as a risk function [3]

(W) =—H(y,W) + ZH(yi, W),  (20)

where
H(y,W) = /p W)logp(y, W)dy,
H(y;, W) = / pi(yi, W) log pi(yi, W)dy;.

The divergence (W) is a nonnegative functional, which
measures the mutual independence of the output sig-
nals y;(k). The output signals y are mutually indepen-
dent if and only if (W) = 0. We apply the stochas-
tic gradient descent method to obtain a learning algo-
rithm. In order to obtain efficient on-line learning algo-
rithm, we simplify the risk function into the following
loss function I(y, W) for the undercomplete mixture,
ie.n<m

I(y, W) = —log(|det(W E™))|)

Z log pi yz )

(21)
where E is the identity element of Lie group Gl(n,m),
and det(W ET) is the determinant of matrix WE” . In
the following discussion, we use the following decom-
position

w

[Wl, WQ], Wi, € Rnxn’ (22)

r = [ml],wleRn, (23)
T2
then we have WET = W .
For the gradient of I(y,
we calculate the total differential di(y,
when we take a differential dW on W

W) with respect to W,
W) of l(y, W)

dl(y, W) =1l(y, W +dW) — I(y, W). (24)

Following the derivation for the natural gradient learn-
ing algorithm [3], we have

di(y, W) = —tr(dW. Wi') + ¢  (y)dy,  (25)

where tr is the trace of a matrix and ¢(y) is a vector
of nonlinear activation functions
dlog pi(yi) Pi(yi)

wily) = = dy;  pilwi) (26)

From (25), we can easily obtain the standard gradient

of l(y, W) with respect to W.
di(y, W _
L)~ wiTrewal, (@D
di(y, W
Wl — et (28)

Therefore the natural gradient learning algorithm on
Gl(n,m) can be implemented as follows

AW = —qVIW) (WTW + N;)
= (I -y)y" )W —p(y)z" N;) (29)
or we write it in another form

AW =n[I-o@)y”, —p@zl]«W.  (30)
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Remark 2. It is worthy noting that if we let m = n+1
and z(m) = 1, (30) reduces to the learning algorithm
developed in [6], where Lie group was introduced in the
special case. In this case, Cardoso and Amari proved
that the learning algorithm (30) is of uniform perfor-
mance [6].

5. OVERCOMPLETE MIXTURE CASE

For the overcomplete mixture case (n > m), we write
the demixing model as follows

y=Vz, Ve R (31)

Suppose that V' is of full rank, i.e. rank(V) =m. In
this case we can also introduce directly a Lie group
structure on manifold Gi(n,m), (n > m) (See Ap-
pendix 7.2). But here we simply derive the natural
gradient on Gl(n,m), (n > m) from (16). For V €
Gl(n,m),let U = VT € Gl(m,n). Using the Lie group
structure of Gl(m,n), we have

VI(U) = VI(U)UTU + VI(U)Ny, (32)

For a function I(V') defined on the manifold Gl(n, m),
by definition, we have

vVi(V) = VIU)T, (33)
VI(V) = VI

Therefore we easily deduce the natural gradient VI(V')
on the manifold Gl(n, m) from (32)- (34),

VI(V)=VVIVI(V) + N VI(V). (35)

As soon as we obtain the natural gradient on mani-
fold GL(n,m) in overcomplete case, we can develop a
learning algorithm to learn demixture matrix V. Here
we define the loss function in the overcomplete case as
follows

(9, V) = ~10g(|det(V-0)) — 3 05 pi(ys (k). W).

(36)
where V., is a n x n matrix extended from V to a
square matrix, such that V. is nonsingular. If we use
the following decomposition

y:[Z; :|7 V:[“;;:|7 ylavleRmxma (37)

and V1 is nonsingular, we define V. as

Vi 0

V.=
|:V2 In—m

] e R, (38)

Following the same procedure as deriving (27) and (28),
we obtain the ordinary gradient of I(y, V') with respect
toV

di(y,V)

v, Vit +o(y)z”, (39)
dl(ya V) _ T
TVQ = @y(yy)z, (40)

where ¢(y) is the vector of activation functions defined

n (26), and o(y) = [ g;gz;; ] Therefore the nat-

ural gradient learning algorithm on Gl(n,m) can be
implemented as follows

AV = g (VVT + N,) Vi(y, V)
=V (In = V7o)’ ) = nNre(y)a”. (41)

It is easily seen that the equilibria of learning algorithm
(41) include

E(e(y)y]) —In = 0, (42)
E(p(yy)yi) = O. (43)

It is inferred that the learning algorithm can decompose
m signals in such a way that they are as independent as
possible if the activation functions are suitably chosen.
Remark 3. It should be noted that Lewicki and Se-
jnowski [13] proposed a learning algorithm to estimate
the mixture matrix A in following form

AA = AATViogp(y|A), (44)

which can be considered as a special form of (41), when
we take Ny = 0 and I(y, W) = —logp(y|A). There-
fore natural gradient (35) gives an insight into the learn-
ing algorithm (44) from a geometrical point of view.

6. STATE-SPACE MODELS

The state-space models provides a new approach to the
blind separation and deconvolution [15], which is easy
to exploit common features of systems that may be
present in the real dynamic systems. It is natural to
extend mixture models to nonlinear ones by using non-
linear state-space models. Here we assume that mix-
ture model is described a linear state-space system

z(k+1) = Az(k)+ Bs(k) + P&(k),  (45)
u(k) = Cz=(k)+ Ds(k), (46)
s(k) € R™ is a vector of source signals with mutually

components, u(k) € R™ (m > n) is the available vec-
tor of sensor signals, and € R" is the vector of state.
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And & € R" is the process noises. If the process noises
are negligible small, the transfer function matrix of the
linear system (45) and (46) is a m x n matrix of the
form

H(z)=C(:1-A) 'B+D, (47)

where 27! is a delay operator.

The blind separation problem is formulated as re-
covering source signals s(k) from mixture u(k) in some
sense (accepting unavoidable indeterminacy, such as
arbitrary scaling, permutation and delays of original
sources), without knowing parameters of matrices A, B
, C and D in the model, but only some statistic fea—
tures on source signals.

Since the mixture model is supposed to be a lin-
ear state-space system, we employ another linear state-
space system with similar structure as a demixture
model, which is described as follows,

x(k+1) Az (k) + Bu(k) + L& p(k), (48)
y(k) = Ca(k)+ Du(k), (49)

where the input u(k) € R™ of the demixing model is
just the output (sensor signals) of the mixing model,
y(k) € R™ is the output of the demixture system to re-
cover source signals, and &€p (k) is the reference model
noises. The matrix set W = {A, B,C, D} are pa-
rameters to be determined in learning. For simplicity
we assume that the reference model noise is zero, i.e.
Er(k) =

The transfer function of the demixing model is

W(z)=C(zI — A)"'B + D. (50)

The output y(k) is designed to recover the source sig-
nals in the following sense

y(k) = W(z)H(2)s(k) = PA(2)s(k),  (51)

where P is a permutation matrix and A(z) is a diagonal
matrix with A\;z~ " in diagonal entry (i,i), here A; is
a nonzero constant and 7; is any nonnegative integer.
Refer to [15] for more details.

Let W = {C, D}. Assume that the matrices A, B
are known or obtained by off-line training. In this case
the demixture model can simply write into the follow-
ing form

y(k) = Cx(k) + Du(k). (52)

If we consider & as a component of mixed signals, the

demixture (52) becomes under-complete case. Using
the following decomposition and notation

D = [Dl, DQ], D, € Rnxn’ (53)

u = [ur, us], ug € R", (54)

C, = [DQ, C]: ol (k) = [Ug, m(k)T]Ta (55)

we rewrite (52) into following form
y(k) = Clml(k) + D1U1 (k) (56)

Therefore we can apply the natural gradient to derive
an efficient learning algorithm to update C; and D;.
If the loss function I(y, W) is chosen as follows

Zlogpz (i (k), W),

(57)
where det(D;) is the determinant of matrix D;, we
can easily obtain the partial derivatives of I(y, W) with
respect to matrices C; and D,

l(y, W) = —log(|det(D)|)

3“;/7(31”” — ply(k)al (), (58)
T~ ewmulm-pi’. (9)

Using natural gradient (16) we derive a novel learning
algorithm for updating C; and D,

AD, = n(I-¢(y)y")D:, (60)
AC, = n(I-e(yy")Ci—ne(y)zl. (61)

Remark 4. It should be pointed out that the demix-

ture (52) is not real instantaneous case. We could use
other state estimator, such as Kalman Filter, to update
state vector (k) and employ (60) and (61) to update
matrices D, and C;.

7. APPENDIX

7.1. Natural Gradient for General Case

Assume that n < m. For W € Gl(n,m), there exists an
orthogonal matrix @ € R™*™ such that

=[W1, W]Q, (62)

where W1 € R™*" is nonsingular. We define two opera-
tions for the Lie group as follows,

X+Y = [X:1Y1,X:1Y:+ X5]Q, (63)
x" = [X7T',-X7'X.Q, (64)

where X = [X 1, X2]Q and Y = [Y,Y]Q are in Gl(n, m),
* is the multiplication operator of two matrices in Gl(n, m)
and } is the inverse operator on Gl(n, m). The identity is
defined by E = [I,,0]Q.

Lie Groups have a favorite property that they admit an
invariant Riemannian metric. Let Ty, be the tangent space
of Gl(n,m), X and Y € Ty, be the tangent vectors. The
Riemannian metric can easily been induced by following
inner product

<X,)Y Sw=< X+W Y+W >p. (65)
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The inner product at E is naturally defined by
<X,Y >g=tr(XY"). (66)

For a function (W) defined on the manifold Gl(n, m), the
natural gradient VI(W) is the contravariant form of VI(W)
denoting the steepest direction of the function [(W') as mea-
sured by the Riemannian metric of Gl(n, m), which is de-
fined by

< X, VIW) >yw=<X,VI(W) >g, (67)

for any X € Gl(n, m). Using definition (65), and comparing
the both side of (67), we have

VI(W) = VIW)YW'W + VI(W)N/, (68)

where

N =Q” < 0 Iin ) QER™™.  (69)

7.2. Lie Group and Riemannian metric for Over-
complete Mixtures

Using decomposition (37), we define Lie group operations
as follows

_ X1Y t_ X!
X+Y = [ Xy iy, },X - [ _xx- | (0

I

The identity in the group is E = 0

} . The Riemannian

metric at W is implemented by
<X, Y>Suw=<W«X,Wsy>gp. (71)

It is easy to verify that the natural gradient in the Rieman-
nian metric is given by (35).
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